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SMF SOLUTIONS 8. 6.6.2012

Q1. (i) For n = 1, the mean is 1, because a χ2(1) is the square of a standard
normal, and a standard normal has mean 0 and variance 1. The variance is
2, because the fourth moment of a standard normal X is 3, and

var(X2) = E[(X2)2]− [E(X2)]2 = 3− 1 = 2.

For general n, the mean is n because means add, and the variance is 2n
because variances add over independent summands.
(ii) For X standard normal, the MGF of its square X2 is

M(t) :=
∫
etx

2

ϕ(x)dx =
1√
2π

∫ ∞

0
etx

2

.e−
1
2
x2

dx.

We see that the integral converges only for t < 1
2
, when it is 1/

√
(1− 2t):

M(t) = 1/
√
1− 2t (t <

1

2
) for X N(0, 1).

Now when X, Y are independent, the MGF of their sum is the product of
their MGFs. For, etX , etY are independent, and the mean of an independent
product is the product of the means. Combining these, the MGF of a χ2(n)
is given by

M(t) = 1/(1− 2t)
1
2
n (t <

1

2
) for X χ2(n).

(iii) First, f(.) is a density, as it is non-negative, and integrates to 1:∫
f(x)dx =

1

2
1
2
nΓ(1

2
n)

.
∫ ∞

0
etx.x

1
2
n−1 exp(−1

2
x)dx

=
1

Γ(1
2
n)

.
∫ ∞

0
u

1
2
n−1 exp(−u)du (u :=

1

2
x)

= 1,

by definition of the Gamma function. Its MGF is

M(t) =
1

2
1
2
nΓ(1

2
n)

.
∫ ∞

0
etx.x

1
2
n−1 exp(−1

2
x)dx

1



=
1

2
1
2
nΓ(1

2
n)

.
∫ ∞

0
x

1
2
n−1 exp(−1

2
x(1− 2t))dx.

Substitute u := x(1− 2t) in the integral. One obtains

M(t) = (1− 2t)−
1
2
n.

1

2
1
2
nΓ(1

2
n)

.
∫ ∞

0
u

1
2
n−1e−udu = (1− 2t)−

1
2
n,

by definition of the Gamma function. //

Q2. (i) ATA is symmetric, so P = A(ATA)−1AT is symmetric. P 2 =
A(ATA)−1ATA(ATA)−1AT = A(ATA)−1AT = P .
(ii) (I−P )2 = I− 2P +P 2 = I− 2P +P = I−P , so I−P is a (symmetric)
projection.
(a) tr(A + B) = tr(A) + tr(B) follows as the trace is additive from its defi-
nition.
tr(AB) =

∑
i(AB)ii =

∑
i

∑
j aijbji, and this is tr(BA) on interchanging the

dummy duffices i and j.
(b) tr(P ) = tr(A(ATA)−1AT ) = tr(ATA(ATA)−1) = tr(Ip) = p, as A is
n× p, so ATA is p× p.
tr(I − P ) = tr(In)− tr(P ) = n− p, as P = A(ATA)−1AT is n× n.
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