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SMF SOLUTIONS 5. 21.11.2014

Q1. From the model equation

yizzp aijﬁj—l—ei, €; 1d N(O,O’Z),

Jj=1

the likelihood and log-likelihood are

1 n 1
L = —JI  ep{—s(ui = > a;B)*/o}
on2mra" 2 J
B 1 I n P 2/ 2
= m-eXP{—QZizl(% - ijlaijﬁj) /o°},
1 —n
¢ :=log L = const —nlogo — §[Zi:1(yi - Z?Zlaijﬂj)ﬂ/g?, (%)

Maximise w.r.t. 3, in (x) (Fisher, MLE) — equivalently, minimise [...]: 9¢/0/, =
0 (Least Squares):

Z?:lair(yi — ijlaijﬁj) =0 (7” =1,... ,p) :
Zj:l (Z?:la”’aij)ﬁj = Z?Zlairyi-

Write C' = (¢;;) for the p x p matrix C' := AT A, which we note is symmetric:

CT = C. Then
Cij = Zk:l (AT)zk:Ak;j - Zk:lakiakj'

ijlchﬁj = ijlairy’i = Z:L:l (AT)szz

In matrix notation, this is

So this says

(CB), = (ATy), (r=1,...,p): CpB = ATy, C:=ATA. (NE)

These are the normal equations. As A (n x p, with p << n) has full rank,
A has rank p, so C' := AT A has rank p, so is non-singular. So the normal
equations have solution

B=C"1ATy = (ATA)1ATy.
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Multiplying both sides by A,
Py = A(ATA)'ATy = AB.
Q2. (i) The roots Ay, ..., A, of the polynomial AP — ¢p; \P~t— ... — ¢, 1A— ¢,

should lie inside the unit disk.
(i) Multiply (*) by X;—j for k£ > 0 and take expectations: E[X;] = 0, and

Ye = COU(Xt7 Xt—k:) = E[XtXt_k] = ¢1E[Xt_1Xt—k]+- . -+¢pE[Xt—pXt—k]+E[€tXt—k]-
As ¢; has mean 0 and is independent of X; ., this gives

Ve = P1Vk—1 + - - - + OpVk—p-
Divide by vo:

Pk = P1pp—1+ ... + PppPr—p-
(iii) General solution pp = c; A\¥F + ... + cp)\';7 ¢; constants.

Q3. (1)
Y0 = var(Xy) = var(X,) = E[X}?] = E[(e + 0ei_1) (e + Oe,_1)] = o*(1 + 6%),
as E[e?] = E|e?_,] = 02, Ele;ei1] = 0.
(i)

Y1 = E[Xtthl] = E[(Et + 6615,1)(6,571 + 967572)] = 0'29,

Yo = E[XtXt_Q] = E[(Gt -+ 8€t—1)(€t—2 + 9615_3)] = 0,

and similarly v, = 0 for k£ > 2.
(iil) p& = /0. So

po =1, pi1=0/(1+6%), pr =0 otherwise.
Q4. (i) (Xy) is ARMA(2,1).
(i) X; — X1 + 1 Xi—2 = ¢ + 36,-1; with B the backward shift,

¢(B)X; = 0(B)ey,
where ¢(\) =1 — X+ $X* = (1 — 1))?, with a repeated root at A = 2,
O(A) =1+ 1\ root A = —2.
All roots are outside the unit disk in the complex A-plane, so (X;) is station-
ary and invertible.
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