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SOLUTIONS 4b. 24.10.2018

Q1.

MX(t) =
∫ ∞
−∞

etxfX(x)dx =
∫ ∞
−∞

etx.
1√
2πσ

exp{−1

2
(x− µ)2/σ2}dx.

Make the substitution u := (x− µ)/σ: x = µ+ σu, dx = σdu:

MX(t) =
∫ ∞
−∞

et(µ+σu).
1√
2π

exp{−1

2
u2}du = eµt.

∫ ∞
−∞

eσtu.
1√
2π

exp{−1

2
u2}du.

Completing the square in the exponent on the right,

M(t) = eµt.
∫ ∞
−∞

1√
2π

exp{−1

2
[u2 − 2σtu]}du

= eµt.
∫ ∞
−∞

1√
2π

exp{−1

2
[(u−σt)2−σ2t2]}du = eµt+

1
2
σ2t2 .

∫ ∞
−∞

1√
2π

exp{−1

2
(u−σt)2}du.

The integral on the right is 1 (a density integrates to 1 – of N(σt, 1) as it
stands, or of N(0, 1) after the substitution v := u− σt), giving

M(t) = exp{µt+
1

2
σ2t2}.

Q2. (i) By Q1, MY (t) = E[etY ] = exp{µt + 1
2
σ2t2}. Taking t = 1, MY (1) =

E[eY ] = exp{µ+ 1
2
σ2}. As X = eY , this gives

E[X] = E[eY ] = eµ+
1
2
σ2

.

(ii) In the Black-Scholes model, stock prices are geometric Brownian motions,
driven by stochastic differential equations (with B Brownian motion)

dS = S(µdt+ σdB). (GBM)

This has solution (we quote this – from Itô’s lemma – Ch. V)

St = S0 exp{(µ− 1

2
σ2)t+ σBt}.

So logSt = logS0+(µ− 1
2
σ2)t+σBt is normally distributed, so St is lognormal.
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Q3. The exponential martingale for Brownian motion.
The MGF of X ∼ N(µ, σ2) is

E[etX ] = exp{µt+
1

2
σ2t2}, (∗)

by Q1. For B = (Bt) Brownian motion (BM), write

Mt := exp{θBt −
1

2
θ2t}.

Then with F = (Ft) the Brownian filtration, for s ≤ t,

E[Mt|Fs] = E[exp{θBt −
1

2
θ2t}|Fs]

= E[exp{θ(Bs + (Bt −Bs))−
1

2
θ2s− 1

2
θ2(t− s)}|Fs]

= exp{θBs −
1

2
θ2s}.E[exp{θ(Bt −Bs))−

1

2
θ2(t− s)}|Fs],

taking out what is known. The first term on the right is Ms. The conditioning
in the second term can be omitted, by independent increments of BM. But
Bt −Bs ∼ N(0, t− s), which has MGF

E[exp{θ(Bt −Bs)}] = exp{1

2
θ2(t− s)}

(by (∗), with µ 7→ 0, θ2 7→ t− s, t 7→ θ). So the second term on RHS 1:

E[Mt|Fs] = Ms.

So M is a martingale. //
NHB
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