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Summary. The theory of algebraic curves and quadrature domains is used to construct
exact solutions to the problem of the squeeze flow of multiply-connected fluid domains
in a Hele-Shaw cell. The solutions are exact in that they can be written down in terms of
a finite set of time-evolving parameters. The method is very general and applies to fluid
domains of any finite connectivity. By way of example, the evolution of fluid domains
with two and four air holes are calculated explicitly. For simply connected domains, the
squeeze flow problem is well posed. In contrast, the squeeze flow problem for a multiply
connected domain is not necessarily well-posed and solutions can break down in finite
time by the formation of cusps on the boundaries of the enclosed air holes.

1. Introduction

Shelley, Tian, and Wlodarski [18] have analysed the problem of a simply connected
region of fluid evolving in a Hele-Shaw cell in which the two plates making up the cell
move together or apart at some externally specified rate. Some exact analytical solutions
of this problem are presented in [18] in the case where there are no regularization effects
(such as surface tension). Most of these solutions pertain to the case of simply-connected
fluid domains, but a solution for a doubly-connected fluid domain containing a single
air hole is also given. This doubly-connected solution is the geometrically trivial case
consisting of a time-evolving concentric annular domain. Results are also obtained in [18]
concerning the existence, regularity, and uniqueness of solutions to the model problem of
Hele-Shaw flow in a time-dependent gap. In particular, it is shown that the squeeze-flow
initial value problem of a simply connected domain is well-posed and that an analytic
interface att = 0 remains analytic fort > 0. Physically, as the plates are squeezed
together, the fluid spreads out and any incipient cusps are smoothed out.
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Now consider the same squeeze flow problem in the case of amultiply connected
domain in which a blob of fluid might contain a finite number of enclosed air holes. It
is no longer obvious that in this problem the fluid boundaries will remain analytic for
timest > 0 if they are analytic initially. In particular, this might reasonably be expected
to depend on physical conditions imposed inside the enclosed air holes.

In the case of a simply connected blob, the question of the breakdown of solutions
can be tackled analytically to a large extent because it has been found that a wide
class of exact solutions exist [18]. The case of multiply-connected fluid regions is more
complicated. Apart from the geometrically-trivial (doubly connected) concentric annu-
lus solution [18], no other exact solutions for multiply connected domains evolving in
squeeze flow are known, although it must be pointed out that, using elliptic function
conformal maps, Varchenko and Etingof [21] and Richardson [13] [14] have identified
exact solutions for the evolution of doubly-connected fluid domains in the physically
distinct, but mathematically related, problem ofsingularity-drivenHele-Shaw flows, and
many of those results can be adapted to the squeeze flow scenario.

In this paper, we present a new analytical method, based on exact solutions, for
calculating the evolution of general multiply-connected fluid domains in the squeeze
flow problem. It will be shown that the problem admits exact solutions in the sense
that they can be written down, for timest > 0 (and for as long as they exist), in
terms of a finite set of time-evolving parameters. The novelty of the method lies in our
approach. Traditionally, exact solutions to free boundary problems of Hele-Shaw type are
calculated by tracking the evolution of parameters appearing in a conformal map. In the
case of simply connected domains, these parameters are the poles and zeros of a rational
function (e.g. [11] [9] [12]); for doubly connected domains, they are the poles, zeros,
and periods of an elliptic function [21] [13]. Here it is shown that exact solutions can be
calculated equally well by tracking the evolution of a different (finite) set of parameters
through exploitation of the fact that the boundaries of quadrature domains are algebraic
curves.

The layout of the paper is as follows. In Section 2, it is shown that the dynamics of
squeeze flow is such as to preserve quadrature domains. In Sections 3–5, the relevant
theory of quadrature domains and algebraic curves is presented. In Section 6, a didactic
example involving a doubly-connected fluid region is presented that allows a direct com-
parison of the new method with the traditional approach involving conformal mappings.
Finally, by way of example, we present new classes of exact solution involving a triply
connected domain with two air holes and a quintuply connected domain with four air
holes.

2. Squeeze Flow in a Hele-Shaw Cell

Consider the evolution of a boundedN-connected fluid regionD(t) in a planar Hele-
Shaw cell. Let∂D(t) denote the entire boundary ofD(t), which consists of disjoint
components∂D1(t)—the outermost interface of the finite blob of fluid—and∂Di (t), i =
2, . . . , N—the N − 1 closed interfaces bounding theN − 1 enclosed holes contained
within ∂D1(t).
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Following [18], consider a model of the squeeze flow system given by

u(x, y, t) = −b(t)2

12µ
∇ p(x, y, t), in D(t), (1)

with

∇.u = − ḃ(t)

b(t)
, in D(t), (2)

whereb(t) is the time-dependent gap width between the moving plates of the Hele-
Shaw cell,µ is the fluid viscosity, andu denotes the two-dimensional gap-averaged fluid
velocity. p(x, y, t) denotes the pressure in the fluid. The dynamical boundary conditions
are that

p = pi (t), on ∂Di (t), i = 1 . . . N, (3)

wherepi (t) is some (spatially constant) pressure inside the (disjoint) regions exterior to
the fluid domain. Without loss of generality, one of these—p1(t), say—can be set equal
to zero. A kinematic condition that each boundary of the domain moves with the fluid
gives

u.n = Vi
n, on ∂Di (t), i = 1 . . . N, (4)

whereVi
n denotes the normal velocity of the boundary∂Di (t).

The only differences between the above formulation and that of [18] are that the fluid
domain is now multiply connected and that, in each hole, we are free to externally specify
a pressurepi (t).

Define the velocity potential function

φ ≡ −b(t)2

12µ
p, (5)

and define

4B(t) ≡ − ḃ(t)

b(t)
; (6)

then (1) and (2) imply that

∇2φ = 4B(t), in D(t), (7)

and that, on∂Di (t),

φ = ai (t),

∇φ.n = Vi
n, (8)

where

ai (t) ≡ −b(t)2

12µ
pi (t). (9)

In the next section, we define the notion of aquadrature domainand aquadrature identity.
In order to see the relevance of the theory of quadrature domains to this physical problem,
we prove the following theorem, which provides a result on the evolution ofquadrature
identities:
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Theorem 2.1. Under the dynamics of squeeze flow in a Hele-Shaw cell(as in the
mathematical model just described),

d

dt

∫ ∫
D(t)

h(z)dx dy= 4B(t)
∫ ∫

D(t)
h(z)dx dy, (10)

where h(z) is any single-valued analytic function in D(t) that is integrable over D(t)
(in the sense of area measure).

Proof. Using the complex form of Green’s theorem [1],

d

dt

∫ ∫
D(t)

h(z)dx dy = d

dt

1

2i

∮
∂D(t)

h(z)z̄ dz

= 1

2i

∮
∂D(t)

h′(z)zt z̄dz+ h(z)z̄tdz+ h(z)z̄ dzt

= 1

2i

∮
∂D(t)

h(z) (z̄tdz− ztdz̄), (11)

where the last line follows by integration by parts on the last term in the penultimate
line. But the kinematic condition can be written

Im[(zt − 2φz̄)z̄s] = 0, on ∂D(t), (12)

wheres is the local arclength parameter around∂D(t), or equivalently, as

z̄tdz− ztdz̄= 2φzdz− 2φz̄dz̄, (13)

which can be subtituted into (11) to yield

d

dt

∫ ∫
D(t)

h(z)dx dy= 1

2i

∮
∂D(t)

h(z) (2φzdz− 2φz̄dz̄). (14)

But φ is constant on each part of∂D(t), which implies

dφ = φzdz+ φz̄dz̄= 0, on ∂D(t). (15)

Using this in (14) yields

d

dt

∫ ∫
D(t)

h(z)dx dy= 1

2i

∮
∂D(t)

4h(z)φz dz. (16)

However, everywhere in the multiply connectedD(t), φ satisfies

φz̄z= B(t), (17)

so that integration with respect toz̄ implies that

φz = B(t)z̄+ g(z, t), (18)
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where, by standard results in harmonic analysis [16], it is known thatg(z, t) is both
analytic and single-valued in the multiply connectedD(t). Therefore,

d

dt

∫ ∫
D(t)

h(z)dx dy = 1

2i

∮
∂D(t)

4h(z)(B(t)z̄+ g(z, t))dz

= 1

2i

∮
∂D(t)

4h(z)B(t)z̄ dz, (19)

using Cauchy’s theorem and the fact that the combinationh(z)g(z, t) is a single-valued
analytic function inD(t). The result follows by a final application of Green’s theorem.

Theorem 2.1 is closely related to results involving the Cauchy transforms of simply
connected domains derived by Entov et al. [6] in the context of different but related Hele-
Shaw problems and by Shelley et al. [18] in the context of the squeeze flow problem.
The theorem above extends these earlier results to multiply connected domains and is
stated in a form suited to the analysis involving quadrature identities that follows.

Theorem 2.1 holds regardless of the values of the time-dependent pressurespi (t)
inside the enclosed bubbles. It will be seen later how the values ofpi (t) enter the
analysis to affect the dynamical evolution.

3. Quadrature Domains

The simplest example of a quadrature domain [15] is a circular disc. For a discD of
radiusr centred at the origin, themean value formula[1] states that∫ ∫

D
h(z)dx dy= πr 2h(0), (20)

whereh(z) is an arbitrary function analytic in the disc and integrable over it. (20) shows
that the integration ofh(z) over the two-dimensional support of the disc can be reduced
to the sum of weighted values ofh(z) over a finite point set (i.e., just the origin in the
case of the circular disc).

As a generalization of this case, a domainD is called aquadrature domainif the
following quadrature identityholds for allh(z) analytic, integrable functions inD:∫ ∫

D
h(z)dx dy=

m∑
k=1

nk−1∑
j=0

ckj h
( j )(zk), (21)

for some set of coefficients{ckj } and some point set{zk}. Hereh( j )(z) denotes thej -th
derivative ofh(z). The set of complex numbers{ckj } and{zk} is called thequadrature
dataof D.

As an example, Figure 1 shows a configuration in which four discs of unit radius
are just touching. The centers of the discs are at±√3 and at±i , and each has radius
r = 1. This resulting (open) domain is disconnected and because integration over such
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Fig. 1. Initial domain of four equal touching circles of unit radius.

a domain is additive, the mean value formula (20) can be used to deduce that it is a
quadrature domain with associated quadrature identity∫ ∫

D
h(z)dx dy= πh(

√
3)+ πh(−

√
3)+ πh(i )+ πh(−i ). (22)

This corresponds to (21) with quadrature data given by

m= 4, z1 =
√

3, z2 = −
√

3, z3 = i, z4 = −i,

ck0 = π, nk = 1 (k = 1 . . .4). (23)

The objective of this paper is first to show how to produce initial multiply-connected
fluid domains bycontinuingan initially disconnected domain of touching discs (such
as that in Fig. 1) and then to determine the evolution of such initial multiply-connected
fluid blobs under the dynamics of the squeeze flow problem. From Theorem 2.1, the
dynamics of this free boundary problem is such that, if the quadrature identity of the
initial multiply-connected domainD(0) is∫ ∫

D(0)
h(z)dx dy= πr 2

0h(
√

3)+ πr 2
0h(−
√

3)+ πr 2
0h(i )+ πr 2

0h(−i ), (24)

for somer0 > 1 (note that the caser0 = 1 retrieves the quadrature identity (22) relevant
to the disconnected domain of touching open discs), then at later timest > 0, the fluid
domainD(t) remains a quadrature domain with quadrature identity∫ ∫

D(t)
h(z)dx dy = πr (t)2h(

√
3)+ πr (t)2h(−

√
3)

+ πr (t)2h(i )+ πr (t)2h(−i ), (25)
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where

r (t)2 = r 2
0 exp

(∫ t

0
4B(t ′)dt′

)
. (26)

The fact that the dynamics of squeeze flow preserves quadrature domains forms the key
result on which the analysis of this paper is based.

4. Algebraic curves

It is known [2] that, if D is a quadrature domain satisfying some identity (21), then its
boundary∂D is part of analgebraic curvegiven, to within a finite set ofspecial points
V0, by

∂D = {z ∈ C|P(z, z̄) = 0}\V0, (27)

where

P(z, w) =
n∑

k, j=0

akj z
kw j , (28)

wheren =∑m
k=1 nk is referred to as theorder of the quadrature identity, and where the

coefficients{akj } satisfy the hermitian property

ājk = akj . (29)

The finite set of pointsV0 will be important for our methods and will be discussed in
more detail later. The matrix of coefficients{akj } will henceforth be referred to as the
matrixA, i.e.,

[A]k j = akj , k, j = 0 . . .n. (30)

For a quadrature identity of ordern, A will be an(n+1)-by-(n+1)matrix. An alternative
way of writing (28) is in the form

P(z, w) =
n∑

j=0

w j Pj (z), (31)

where eachPj (z) is a polynomial of degree at mostn.
There is a normalization degree of freedom in the specification ofP(z, z̄). Without

loss of generality, we setann = 1.
It is natural to expect there must be some connection between the quadrature data

{ckj }, {zk} and the set of coefficients{akj } defining the associated algebraic curve. Indeed,
there is apartial connection embodied in the following theorem of Gustafsson [7]:

Theorem 4.1. For a quadrature domain satisfying the quadrature identity(21)of order
n, the identity

1

π

m∑
k=1

nk−1∑
j=0

j !ckj

(z− zk) j+1
≡ ann−1− Pn−1(z)

Pn(z)
, (32)
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where

Pn−1(z) = an,n−1zn + an−1,n−1zn−1+ · · · + a0,n−1, (33)

Pn(z) = zn + an−1,nzn−1+ · · · + a0,n, (34)

sets up a one-to-one correspondence between the set of coefficients{ckj , zk} and the last
two columns(and rows) of the coefficient matrixA.

It is important to realize that this connection between the coefficients is only partial
and that, for generaln, there is a disparity between the amount of quadrature data
{ckj }, {zk} and the elements of the matrixA. However, Theorem 4.1 shows that there is
an upper bound for the degree of this disparity, specifically, the first(n−1) columns (or,
equivalently, rows) of the hermitian matrixA are not explicitly determined by knowledge
of the quadrature data. As emphasized by Gustafsson [7], it is in general a difficult matter
to determine the full set of coefficients{akj } (defining the algebraic curve associated with
a quadrature domain) purely from knowledge of the quadrature data in (21). In this paper,
we address precisely this issue.

5. Special Points of Quadrature Domains

Gustafsson [8] has discussed how points of contact of disconnected circular domains
leave so-called “special points”zs inside the domain as the domain changes such as to
become connected. Such special points are defined as beingisolatedsolutions of

P(zs, z̄s) = 0, (35)

and do not, in general, constitute part of the continuous boundary of the quadrature
domain. These points constitute the finite setV0 referred to in Section 4. Moreover, at
such points, it is known that the following holds:

∂P(zs, z̄s)

∂z
= ∂P(zs, z̄s)

∂ z̄
= 0. (36)

We refer the reader to Gustafsson [8] for a detailed discussion of these special points.
The study of such points seems to originate from the work of Shapiro [17].

For quadrature identities possessing certain geometrical symmetries, it is natural to
seek associated quadrature domains sharing the same symmetries. In certain cases, it
is possible to exploit these symmetries as well as properties concerning the special
points of the domain (as established in [8]) to deduce important information about
the “unknown” data of the matrixA. In very special cases, these considerations are
enough to determine all such data (cf: Section 6), however, in the general case, only
partial additional information is obtained (cf: Section 7). We will illustrate these two
possible cases by example and, for practical purposes of constructing multiply-connected
quadrature domains, show how we propose to overcome the “information deficit” when
symmetry considerations and information regarding special points is not sufficient to
identify all the unknown parameters of the algebraic curve.
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Fig. 2. Initial domain of three equal touchingcircles of unit radius.

6. A Doubly-Connected Fluid Domain

To illustrate the general method, we first present details of the construction of a doubly-
connected quadrature domain. The following presentation is based in essence on that
given in [7] but differs in detail and emphasis. This example is illustrative but, unfor-
tunately, rather special. This is because, as will be seen, it is possible in this example
to use information on the special points of the quadrature domain to obtaincomplete
information on the unknown parameters describing the algebraic curve.

In Figure 2, three equal unit discs are placed in an annular configuration about the
origin. By the mean value formula (20), this domain is a quadrature domainD satisfying
the quadrature identity:∫ ∫

D
h(z)dx dy= πh(z1)+ πh(z2)+ πh(z3), (37)

where

z1 = 2√
3
; z2 = 2√

3
e

2iπ
3 ; z3 = 2√

3
e

4iπ
3 . (38)

(37) is a quadrature identity of order 3. It turns out that the corresponding algebraic
curve is also easy to find because the (open) domain is disconnected and corresponds
to a situation in which the polynomialP is reducible. Indeed, it is straightforward to
deduce that

P(z, z̄) = (|z− z1|2− 1)(|z− z2|2− 1)(|z− z3|2− 1) = 0, (39)

with z1, z2, andz3 as in (38). This simplifies to

P(z, z̄) = z3z̄3− 8

3
√

3
(z3+ z̄3)− 3z2z̄2− zz̄+ 1

27
= 0. (40)
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The corresponding matrixA is

A =


1
27 0 0 − 8

3
√

3

0 −1 0 0

0 0 −3 0

− 8
3
√

3
0 0 1

 . (41)

Now consider the quadrature identity∫ ∫
D

h(z)dx dy= πr 2h(z1)+ πr 2h(z2)+ πr 2h(z3), (42)

wherer is just greater than unity. Note that all the coefficients of the differenth(zj ) have
changed symmetrically. This will also be true under the dynamics of the squeeze flow
problem.

By Theorem 4.1, the matrix corresponding to the time-evolving quadrature identity
is given by

A =


f 0 0 − 8

3
√

3

0 e 0 0

0 0 −3r 2 0

− 8
3
√

3
0 0 1

 , (43)

where we have assumed a three-fold rotational symmetry so that all off-diagonal elements
are zero except for those shown in (43). It is important to realize that two of the entries,
e and f , are not determined explicitly by the quadrature data. It remains to find this
parameter pair(e, f ). Note that comparison of (41) and (43) shows that the initial
domain in Figure 2 is given by the parameter values

r = 1, e= −1, f = 1

27
. (44)

By the symmetry of the configuration, we expect to find special points of the time-
evolving quadrature domains on the rays

arg[z] = π + 2π l

3
, l = 0, 1, 2. (45)

Note that the initial points of contact of the touching circles lie on these rays. For
r > 1, we expect that the disconnected domain in Figure 1 will become connected and
that these points of contact will generate special points in theinterior of the resulting
connected domain. For a detailed explanation of this phenomenon, we refer the reader to
Gustafsson [8].

Define a functionp(s) as follows:

p(s) = P(se
iπ
3 , se−

iπ
3 ), (46)
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wheres is some real parameter. Ifs is to correspond to the distance of this expected
special point from the origin, then

p(s) = 0,

p′(s) = 0. (47)

These two equations result from (35) and (36), which are necessary conditions at a special
point.

For a doubly connected domain, we expect one specifiable degree of freedom asso-
ciated with the hole in the domain. Intuitively it is convenient to think of this degree of
freedom as associated with specifying the area of the hole. This point is discussed in
some detail (with respect to domains of arbitrary connectivity) in Theorems 11 and 12
of Gustafsson [7]. For present purposes, we choose to fix the parameters. With s fixed,
we expect to find a corresponding uniquely defined domain. It will be seen later how
this degree of freedom is associated with the (as yet, unused) information regarding the
externally-specified pressurespi (t) of the air inside the enclosed air holes.

Onces is set, two equations for the unknown pair(e, f ) are provided by (47). Indeed,
these equations are linear in(e, f ) onces andr are specified, and some manipulation
gives the following explicit results:

e = 6r 2s2− 8√
3

s− 3s4,

f = 2s6− 3r 2s4+ 8

3
√

3
s3. (48)

To verify this, it is instructive to construct a conformal mapping from the annulusρ <

|ζ | < 1 in a parametricζ -plane to this class of doubly connected domains. Gustafsson
[8] also mentions this fact and that the corresponding conformal map must be an elliptic
function (from a rectangular parametric region). While a general representation of such
a map is written down in [8] in terms of Weierstrass-P functions, no explicit examples
are presented. Here, for illustrative purposes, we will explicitly construct such a map, but
we choose to do so in a more convenient way using a special functionQ3(ζ ; ρ) defined
in terms of the following infinite product:

Q3(ζ ; ρ) = (1− ζ 3)

∞∏
n=1

(1− ρ6nζ 3)(1− ρ6nζ−3). (49)

The required conformal map is then given as

z(ζ ) = Rζ
Q3(ζρ

2/3a−1; ρ)
Q3(ζa−1; ρ) , (50)

whereR,a, andρ are real parameters with 0< ρ < 1 and 1< a < ρ−1. To verify that
this is the case, first observe thatQ3(ζ ; ρ) satisfies

Q3(ρ
2ζ ; ρ) = − 1

ζ 3
Q3(ζ ; ρ) = Q3(ζ

−1; ρ), (51)
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Fig. 3. An example of a doubly connected domain drawn using both the
conformal map and the corresponding algebraic curve.

which can be used to verify thatz(ζ ) satisfies the functional equation

z(ρ2ζ ) = z(ζ ), (52)

which can, in turn, be used to verify that this domain is a quadrature domain satisfying
the identity (42). The function (50) is aloxodromic function[20] [14] and is related to
an elliptic function by a simple exponential transformation.

The two intersection points of the boundary of the domain with the positive real axis
should correspond to pointsz(ρ) andz(1), while it is necessary thatz(a−1) = z1 where
z1 is defined in (38). Figure 3 shows a typical doubly-connected quadrature domain
constructed using the algebraic curve method just described, and the numerical values
of z(ρ), z(1), andz(a−1) are determined from this graph. This provides three nonlinear
equations forR,a, andρ, which are solved using Newton’s method. The image of the
annulusρ < |ζ | < 1 under the conformal map (50) with the resulting parameter values
is also plotted in Figure 3 and corresponds exactly to the algebraic curve.
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This example illustrates the relationship between the proposed new solution method
using algebraic curves and the traditional approach to such problems based on construct-
ing a uniformization map (or conformal map). We now illustrate our methods in the case
of fluid domains of connectivity greater than two where uniformization maps are much
more challenging to construct. The new method obviates the need to construct such
uniformization maps and pertains to fluid domains of any finite connectivity.

7. Evolution of a Triply-Connected Fluid Blob

As a first example, we return to the configuration in Figure 1. It has already been deduced
that, under the dynamics of squeeze flow, an initial domain satisfying the quadrature
identity (24) for somer0 > 1 satisfies the identity (25) under evolution withr (t) given
by (26). (25) is a quadrature identity of order 4. Under the dynamics of squeeze flow, the
weightsck0 of each of theh(zk) in (22) change equally in time (i.e., they are all equal
to r (t)2 at timet). The configuration in Figure 1 has reflectional symmetries about both
x and y axes. Because of the equal change in the weightsck0(t) under evolution, we
expect to be able to find a class of evolving domains possessing these same reflectional
symmetries. In what follows, the explicit time dependence of the parameters is omitted
for convenience.

In this case, the domain has sufficient symmetries that the special points of the domain
can be exploited in the determination of the algebraic curve. Relative to the point( 1√

3
,0)

on the real axis, the three circles farthest to the right in Figure 1 share a three-fold rota-
tional symmetry. Also, relative to this point, the three points of contact are symmetrical
and occur on rays

arg

[
z− 1√

3

]
= π + 2lπ

3
, l = 0, 1, 2. (53)

The same is true of the three leftmost circles (in Figure 1) relative to the point(− 1√
3
,0);

i.e., the points of contact are symmetric and located on the rays

arg

[
z+ 1√

3

]
= 2lπ

3
, l = 0, 1, 2. (54)

In the generalized quadrature identity (25) under consideration, all coefficients are
changed by the same amount. It is therefore natural to seek quadrature domains sat-
isfying (25) where, forr > 1, the special points remain on the rays (53) and (54) relative
to the two points( 1√

3
,0) and(− 1√

3
,0), respectively. In addition, in Figure 1 there is also

a point of contact between circles at the origin(0,0). The reflectional symmetries of the
quadrature domain force one of the special points, forr > 1, to be at(0,0).
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Using Theorem 4.1, along with the assumed reflectional symmetry properties of the
domain, the matrixA associated with the quadrature identity (25) is deduced to be

A =


k 0 g 0 −3

0 f 0 4r 2 0

g 0 e 0 −2

0 4r 2 0 −4r 2 0

−3 0 −2 0 1

 , (55)

where the parameters(e, f, g, k) remain to be determined. The parameter set corre-
sponding to the initial disconnected domain of touching discs shown in Figure 1 is

r = 1, e= 2, f = −8, g = 1. (56)

These values can easily be determined by writing down the equation forP(z, z̄) for this
case (i.e., the analogue of (40)).

The fact that the origin is a special point implies that

k = 0. (57)

Now define a functionQ(z, z̄) as follows:

Q(z, z̄) ≡ P
(

1√
3
+ z,

1√
3
+ z̄

)
, (58)

a transformation that amounts to a change of origin from(0,0) to ( 1√
3
,0). Following

the procedure used in Section 6, define a functionq(s) as

q(s) = Q(se
iπ
3 , se−

iπ
3 ). (59)

In order that the real parameters represents the distance of the special point from the
point ( 1√

3
,0), we must have

q(s) = 0,

q′(s) = 0. (60)

These follow from conditions (35) and (36). By the reflectional symmetries of the domain,
condition (60) will immediately ensure that there are three other symmetrically-disposed
special points in the domain so that we have now exhausted all possible information
arising from the expected special points of the domain. We expect a single degree of
freedom (for any given value ofr ) in the determination of the quadrature domain—
a freedom associated with specifying the area of the enclosed bubbles (by symmetry,
the area of the two bubbles must be the same). It will be supposed that specifyings
corresponds to fixing this degree of freedom. Withr ands given, there remain three
undetermined parameters(e, f, g) and only two equations (60).

An additional equation is introduced by exploiting the quadrature identity. Putting
h(z) = 1 in (25), we obtain the nonlinear equation

F(e, f, g) = 0, (61)
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where

F(e, f, g) ≡ 1

2i

∮
∂D

z̄dz− 4πr 2. (62)

(61) is simply the area relation. Note that the dependence ofF on the parameter set
(e, f, g) is rather subtle: It derives purely from the fact that the integration is a line
integral around the algebraic curve∂D parametrized by(e, f, g). Not all such algebraic
curves are the boundaries of a quadrature domain: Indeed, it is expected that only one
such choice of(e, f, g)will yield the boundary of a quadrature domain, and these special
values will be given by the simultaneous solution of the three equations (60) and (61).

Equations (60) are linear in(e, f, g) so that, given anyr, s, andg, they are easily
solved to find(e, f ) in terms ofr, s, and the unknowng. These expressions are then
used in (61) so that it becomes a single real nonlinear equation forg.

This nonlinear equation is solved using a numerical scheme based on Newton’s
method. For givenr > 1 ands, an initial guess is made forg (for values ofr just
above 1, the valueg = 1 derived from the initial disconnected configuration of touching
discs can be used). An exact formula for the algebraic curveD is then known. Given
this formula,N points, equally spaced in arclength around each closed contour, are
determined. This resampling of points is easily found because exact formulae for the
tangent and curvature at each point are available from the equationP(z, z̄; t) = 0. More-
over, symmetry implies that it is enough to compute points in the first quadrant. In the
following calculation, 120 points are taken on each contour in the first quadrant. The
line integral in (61) is then computed using a trapezoidal rule that gives super-algebraic
convergence for smooth periodic functions on smooth domains (which is the case here).
We then iterate on values ofg until (61) is satisfied to acceptable accuracy.

A note on the numerical implementation. At present, the general method described
above has been implemented in its most basic form, but is nevertheless found to give
excellent accuracy even for boundaries with points of high curvature (see later calcula-
tions). More sophisticated numerical manifestations of this scheme can be envisaged; in
particular, in the event that the dynamics leads to the development of cusps, it is clearly
advisable to concentrate points in the vicinity of the cusp. Such numerical enhancements
will not be discussed here.

An important check on the quadrature domains is to make arbitrary choices of single-
valued analytic functionsh(z) and to numerically compute the line integral

1

2i

∮
∂D(t)

h(z)z̄ dz. (63)

The numerical result can then be compared to that given by the quadrature identity.

7.1. Properties of the Quadrature Domains

Before computing their evolution under the squeeze flow dynamics, it is first instructive
to survey some of the general properties of the quadrature domains for various choices of
r ands. Figure 4 shows plots of different quadrature domains for fixedr = 1.01 and the
three different valuess = 0.67,0.59,0.49. The special points are also marked on these
diagrams. Whens= 0.67 (the first diagram in Figure 4), four of the special points have
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Fig. 4. Triply-connected quadrature domain:r = 1.01,s= 0.67 (upper left),
s= 0.59 (upper right),s= 0.49 (lower).

drawn close to the continuous outer boundary of the domain, and it is clear that a cusp
is forming on this outer boundary. On the other hand, whens is at the lower end of its
admissible range,s= 0.49, these four special points have drawn close to a point on one
of the enclosed boundaries of the domain, and a cusp develops. The middle diagram of
Figure 4 gives a typical intermediate case in which all special points are clearly visible.
The ranges ∈ [0.49,0.67] roughly represents the range of existence of solutions for this
value ofr .

In Figure 5, graphs of(e, f, g) (giving triply-connected quadrature domains) are
plotted againsts. While the values are shown only for a discrete set ofs-values, it is
clear that these solutions lie on continuous, smooth curves.

To verify that this behaviour is generic, Figure 6 shows quadrature domains for (fixed)
r = 1.02 ands valuess = 0.68,0.57,0.47. The intervals ∈ [0.47,0.70] roughly
represents the total range of existence of domains for this value ofr . The first and last
diagrams in Figures 6 show cases in which the special points draw close to the outer and
inner boundaries respectively, with cusps forming on those boundaries as a result. The
middle diagram shows an intermediate case. Such phenomena are consistent with the
scenarios described by Gustafsson [8]. In Figure 7, the solutions for(e, f, g) yielding
triply-connected quadrature domains are plotted at a discrete set ofs values.

Earlier it was stated that the freedom to specifys amounts to specifying the area of
the enclosed holes. Figures 8 and 9 show graphs of the total area of the two enclosed
holes as functions of the parameters (for valuesr = 1.01 andr = 1.02 respectively)
throughout the range ofs for which quadrature domains exist. These graphs confirm that
this enclosed area is, in fact, a monotonic function ofs so that specifyings corresponds
to a unique choice of the area of the holes. In applications, the area of the holes will be
determined by the relevant physical conditions imposed inside the holes. One possibility
is that vents are placed in these holes so that the amount of enclosed air is directly
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Fig. 5. From top to bottom, graphs of(e, f, g) againsts
for r = 1.01.
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Fig. 6. Triply-connected quadrature domain:r = 1.02,s= 0.68 (upper left),
s= 0.57 (upper right),s= 0.47 (lower).

controlled. Another scenario is to directly specify the pressure of the air inside the holes
(i.e., the pressurespi (t)). In the present context of squeeze flow in a Hele-Shaw cell,
the most natural assumption is that the holes are closed (there are no vents) and contain
incompressible air, so that the area of each hole remains constant under evolution. This
will be the assumption used in the evolutionary calculations that follow.

The numerical method described above converges to the relevantg value for agiven
r ands. In the squeeze flow problem,s is not arbitrarily specified but is determined by
the condition of constancy of area of the enclosed holes. In this case, the above Newton
iteration is simply extended to an iteration on the values ofbothparametersg andsso that
equation (61)andthe equation constraining the area of the enclosed bubbles are satisfied.

7.2. Evolution Under Squeeze-Flow Dynamics

To illustrate the use of algebraic curves in plotting explicit solutions, we now suppose
that the cell is squeezed in such a way thatr (t) evolves according to

r (t) = r (0)et . (64)

The area of each air hole is assumed to be fixed in time.
As an example, the following algebraic curve data bounding an initial quadrature

domain is chosen:

r = 1.028; e= 2.232; f = −8.011; g = 3.778. (65)

The area of each of the enclosed air holes is 0.073. This initial domain, shown in Figure 10,
corresponds to a fluid domain with four near-cusps on the outer boundary. The subsequent
evolution at three successive times is also shown in Figure 10 and reveals the formation,



Squeeze Flow of Multiply-Connected Fluid Domains in a Hele-Shaw Cell 297

Fig. 7. From top to bottom, graphs of(e, f, g) againsts for
r = 1.02.
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Fig. 8.Graph of total area of enclosed holes againsts: r = 1.01.

by timet = 0.0325, of four points of large curvature, two on each of the boundaries of the
two enclosed air holes. Although the numerical calculation was not continued beyond this
time (the present implementation of the numerical method is not sophisticated enough to
deal reliably with points of extremely high curvature), we suspect the eventual formation
of a 3

2-cusp and subsequent breakdown of the classical solution just aftert = 0.0325.
Note, however, that consistent with the results of Shelley et al. [18], the outer boundary
becomes smoother as the plates are squeezed together.

It is important to point out that the use of information regarding the special points of
the domain isnot a necessary component of the method. Here, we have exploited the

Fig. 9.Graph of total area of enclosed holes againsts: r = 1.02.
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Fig. 10. Upper diagram shows the initial triply-connected domain. Lower diagram
shows superposition of the subsequent evolution under squeeze dynamics at times
t = 0.0,0.02, and 0.0325.
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Fig. 11. Initial disconnected domain of five (unequal)
touching discs which is continued to construct a quintuply-
connected quadrature domain.

special points to reduce the reconstruction of the algebraic curve to the solution of just
two real nonlinear equations forg ands. If we did not wish to use the special points,
we could alternatively solve three real nonlinear equations directly for(e, f, g). The
additional equations can be generated by taking different (linearly independent) choices
of h(z) in the quadrature identity and using Green’s theorem. In the general case (i.e.,
those with little symmetry), special points are of little help and the latter approach must
be used.

8. Evolution of a Quintuply Connected Blob

To illustrate the generality of the approach, the evolution of a quintuply connected fluid
blob with four air holes is now calculated. The initial domain is taken to be a continuation
of the disconnected domain of touching discs shown in Figure 11 and is constructed in an
analogous way to that described in detail in the context of the triply connected example.
In this case, the algebraic curve matrixA has the form

A =



k 0 0 0 4p2 0

0 g 0 0 0 −4

0 0 f 0 0 0

0 0 0 e 0 0

4p2 0 0 0 −(4r 2+ p2) 0

0 −4 0 0 0 1


, (66)
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Fig. 12. Upper diagram shows the initial quintuply-connected domain with four
enclosed air holes. Lower diagram shows superposition of the subsequent evolution
under squeeze dynamics at timest = 0.0,0.025, and 0.0425.
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where it will be supposed that the rate of squeezing is such that

r (t) = r (0)et , p(t) = p(0)et . (67)

The area of each of the four enclosed holes is again assumed constant.
The addition of two more holes has no effect on the general method other than a

change in the relevant polynomialP(z, z̄; t) and its associated matrixA(t). With r and
p given explicitly at each instant by (67), there are four real elements of theA(t),
namely{e(t), f (t), g(t), k(t)}, to be determined. This is done using the same method-
ology described in the context of the triply connected example. It is noted that this class
of quintuply connected domains again has sufficient symmetry to enable information
on the special points to reduce the number of unknown parameters in the Newton it-
eration to just two. More details of the construction of such domains can be found in
Crowdy [5].

The initial algebraic curve shown in Figure 12 is given by parameters

r = 1.029, p = 0.410, e= −0.968,

f = −3.555, g = 1.391, k = −0.127. (68)

The area of the enclosed air holes remains constant and equal to 0.027.
An initial domain is again chosen with four points of high curvature in the outer

boundary and four enclosed air holes with relatively smooth boundaries. Superposed
plots of the subsequent domains at timest = 0.0,0.025, and 0.0425 are shown in
Figure 12. As the plates of the cell are moved together, the points of high curvature in
the outer boundary are smoothed out while the air holes are squeezed in such a way that
each develops a single point of increasingly large curvature on its boundary which is a
manifestation of the incipient formation of four3

2-cusps. With no physical mechanism
to regularize this cusp formation, the solution will break down just aftert = 0.0425.

9. Discussion

This paper has demonstrated that the squeeze flow problem admits exact solutions for
a wide class of multiply-connected fluid domains. It has also demonstrated the efficacy
of using algebraic curves to explicitly reconstruct the evolving fluid domains in terms
of a finite set of time-evolving parameters. In an example of a triply connected do-
main, the evolution was tracked in terms of four real parameters,{r (t),e(t), f (t), g(t)}
while a quintuply connected domain required calculation of the evolution of just six real
parameters{r (t), p(t),e(t), f (t), g(t), k(t)}.

An alternative approach would be to construct uniformization maps; Gustafsson [7]
has shown that the construction of a conformal map to the triply connected and quin-
tuply connected regions considered here would involve the construction of a class of
meromorphic functions on Riemann surfaces of genus 2 and 4 respectively. This might
be done by constructing the appropriate automorphic functions on the universal cover of
these compact Riemann surfaces (the rational functions and elliptic functions represent
examples in the case of genus 0 and 1). Even using this traditional approach, fitting
the conformal mapping parameters to the quadrature data involves, in general, finding
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the numerical solution to a finite system of nonlinear equations. The use of algebraic
curves obviates the need to construct such uniformization maps, and works in the same
way regardless of the connectivity of the fluid domain. It too involves no more than the
numerical solution of a finite system of nonlinear equations. The conceptual simplicity
of the algebraic curve approach only adds to its practical appeal.

Another convenience of our approach concerns changes in topology. If the physical
problem entails the shrinking and eventual vanishing of air holes, the method expounded
here captures these events automatically—the algebraic curveP(x + iy, x − iy) = 0
simply ceases to possess quite as many solutions for realx andy. Using conformal maps
in order to capture the disappearance of an air hole, it would be necessary to alter the
topology of the canonical parametric region mapping to the fluid domain and thus, in
general, the functional form of the conformal map.

The methods here are relevant to any free boundary problem in which the dynam-
ics preserves quadrature domains or, equivalently, the rational character of the Cauchy
transform of the initial domain. Such problems include singularity-driven Hele-Shaw
flows [12]. Recently, Crowdy [4] has considered an abstract class of geometry-driven
free boundary problems which are such as to preserve the rational character of the
Cauchy transform and has shown that the problem of flow in a rotating Hele-Shaw
cell [3] and the biharmonic-governed problem of viscous sintering both fall within this
class. The methods of domain reconstruction described herein are applicable to such
problems.
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