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SOLUTIONS 8. 24.3.2014
QL.
o0 1
My (t) = /_OO ¢ o (2)dz = / \/_ exp{—3 (v = 1)?/o%}da.
Make the substitution u := (v — p)/o: * = p+ ou, de = odu:

o0 1 1 o 1
MX(t) = [m et(u—i—au).ﬁ eXp{_§u2}dU = €Mt. [m eatu‘\/%

Completing the square in the exponent on the right,

1
exp{—§u2}du.

M(t) = et /O:o \/12_7r exp{—;[u2 — 20tu|}du

= ot [ (gl ot o= A [ expf uot)u

The integral on the right is 1 (a density integrates to 1 — of N(ot,1) as it
stands, or of N(0,1) after the substitution v := u — ot), giving

1
M (t) = exp{ut + 502252}.

Q2. (i) By Q1, My( ) = E[e"] = exp{ut + 50%t*}. Taking t =1, My (1) =
Ele¥] = exp{u+ 30°}. As X = ¢, this gives

E[X] = E[e¥] = er+2".

(ii) In the Black-Scholes model, stock prices are geometric Brownian motions,
driven by stochastic differential equations

dS = S(udt + odB), (GBM)

with B Brownian motion. This has solution (we quote this — from It6’s
lemma — Ch. V W9)

1
Sy = Soexp{(p — 3¢ Ht+ 0B}
So log S, = log Sy+(pu—30?)t+0 B, is normally distributed, so S; is lognormal.
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