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SOLUTIONS 9. 12.12.2011

Q1.

b× c = (b2c3 − b3c2)i+ (b3c1 − b1c3)j+ (b1c2 − b2c3)k = d1i+ d2j+ d3k,

say.

a× (b× c) = (a2d3 − a3d2)i+ (a3d1 − a1d3)j+ (a1d2 − a2d3)k.

The i-component is

a2d3−a3d2 = a2(b1c2−b2c1)−a3(b3c1−b1c3) = b1(a2c2+a3c3)−c1(a2b2+a3b3)

= b1(a1b1 + a2c2 + a3c3)− c1(a1b1 + a2b2 + a3b3),

adding and subtracting a1b1c1. The RHS – the i-component – is

b1(a.c)− c1(a.b).

This is the i-component of (a.c)b − (a.b).c. Similarly, or by symmetry, for
the j- and k-components. Combining:

a× (b× c) = (a.c)b− (a.b)c.

Note. b × c is perpendicular to b and c, i.e. to the plane containing them.
a × (b × c) is perpendicular to this, so is in the plane containing them, so
is a linear combination of b and c. The component in b is linear in both a
and c, so (a.c) is the simplest one could expect! Similarly for c, with a sign
change.

Q2.
grad diva = (iDx + jDy + kDz)(Dxax +Dyay +Dzaz)

= i(Dxxax +Dxyay +Dxzaz) + symmetrical terms,

−∇2a = −i(Dxxax +Dyyax +Dzzaz) + symmetrical terms,

so
(grad div −∇2)a = i(Dxyay +Dxzaz −Dyyax −Dzzax) + . . . .
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curla = (Dyaz −Dzay)i+ (Dzax −Dxaz)j+ (Dxay −Dyax)k

= b = bxi+ byj+ bzk,

say. So

curlcurla = curlb = (Dybz −Dzby)i+ . . .

= [Dy(Dxay −Dyax)−Dz(Dzax −Dxaz)]i+ . . .

= (Dxyay +Dxzaz −Dyyax −Dzzax)i+ . . . .

Comparing,

curlcurla = (grad div −∇2)a : curlcurl = grad div −∇2.

Q3.

div(ϕa) = Dx(ϕax) +Dy(ϕay) +Dz(ϕaz)

= ϕ(Dxax +Dyay +Dzaz) + (Dxϕax +Dyϕay +Dzϕaz)

= ϕ div a+ (grad ϕ).a.

Q4.

curl(grad ϕ) = [Dy(gradϕ)z −Dz(gradϕ)y]i+ symmetrical terms

= [Dyϕz −Dzϕy]i+ . . .

= 0,

by Clairault’s theorem.

Q5.

curl(ϕa) = (Dy(ϕaz)−Dz(ϕay))i+ . . .

= ϕ(Dyaz −Dzay)i+ . . .+ (ϕyaz − ϕzay)i+ . . .

= ϕcurla+ (grad ϕ)× a.

NHB

2


