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SOLUTIONS 9. 12.12.2011
Q1.
b x ¢ = (bacg — b3ca)i+ (bger — bics)j + (bica — bacs)k = dii + doj + dsk,
say.
ax (b xc) = (agds — aszds)i+ (azdy — ayds)j + (a1dy — asds)k.
The i-component is
agds —agzds = ag(byca—bocy) —ag(bser —bicg) = by(agca+agzes) —cq(azby+agzbs)

= bl (a1b1 + asCy + CL303) —C (albl + a2b2 + agbg),
adding and subtracting a;b,c;. The RHS — the i-component — is

bi(a.c) —ci(a.b).

This is the i-component of (a.c)b — (a.b).c. Similarly, or by symmetry, for
the j- and k-components. Combining:

ax (bxc)=(ac)b—(ab)c.

Note. b x c is perpendicular to b and c, i.e. to the plane containing them.
a x (b x ¢) is perpendicular to this, so is in the plane containing them, so
is a linear combination of b and c¢. The component in b is linear in both a
and c, so (a.c) is the simplest one could expect! Similarly for ¢, with a sign
change.

Q2.
grad diva = (iD, + jD, + kD, )(D,a, + Dya, + D.a,)
= i(Dypay + Dyyay + Dyza,) + symmetrical terms,
—V?a = —i(Da, + Dyya, + D,.a,) + symmetrical terms,
SO

(grad div — V*)a = i(D,,a, + D,.a. — Dyya, — D..a,) + . ...
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curla = (Dya, — D,a,)i+ (D,a, — Dya,)j+ (Dyay, — Dya, )k
=b =b,i+b,j+ b.k,
say. So

curlcurla = curlb = (Dyb, — D,b,)i+ ...
= [Dy(Dya, — Dya,) — D,(D,a, — Dya,))i+ ...
= (Dyyay + Dysa, — Dyya, — Doa)i+ . ...

Comparing,

curleurla = (grad div — V*)a : curlcurl = grad div — V?.

Q3.

div(gpa) = Di(das) + Dy(¢a,) + D.(¢a)
¢(Dya, + Dyay + D.a,) + (Dypa, + Dypa, + D, ¢a)
= ¢ diva+ (grad ¢).a.
Q4.

curl(grad ¢) y(grade), — D,(grad¢),|i + symmetrical terms

= [D
= [Dy¢. — D,y li+ ...
0

by Clairault’s theorem.

Q5.

curl(pa) = (Dy(¢a,) — D,(¢a,))i+ ...
= ¢(Dyaz - Dzay>i +...+ (¢yaz — gbzay)i =+ ...
= ¢curla+ (grad ¢) x a.
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