SOLUTIONS TO MOCK EXAMINATION 2012
Q1 (Prob5 Q1,2). (i) —log(l — ) = 4+ 32> + 32 +.... So

0<—log(l—1/p) = — + ... <« — 4 2 4 _
—log(1 — =—4+—+4+..<—S+—+...=
g P T gy 2p*  2p° 2p(p — 1)’
summing the GP. Also
1 1
< — < Q.
25—~ Zul—1

So by the Comparison Text,
> {—log(1—1/p) — 1/p} converges.
p

But (Euler, I1.4) > 1/p diverges. So >_{—log(1 — 1/p)} diverges also. That
is, the infinite product [I(1 — 1/p) diverges to 0 (I.5).
(ii). With N(z,r) the number of n < z not divisible by any of the first r
primes py, then

n(x) < N(z,r)+7r
(a prime p < z is either one of the first 7 or not divisible by any of the first
r). By Inclusion-Exclusion (Problems 4 Q2),

Ne,r) = o] = X/l + Xl /o]
i ij

The number of square brackets is

1+<§>+<;>+...:(1+1)’":2’”.

Replacing each [.] by . introduces an error of < 1, so

r

N(z,r) <z =Y x/pi+> x/ppj... +2" =z [[(1 —1/px) + 2.

i ij 1
Combining,

r

m(z) <z [[1—1/pk) +2" +7: m(x)/z < ﬁ(l —1/p) + (2" + 1) /.

As the product diverges (Q1), IT] can be made arbitrarily small by taking r
large enough. Then letting © — oo gives 7(z)/z — 0. //



Q2 (Prob2 Q2-4). (i) Integrating by parts,

l’i(w)_/jdt_[ = r /jt( ) 1 —dt = const +

 du
i At
logt log 12 log?t 't log x 2 log u

For = > 4,

/x _/ / /\f du /x du _\/E—2+x—\/5
2 log*u log22 vz logi(vz)  log?2  log*z’
The dominant term is the first part of the second term, which is O(z /log*z).

(ii). Taking x = p,, in 7(x) := 3 <, 1 gives m(pp) = X<, 1 = n.
By PNT, n(z) ~ x/logx, so n ~ p,/logp,:

nlog pn
Dn

— 1. (1)

Taking logs of (1), logn + loglog p, — log p,, — 0. Dividing this by log p,,

logn  loglogp,
g+ggp

—1—=0.
log p,, log p,,

But log x = o(x), so loglog p,, = o(log p,,), so this says

]
ogn o
log p,,

Multiply (1) and (2): nlogn/logp, — 1, i.e. p, ~nlogn. //
(iif). From 7(z) = x/logx + O(z/log’r), taking = = p,,,

DPn Dn Dn nlogn
= + 0 , = ,
oern T ogn, T oapn T Vloghn?

using (ii) and p, > n. So
pn =n(14+O(1/logn)) logp,. (3)

By (i),
log p, = logn + loglogn + o(1). (4)

Substituting (4) in (3) gives the result. //



Q3 (Prob6 Q2). (i)

00 Z2
logsinz =1 log(1 —
og sin z ogz—k; og( n27r2>’

oo 2z

2.2
cotz=1/z—) —T
1 1_n27r2

Multiplying by z and expanding the geometric series,
zeotz =1-2> > (z/nm)*. (1)
n=1 k=1
As X7 1/n?* = ((2k),
zeotz =1—2 2*"¢(2k) /7.
k=1
(i)

1 (¢ — ¢=i%) ¥ 41 " 2i
—(e” —e = 1— =1 - .
; 621z_1 6212_1

1 . )
cot z =cosz/sinz = §(€ZZ —e %)/

So

o9 oo 22k22k
=iz+1—iz+Y (202)"B,/nl =14 B%(—)’“W.
2 1 :

(2)

zcot z = zz+€22.2 1

Equating coefficients of 22* in (1), (2): For k =1,2,...,
—20(2k) /(1% = (=) B2 /(2k)!: ((2k) = (=) (27m)* Baw/(2(2K)!).

Check (not required for the question!). Taking n = 1,2, 3 and using B, = 1/6,
By = —1/30 and Bs = 1/42 gives ((2) = 72/6, ((4) = ©*/90, ((6) = 7%/945.



Q4. (i) (Lectures, IL.7). (i) Mertens’ Second Theorem: >, 1/p = log log v+
C1 4+ O(1/log x) for some constant C.
(ii) (Problems 7 Q1). Mertens’ Second Theorem for prime powers:

> 1/p" =loglog z+Co+0(1/log x), Cy := C1+8, Si=> ;
pn <z P p(p - 1)

Proof. Write ¢ := p" for a generic prime power, and for primes p with p? < z,
let r, be the largest ‘relevant power’ (largest r with p” < z). Then

A= 1/g=> 1/p= > il/pr.

gz p<z p< /z T=2

But >5°1/p, = 1/(p(p — 1)), summing the GP, so

1
A< =95
Zp: p(p—1)
(above). Write
1
Sy = _
" pgg pp—1)
then
1
S—5< > < > ——=
y iy n(n —1)
1 ( 1 1 1 tel )
= = — —, sum telescopes
NG nn—1) n—-1 n
< 2/Vx.
As perrl >

1 1 1
Z*<*(1+§+P+-~):m§2/\/5 (p=2).

So—A= Y > 1/p <n(Vx)2/x <2/Vx
p<NVETT>Tp
(m(x) ==Y )cs 1 £ ¥,<, 1 < x). Combining, S — A <4/\/x = O(1/logx).
So the difference A in the sums here and in Mertens’ Second Theorem is
S+ O(1/logx), and the result follows from Mertens’ Second Theorem. //

N. H. Bingham



