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3. LIKELITHOOD RATIO TESTS

We turn now to the general case: composite Hy v. composite H;. We may
not be able to find UMP (best) tests. Instead, we seek a general procedure
for finding good tests.

Let 6 be a parameter, Hy be a null hypothesis — a set of parameter values
g, such that Hy is true iff 8 € O, and similarly for Hy, ©;. It is technically
more convenient to take Hy; more general than Hy, and we can do this by
replacing Hy by ”H; or Hy”. Then ©¢ C ©;.

With L the likelihood, we write

Ly := sup L(0), Ly := sup L(0).
[AS(S]) SIST

As with MLE: the size of L; is a measure of how well the data supports H.
So to test Hy v. H;p, we use test statistic the likelihood ratio (LR) statistic,

A= Lo/Ll,

and critical region: reject Hy if A is too small.
Since Oy C ©1, Ly < L4, so

0< A< 1.

In standard examples, we may be able to find the distribution of A\. But
in general this is hard to find, and we have to rely instead on large-sample
asymptotics.

Theorem (S. S. WILKS, 1938). If 0 is a one-dimensional parameter,
and A is the likelihood-ratio statistic for testing Hy : 6 = 6y v. Hy : 0
unrestricted, then under the usual regularity conditions for MLEs (1.3),

—2log A — x*(1) (n — o0).

Proof. A\ = Lo/Ly, where Ly = L(X;60,), L, = L(X;f), with 6 the MLE
(I.1). So )
lOg)\ = €<00) — 6(9) = EO - 61,



say. But

A~ ~ ~ ~

£(680) = €0) + (o — D)D) + 5 (6o — D) (6"),

with 6* between 6, and 6, by Taylor’s Theorem. As 6 is the MLE, E/(é) =0.
So

log A = (g — £y — %(90 C0R0M0%),  —2log A = (6o — B)2[—"(67)].

By consistency of the MLE (1.3), 0 — 0 a.s. as n — co. So also 0* — 0, (as
0* is between 6y and 6). So
/" * s * 1 - 1/ *
=007 = (X0 =n.— ;[—e (X:;07)
~ nE[-0"(X;;0%)] (LLN)
= nl(0%) (definition of information per reading)
~ nl(l) (6" = 6).

By 1.3,
(0 —0)\/nI(0y) — ®, (0 —0)2nI(0,) — B = x*(1),

using ®? as shorthand for ‘the distribution of the square of a standard normal
random variable’. So
—2log A — x*(1). //

Higher Dimensions. If 0 = (6,,0;) is a vector parameter, with

0, an r-dimensional parameter of interest,

0, an s-dimensional nuisance parameter,
to test Hy : 6, = 0,0 (which is composite unless s = 0) v. H; : 6,
unrestricted. Similar use of the large-sample theory of MLEs for vector pa-
rameters (which involves Fisher’s information matriz) gives

Theorem (Wilks, 1938). Under the usual regularity conditions,
—2log A — x2(r) (n — 00).

Note that the dimensionality s of the nuisance parameter plays no role:
what counts is r, the dimension of the parameter of interest (i.e., the differ-
ence in dimension between H; and Hy). (We think here of a fully specified
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parameter, as in Hp, as a point — of dimension 0, and of H; of dimension
r, like #,.. There need not be any vector-space structure here. Recall that
degrees of freedom (df) correspond to effective sample size, and that for every
parameter we estimate we ‘use up’ one df, so reducing the effective sample
size by the number of parameters we estimate, so reducing also the available
information. For background, see e.g. [BF], Notes 3.8, 3.9.)

Example: Normal means N(p,0?), o unknown.

Here p is the parameter of interest, o is a nuisance parameter — a pa-
rameter that appears in the model, but not in the hypothesis we wish to
test.

Hy: p= v. Hyp: punrestricted.

n

L= W. exp{—% Z(ilfz — )20’}

B 1 1 2/ 2y _ 1 L5252
Ly = W-GXP{_§ ;(371 — po)”/o"} = W'e}(p{_én&)/a b

in an obvious notation. The MLEs under H; are i = X, 6% = S?, as before,
and under Hj, we obtain as before ¢ = Sy. So

1 1
e 2" e 2"
L= ——; Loy=———.
! Sn 27r)%” ° Sy 27?)%”
So
A= Lo/L1 = Sn/Sg
Now

n

nSg =Y (Xi—po)* =) _[(Xi = X) + (X = o))

=D (X = X+ n(X — jo)* = nS® + n(X — o)’

(as Y2 (X; — X) = 0):

S (X — po)®
But ¢ := (X — po)v/n — 1/S has the Student t-distribution t(n — 1) with n
df under Hy, so

Sg/S? =1+#/(n—1).
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The LR test is: reject if
A= (5/5)" too small;
S2/S? =1+1t*/(n— 1) too big;
t? too big: |t| too big, which is the Student ¢-test:

The LR test here is the Student t-test.

2. Normal variances N(p,0?), yu unknown (a nuisance parameter). Test

Hy: o0=o0g V. Hy: o> o0

Under Hy, ¢ = const —nlogog — 1 > (X; — p)?/od.
oo =0: > 7 (X; —p)=0:

n

1 _
1=—» X;=X.
So
B 1 1« 2/ 9y 1 1 o, 9
Lo = W-GXP{_§ 21:(371 — o)~ /og} = W-GXP{_§”S o0}

Under Hy, { = const —nlogo — 3 > (X;— p)?/o®. As above, the maximising
value for p is X, and as Y }(X; — X)? = nS?,

_ 1 2/ 2 _ 2/ 2
E—const—nloga—§Z(Xi—u) /o —const—nloga—énS Jo“.

/0o =0: —n/o +nS?*/o® =0: o = 52
There are two cases: 1. o9 < S. II. 09 > S.
In Case I, S belongs to the region o > oy defining Hy, so the maximum

over H; is attained at S, giving as before

1
e 2" L Sm 1
Li=— . So A= 20— —exp{——n
S”(27r)§” Ly Sy 2
In Case II, the maximum of L is attained at S (L increases up to S, then
decreases), so its restricted maximum in the range o > oy > S is attained at

09, the nearest point to the overall maximum S. Then

[i—;—l}}. (Case I).

1 1 o
Ly =————sexp{—5 > (2~ mo)*/og} =Ly : A=Lo/L; =1
1 on (2m)2 exp{ 5 1 (zi — p10)”/ o5} ) o/ L1
(Case II).



Comparing, A is a function of 7" := S/0y:
1
A=1 if T <1 (Casell), ™ exp{—§n[T2 —1]} if T >1 (CaseI).

Now f(z) := a"exp{—3n[z? — 1]} takes its maximum on (0,00) at = = 1,
where it takes the value 1 (check by calculus). So (check by graphing A
against T'!) the LR test is:

reject if A too small, i.e. T too big, i.e. S too big — as expected.

Under Hy, nS?/o? is x*(n — 1). If ¢, is the upper a-point of x*(n — 1),
reject if nS?/ad > cq, i.e., reject if S > oica/n.

Similarly if H, is ¢ < oy and d, is the lower a-point: reject if S? <
odd,/n.

Testing Linear Hypotheses

We give a brief overview; for details, see Ch. IV below and e.g. [BF| Ch.
6.

In Regression (Ch. IV below) it is typically the case that one has a sample
of size n — the larger the better — and seeks the best explanation of the data
obtainable by projection on some suitable p-dimensional subspace. Here p is
the number of parameters (in the range 2 to 6, typically), so p is much smaller
than n: p << n. Having chosen the largest p we are prepared to consider,
we might test the hypothesis that p could be reduced — by dropping the last
parameter, in a set of nested models. With § the p-vector of parameters,
such hypotheses can be formulated as linear hypotheses of the form B = c,
with B a k x p matrix and ¢ a k-vector of constants. We compare the mini-
mum of the relevant sum-of-squares statistic with and without the constraint
Bp = c¢. The null hypothesis Hj is that the constraint B8 = ¢ holds. We
reject Hy if the improvement to the fit when we drop it is too big. It turns
out that the relevant test statistic has an F-distribution, and we reject H if
this F-statistic is too big (Kolodzieczyk’s theorem, 1935).

One important instance of all this is Time Series (Ch. V). We have
autoregressive models AR(p); we formulate, and test, hypotheses on the
size of p needed. Similarly for moving average models MA(q), ARMA
models ARM A(p, q), and for their extensions (ARIMA, integrated ARMA,;
SARIMA, seasonal ARIMA). Similarly for stochastic volatility models, such
as autoregressive conditionally heteroscedastic models ARC H(p), generalised
ARCH GARCH ((p,q), etc.; see e.g. [BF| 9.4.



IIT. MULTIVARIATE ANALYSIS

1. PRELIMINARIES: MATRIX THEORY.

Modern Algebra splits into two main parts: Groups, Rings and Fields on
the one hand, and Linear Algebra on the other. Linear Algebra deals with lin-
ear transformations between vector spaces. We confine attention here to the
finite-dimensional case; the infinite-dimensional case needs Functional Anal-
ysis and is harder. Broadly, Parametric Statistics can be handled in finitely
many dimensions, Non-Parametric Statistics (Ch. VI) needs infinitely many.

Determinants can be traced back to Leibniz (1684, unpublished in his
lifetime), Cramer (below) and others; the term first appears in Gauss’ the-
sis Disquisitiones arithmeticae in 1801. Although matrices logically precede
determinants, they were developed after them. The term is due to J. J.
SYLVESTER (1814-1897) in 1850; the theory largely stems from a paper
of Arthur CAYLEY (1821-1895) in 1858 (this contains the Cayley-Hamilton
Theorem, following work by Hamilton in 1853).

Given a finite-dimensional vector space V', we can always choose a basis
(a maximal set of linearly independent vectors). All such bases contain the
same number of vectors; if this is n, the vector space has dimension n.

Given two finite-dimensional vector spaces and a linear transformation «
between the two, choice of bases (ey,...,e,) and (fi,..., f,) determines a
matriz A = (a;;) by

eia:Zaijfj (Z:l,,m)
j=1

We write
ay; ... Qip

A=
Am1 .- Amn

or A = (a;;) more briefly. The a;; are called the elements of the matrix; we
write A (m x n) for A (m rows, n columns).

Matrices may be subjected to various operations:
1. Matriz addition. If A = (a;;), B = (b;;) have the same size, then

A+ B := (ai]’ + b”)

(this represents « + 3 if «, 8 are the underlying linear transformations).
2. Scalar multiplication. If A = (a;;) and ¢ is a scalar (real, unless we specify
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complex), then the matrix
cA = (cal-j)

represents ca.
3. Matrix multiplication. If Ais m x n, B isn X p, then C := AB is m X p,

where C' = (¢;;) and
Cij = Zaikbkj
k=1

(this represents the product, or composition, af or x — zaf3).

Note. Matrix multiplication is non-commutative! — AB # BA in general,
even when both are defined (which can only happen for A, B square of the
same size).

Partitioning.

We may partition a matrix A in various ways. for instance, A as above
partitions as
A A
A — oSz
Agp Ag

where Aj1isrxs, Ajpisrx(n—s), Ay is (m—r)x s, A is (m—r) x (n—s),
etc. In the same way, A may be partitioned as

(i) a column of its rows; (ii) a row of its columns.

Rank.

The maximal number of linearly independent rows of A is always the
same as the maximal number of independent columns. This number, r, is
called the rank of A. When r = min(m,n) is as big as it could be, the matrix
A has full rank.

Inverses.

When a square matrix A (n xn) has full rank n, the linear transformation
a : V — V that it represents is invertible, and so has an inverse map o~ ! :
V — V such that aa™ = a~'a = i, the identity map, and o' is also a
linear transformation. The matrix representing a1 is called A~!, the inverse
matriz of A:

AA T = A4 =],

the identity matriz of size n: I = (8;;) (6;; = 1if ¢ = j, 0 otherwise — the
Kronecker delta).
Transpose.

If A= (a;), the transpose is A’, or AT := (a;;).



Note that, when all the matrices are defined,
(AB)'=pBtA™?

(as this gives (AB)(AB)™' = ABB'A™' = AA™!' = I, and similarly
(AB)"Y(AB) = I, as required), and

(AB)T = BT AT

(the (i,7) element is >, (BT )ik (A )k = o4 briaji = D ajubri = (AB) ).
Determinants.
There are n! permutations o of the set

N, :={1,2,...,n}

— bijections ¢ : N,, — N,,. Each permutation may be decomposed into a
product of transpositions (interchanges of two elements), and the parity of
the number of transpositions in any such decomposition is always the same.
Call o odd or even according as this number is odd or even. Write

sgno:=1 ifoiseven, —1 ifoisodd
for the sign or signum of . For A a square matrix of size n, the function

det A, or |Al],:= Z(—l) seh T 1 6(1)A2,0(2) - - - Ano(n)s

(e

where the summation extends over all n! permutations, is called the deter-
minant of A, det A or |A|.

Properties.

1. |AT] = |A|.

Proof. If =1 is the inverse permutation to o, o and o~ ! have the same parity,
so the sums for their determinants have the same terms, in a different order.
2. If two rows (or columns) of A coincide, |A| = 0.

Proof. Interchanging two rows changes the sign of |A| (extra transposition,
which changes the parity), but leaves A and so |A| unaltered (as the two
rows coincide). So |A| = —|A|, giving |A| = 0.

3. |A] depends linearly on each row (or column) (det is a multilinear func-
tion, and this area is called Multilinear Algebra).

4. If Ais n x n, |A| =0 iff A has rank » < n. For then, some row is a linear
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combination of others. Expanding by this row gives sum of determinants
with two rows identical, giving 0.
5. Multiplication Theorem for Determinants.

If A, B are n xn (so AB, and BA, are defined),

|AB| = |A].|B|.

Proof. We can display a matrix A as a row of its columns, A = [a,...,a,]
(or as a column of its rows). The kth column of the matrix product C' = AB
is then

Cr = blkal + ...+ bnkan.

For, the ith element of the kth column of C' is
Cik = Z ijbjr = Z bik[ajl; Z birajli-
J

This is the ith element of the above vector equation, on both sides. Then
detC = detAB = detlby1a; + ... + byiay, ..., bipa; + ...+ bypay).
Expand the RHS by the first column. We get a sum of the form
Z bjhldet[. . ]
Ji
Expand each det here by the second column. We get a double sum, of the
form
Z bjhlbj%ldet[. . .],
jl:jQ
and so on, finally getting
Z b]l 1- .]n 1det[ ]

s

Each matrix whose det we are taking here is a row of columns of A. Each
such det with two columns the same vanishes. So we can reduce the ‘big’
sum (n" terms) to a smaller sum with all columns different (n! terms). Then
we have a permutation of the columns, o say, giving

detC = Z b . U (n), det[ag(l), . ,ag(n)].



Putting the columns here in their natural order,

detC = by - - bomyn-(—1)"detfay, . .., a,).

The determinant here is det A, so we can take it out. This leaves detB, so
detC = det(AB) = detA.detB. //

6. Inverses again.
If Aisn xmn, the (i,j) minor is the determinant of the (n — 1) x (n —
1) submatrix obtained by deleting the ith row and jth column. The (3, j)
cofactor, or signed minor A;;, is the (i, j) minor times (—)™7 (the signs follow
a chessboard or chequerboard pattern, with + in the top left-hand corner),
The matrix B = (b;;), where

bij = Aji/|Al,

is the inverse matriz A~' of A, defined iff |A| # 0 (A is called singular
if |[A| = 0, non-singular otherwise (thus a square matrix has a non-zero
determinant iff it is non-singular), and

AAT ' =ATTA=1T:
Theorem (Matrix inverse).

inverse = transposed matrix of cofactors over determinant.

Proof. With B as above, C := AB = (¢;;),
Cij = Zaikbkj = Zaik‘Ajk/|A|-
k k

If i« = j, the RHS is 1 (expansion of |A| by its ith row). If not, the RHS
is 0 (expansion of the determinant of a matrix with two identical rows). So
Cij = (5”-, soC=AB=1. Slmllarly, BA=1. //

Solution of linear equations.
If A is n x n, the linear equations

Ax =10
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possess a unique solution z iff A is non-singular (A~! exists), and then
r = A"1b.

If A is singular (A has rank r < n), then either there is no solution (the equa-
tions are inconsistent), or there are infinitely many solutions (some equations
are redundant, and one can give some of the elements x; arbitrary values and
solve for the rest — consistency but non-uniqueness). What decides between
these two cases is the rank of the augmented matrix (A,b) obtained by ad-
joining the vector b as a final column. If rank(A,b) = rank(A), Az = b is
consistent; if rank(A, b) > rank(A), Ax = b is inconsistent.

Orthogonal Matrices.

A square matrix A is orthogonal if

AT =AY,

or equivalently, if
ATA = AAT = 1.
Then |ATA| = |AT||A] = |A].|A] = |I| = 1, |A]? =1, |A| = &1 (we take the
+ sign).
If A= (ay,...,a,) (row of column vectors, so AT is the column of row-
vectors al ) is orthogonal, ATA =1, i.e.
aj
: (a1,...,an) =1,
iy
ala; = &;;: the columns of A are orthogonal to each other, and similarly the
rows are orthogonal to each other.
Note. If A, B are orthogonal, so is AB, since (AB)TAB = BTATAB =
BTB =1.
Generalised inverses.
The theory above partially extends to non-square matrices, and matrices
not of full rank. For A m x n, call A~ a generalised inverse if

AATA=A.

We quote:
1. Generalised inverses always exist (but need not be unique),
2. If the linear equation

Axr =10
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is consistent (has at least one solution), then a particular solution is
x=A"b.

Eigenvalues and eigenvectors.

If A is square, and
Ax = \x (x #0),

A is called an eigenvalue (latent value, characteristic value, e-value) of A,
x an eigenvector (latent vector, characteristic vector, e-vector) (determined
only to within a non-zero scalar factor ¢, as A(cx) = A(cz)). Then

(A= M)z =0
has non-zero solutions x, so infinitely many solutions cz, so A— AI is singular:
|A—XI|=0.

If A is n x n, this is a polynomial equation of degree n in A\. By the Fun-
damental Theorem of Algebra (see e.g. M2PM3 L19-1.20), there are n roots
A1, .-+, Ay (possibly complex, counted according to multiplicity).

A matrix A is singular iff the linear equation Ax = 0 has some non-zero
solution x. This is the condition for 0 to be an eigenvalue:

a matrix is singular iff 0 is an eigenvalue.

Since the coefficient of A" in the polynomial p(\) := |A — M| is (—)", p())

factorises as
n

P = 1A= 1] =TT = ).

1
Put A=0:

|A| = H A the determinant is the product of the eigenvalues.
1

Match the coefficients of (—A)"~!: in the RHS, we get a \; term for each i, so
the coefficient is ), A;, the sum of the eigenvalues. In the LHS, we get an a;;
term for each i, so the coefficient is ) a;;, the sum of the diagonal elements
of A, which is called the trace of A. Comparing:

tr A= Z A s the trace is the sum of the eigenvalues.
i
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