m3pm16soln5.tex

M3PM16/M4PM16 SOLUTIONS 5. 19.2.2015

Ql. —log(l—xz) =a+ 32>+ 32%+.... So

0<—log(l—1/p) = — + ... —— 4 2 4 1
— 10 - = —= b — — R 5
g U T 2p*  2p? 2p(p — 1)
summing the GP. Also
1 1
— < — < 0.
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So by the Comparison Text,

Z{_ log(1 —1/p) — 1/p} converges.

But (Euler, I1.4) > 1/p diverges. So >_{—log(1 — 1/p)} diverges also. That
is, the infinite product JJ(1 — 1/p) diverges to 0 (L.5).

Q2 (HW, 4th ed., §22.7 — I find this proof more transparent than the one in
the 5th ed.). With N(z,7) the number of n < z not divisible by any of the
first r primes py, then

m(z) < N(z,r)+r

(a prime p < z is either one of the first r or not divisible by any of the first
r). By Inclusion-Exclusion (Problems 4 32),

Na,r) = [e] = Yle/pl + Xla/pps] .
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The number of square brackets is

1+<;>+<;>+...=(1+1)T:2T.

Replacing each [.] by . introduces an error of < 1, so

r

N(z,r)<z—=> x/pi+> x/ppj...+2" =z [[(1 - 1/px) + 2.
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Combining,

Hl—l/pk )+ 2" 4 Hl—l/pk (2" +r)/z.
1 1
As the product diverges (Q1), [I can be made arbitrarily small by taking r
large enough. Then letting © — oo gives 7(z)/z — 0. //

Q3 (A, Th. 2.15 p.35-6). By contradiction: we assume a is not multiplica-
tive and deduce that a * b is not multiplicative. Let ¢ := a xb. As a is
not multiplicative, there are positive integers m, n with (m,n) = 1 but
a(mn) # a(m)a(n). Choose the pair m and n with mn as small as possible.

If mn =1, then a(1) # a(1)a(1), so a(l) # 1. As b(1) = 1 (b multiplica-
tive) and ¢(1) = a(1)b(1) (¢ := a * b is multiplicative), ¢(1) = a(1)b(1) =
a(1) # 1, this shows that ¢ = a x b is not multiplicative, a contradiction.

If mn > 1, then by minimality of mn, a(m'n’) = a(m’)a(n’) for all co-
prime m/, n’ with m'n’ > mn. So (as in 11.3 Prop.)

c(mn) = > a(jk)b(mn/jk) + a(mn)b(1)

jlm,k|n,jk<mn

= > alga(k)b(m/j)b(n/k) + a(mn)

jlm,k|n,jk<mn

= Za(j)b(m/j) Za(k)b(n/k) —a(m)b(n) + a(mn)

ilm Kln

= c(m)e(n) —a(m) + a(mn).

As a(mn) # a(m)a(n), ¢(mn) # c¢(m)c(n), contradicting ¢ multiplicative. //

Q4. By II.3 L8, 1«1 =d. By IL.5 L10, 1 x p = . Combining,
dsp=1*«1)xp=1x(1*xp)=1%0=1.

The Dirichlet series of 1 is ¢; that of d is ¢* (IL.4 L8); that of p is 1/¢ (I11.6
L10). So the corresponding identity is  ¢%.(1/() =

Q5 D(QZ’) = anaz d(n) = anx Zd|n 1= Zmdgx 1= ngx ngx/d 1
= Ya<el®/d] = Xycp(x/d 4+ O(1)) = x(logz + O(1)) + O(x)
= zlogx + O(x).
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