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SMF SOLUTIONS 5. 21.11.2014

Q1. From the model equation

yi =
∑p

j=1
aijβj + ϵi, ϵi iid N(0, σ2),

the likelihood and log-likelihood are
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ℓ := logL = const− n log σ − 1
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aijβj)

2]/σ2. (∗)

Maximise w.r.t. βr in (∗) (Fisher, MLE) – equivalently, minimise [...]: ∂ℓ/∂βr =
0 (Least Squares):∑n

i=1
air(yi −

∑p

j=1
aijβj) = 0 (r = 1, . . . , p) :

∑p

j=1
(
∑n

i=1
airaij)βj =

∑n

i=1
airyi.

Write C = (cij) for the p× p matrix C := ATA, which we note is symmetric:
CT = C. Then

cij =
∑n

k=1
(AT )ikAkj =

∑n

k=1
akiakj.

So this says ∑p

j=1
crjβj =

∑n

i=1
airyi =

∑n

i=1
(AT )riyi.

In matrix notation, this is

(Cβ)r = (ATy)r (r = 1, . . . , p) : Cβ = ATy, C := ATA. (NE)

These are the normal equations. As A (n × p, with p << n) has full rank,
A has rank p, so C := ATA has rank p, so is non-singular. So the normal
equations have solution

β̂ = C−1ATy = (ATA)−1ATy.
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Multiplying both sides by A,

Py = A(ATA)−1ATy = Aβ̂.

Q2. (i) The roots λ1, . . . , λp of the polynomial λp−ϕ1λ
p−1− . . .−ϕp−1λ−ϕp

should lie inside the unit disk.
(ii) Multiply (∗) by Xt−k for k ≥ 0 and take expectations: E[Xt] = 0, and

γk = cov(Xt, Xt−k) = E[XtXt−k] = ϕ1E[Xt−1Xt−k]+. . .+ϕpE[Xt−pXt−k]+E[ϵtXt−k].

As ϵt has mean 0 and is independent of Xt−k, this gives

γk = ϕ1γk−1 + . . .+ ϕpγk−p.

Divide by γ0:
ρk = ϕ1ρk−1 + . . .+ ϕpρk−p.

(iii) General solution ρk = c1λ
k
1 + . . .+ cpλ

k
p, ci constants.

Q3. (i)

γ0 = var(X0) = var(Xt) = E[X2
t ] = E[(ϵ+ θϵt−1)(ϵ+ θϵt−1)] = σ2(1 + θ2),

as E[ϵ2t ] = E[ϵ2t−1] = σ2, E[ϵtϵt−1] = 0.
(ii)

γ1 = E[XtXt−1] = E[(ϵt + θϵt−1)(ϵt−1 + θϵt−2)] = σ2θ,

γ2 = E[XtXt−2] = E[(ϵt + θϵt−1)(ϵt−2 + θϵt−3)] = 0,

and similarly γk = 0 for k ≥ 2.
(iii) ρk = γk/γ0. So

ρ0 = 1, ρ±1 = θ/(1 + θ2), ρk = 0 otherwise.

Q4. (i) (Xt) is ARMA(2, 1).
(ii) Xt −Xt−1 +

1
4
Xt−2 = ϵt +

1
2
ϵt−1; with B the backward shift,

ϕ(B)Xt = θ(B)ϵt,

where ϕ(λ) = 1− λ+ 1
4
λ2 = (1− 1

2
λ)2, with a repeated root at λ = 2,

θ(λ) = 1 + 1
2
λ, root λ = −2.

All roots are outside the unit disk in the complex λ-plane, so (Xt) is station-
ary and invertible.
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