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Solutions 2. 29.11.2010

Q1. (i). Write Bn := An \ An+1. Then the Bn are disjoint, An = ∪n
1Bk and

∪An = ∪Bn, so

µ(An) = µ(∪n
1Bk) =

n∑

1

µ(Bk) ↑ µ(
∞∑

1

µ(Bk).

But as µ is a measure,

µ(∪∞1 An) = µ(∪∞1 Bk) =
∞∑

1

µ(Bk).

So
µ(An) ↑ µ(∪An).

(ii) As An ↓ and µ(AN) < ∞: for n ≥ N , An ⊂ AN and (AN \ An) ↑. So by
(i),

µ(AN \ An) = µ(AN)− µ(An) ↑ µ(∪n≥NAN \ An)

= µ(AN \ ∩n≥NAn) = µ(AN)− µ(∩n≥NAn).

So
µ(An) ↓ µ(∩An).

Q2. Let Bn := ∩k≥nAk. Then Bn ⊂ An, so µ(Bn) ≤ µ(An), liminf µ(Bn) ≤
liminf µ(An). But Bn ↑, so by Q1(i),

liminf µ(Bn) = lim µ(Bn) = µ(∪Bn) = µ(liminf An).

Combining,
µ(liminf An) ≤ liminf µ(An), //

giving (i). Part (ii) follows similarly from Q1(ii), or by taking complements
of (i) w.r.t. ∪k≥NAk. //

Q3. By Q2(i), (ii),

µ(lim An) = µ(liminf An) ≤ liminf µ(An) ≤ limsup µ(An) ≤ µ(limsup An) = µ(lim An).
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Q4. We use Cauchy’s Theorem (see e.g. Lecture 27, M2PM3, link on my
homepage). To prove: ∫ ∞

0

sin x

x
dx =

π

2
.

Take f(z) = eiz/z. This has a pole at the origin, which we must exclude
from the semi-circular contour we would use as above by a semi-circular
indentation round the origin. Take γ the union of γ1, the semi-circle centre 0
and radius ε > 0 in the upper half-plane (clockwise), γ2 := [ε, R], γ3 the semi-
circle radius R in the upper half-plane (anticlockwise) and γ4 := [−R,−ε].
By Cauchy’s Theorem,

∫
γ = 0. So for δ > 0,

∣∣∣∣
∫

γ3

f

∣∣∣∣ =

∣∣∣∣∣
∫ π

0

ei(R cos θ+iR sin θ)

Reiθ
· iReiθ dθ

∣∣∣∣∣ ≤
∫ π

0
e−R sin θ dθ =

∫ δ

0
+

∫ π−δ

δ
+

∫ π

π−δ

≤ δ + δ + e−R sin θ(π − 2δ) : lim sup
R→∞

∣∣∣∣
∫

γ3

f

∣∣∣∣ ≤ 2δ.

So as δ > 0 is arbitrarily small: RHS = 0. So
∫
γ3

f → 0 (R →∞).

∫

γ1

f =
∫ π

0
eiε(cos θ+i sin θ) iεe

iθ

εeiθ
dθ = i

∫ π

0
(1+O(ε)) dθ = iπ+O(ε) → iπ (ε → 0).

So the integral exists as an improper Riemann integral, as required.
But the integral does not exists as a Lebesgue integral. If it did, since

the Lebesgue integral is an absolute integral,

∫ ∞

0

| sin x|
x

dx

would exist also – i.e., would be finite. But | sin x| ≥ 1/2 (say) over part of
its period [0, 2π], A say. Writing An for A + 2πn,

∫ ∞

0

| sin x|
x

dx =
∞∑

0

∫ 2(n+1)π

2nπ
... ≥ ∑

n

∫

An

... ≥ ∑
n

1

2

∫

An

dx/x.

The series on the right diverges by comparison with the harmonic series∑∞
1 1/n.
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