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Summary. A new theory of exact solutions is presented for the problem of the slow
viscous Stokes flow of a plane, doubly connected annular viscous blob driven by sur-
face tension. The formulation reveals the existence of an infinite number of conserved
guantities associated with the flow for a certain general class of initial conditions. These
conserved quantities are associated with a class of exact solutions. This work is believed
to provide the first exact solutions for the evolution of a doubly connected fluid region
evolving under Stokes flow with surface tension.
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1. Introduction

This paper presents a theory of exact solutions for the quasi-steady evolution of a plane
annular viscous blob of fluid driven by surface tension. Although many exact solutions
have been identified for the Stokes flow of a simply connected fluid region both with
and without surface tension (e.g., [7]-[17], [20]-[22]), this paper represents the first
successful attempt to extend the solution techniques to a doubly connected topology. The
method relies upon a complexification of the problem originally exploited by Richardson
[17] in the context of a single bubble in a strain field.

The last few years have seen a revival of interest in this problem. All of the meth-
ods used by previous authors up to now are essentially the same and rely on the use of
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conformal mapping techniques. Most of these methods ([11]-[17], [20]-[22]) consist of
conjecturing a form (ansatz) for the conformal map (from a standard region in a paramet-
ric plane to the region in physical space representing the fluid) in terms of a finite set of
time-evolving parameters and showing, essentially by inspection, that the time evolution
of these parameters can be adjusted such that the appropriate analyticity properties of the
solution hold inside the fluid region. Recently, the present authors devised an alternative
approach using a reformulation of the problem in terms of a general set of purely geo-
metrical line integrals [7] [8]. This theory, which includes surface tension, was presented
in the context of the evolution of a sing&mply connectefluid blob with allowance
made for a finite set of multipole singularities in the fluid. With minor modifications, the
same theory also applies to the case of an infinite expanse of fluid with a single bubble or
a semi-infinite expanse of fluid with an infinite free surface. The reformulation revealed
some important mathematical properties of the equations for Stokes flow with surface
tension—principally, that the system of evolution equations for the specially defined set
of line integral quantities had ampper-triangularstructure, which helped to explain
both the existence of exact solutions and the existence of an infinite set of conserved
guantities associated with a very general class of initial conditions. The reformulation
also led to the identification of another interesting result—referred to in [7] and [8] as
a “theorem of invariants.” This theorem provides the existence of a further finite set of
invariants of the motion (or “first integrals”) associated with a certain subset of the exact
solutions. Earlier, Cummings et al. [11] used a line integral approachzsithsurface
tension to derive a special class of exact solutions (of polynomial form) for the evolu-
tion of a simply connected blob. An infinite set of conserved quantities was identified,
although this specific result itself is implicit in a general study [9] of the closely related
mathematical problem of a single bubble evolving in an infinite straining flow.

Inthe present paper, the new theoretical approach developed in[7] and [8] is extended
in a natural way to deal with the problem of an annular blob, which constitutes a doubly
connected fluid region requiring suitable adjustments of the solution method. The present
method combines the theoretical reformulation presented in [7] and [8] with elements
of loxodromic function theory to produce a wide class of exact solutions.

Although, in the present paper, we concentrate on presenting the mathematical theory,
the results of this paper represent a significant step forward and are likely to have great
utility in problems of real physical interest. The original motivation for the recent revival
of interest in the Stokes flow of a two-dimensional fluid region s@ering a term
loosely referring to the consolidation of an assemblage of particles in which surface
tension provides the principal mechanism for mass transport. Sintering is a complex
topic with a huge literature, and the study of sintering is difficult owing to geometrical
complexities. It is therefore natural to isolate parts of the overall problem for individual
study, and one of the basic paradigms in the study of sintering is the coalescence of
two viscous cylinders (particles). Exact solutions for the coalescence (under Stokes
approximation) of two viscous cylinders (particles) driven purely by surface tension
have been identified recently by Richardson [12], with further developments to the case
of the coalescence of multiple touching cylinders made even more recently [17]. Earlier,
Hopper [13] studied the evolution of two touching cylinders of equal size. These studies
cover only the case of aimply connectedluid domain; Richardson’s study [17] of
the coalescence of multiple cylinders deals with an arbitrary number of cylinders in
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a linear concatenation (so that no cylinder touches more than two other cylinders, the
overall fluid region being simply connected). The relevance of such solutions (even as a
model) in a study of the more useful scenario of, say, a general collection (say, a pile)
of cylinders/particles, where the fluid region has a connectivity greater than one, is not
clear.

This paper presents a theory of exact solutions for the case of a doubly connected
fluid region for a certain general class of initial conditions, and facilitates the study of the
physical scenario where two coalescing cylinders have, say, a small air bubble between
them. This would seem to be a natural paradigm for the study of the coalescence of a
generalassemblage of cylinders/particles (rather than a linear concatenation) where, of
course, there would inevitably be small air bubbles between the cylinders if they were
arbitrarily piled together. As a simple example calculation to verify the validity of the
theory presented in this paper, the simple paradigm of the coalescence of two (unequal)
touching cylinders is extended in a natural way to include the case of the evolution of
two (unequal) touching cylindrical blobs but now with a small air bubble between them.
More involved calculations using the general theory developed here will be presented in
future work.

Finally, we note that certain similarities between the free boundary problems in simply
connected domains for Hele-Shaw flow (with zero surface tension) and Stokes flow with
nonzero surface tension have been discussed by Howison and Richardson [20], although
there are essential differences as well [10]. The problem of Hele-Shaw flow (again with
zero surface tension) in a doubly connected region has been studied both by Tanveer
[19] in the context of a steady nonsymmetric bubble and more recently by Richardson
[18] for unsteady flows. In both cases, the theory of elliptic/loxodromic functions was
also found to play an important role.

2. Mathematical Formulation

Consider the slow viscous flow of an arbitrary annular blob of fluid. The equations of
motion in the fluid is given by

~Vp+ V=0, D)

V.-u=0. 2

Length and time scales have been nondimensionalized with resrmanti)aaﬁ, respec-
tively, wherea is an effective radius (withra? a measure of the initial area of the blob),

o is the surface tension parameter, ani$ the viscosity. Velocities have been rescaled
by % and pressures . The blob has two boundaries, the boundary conditions on each
consisting of a stress condition which, for the two boundaries, can be written as

— pnj + 2gkNk = —«Nj, 3

wheren; andn, are thex andy components of the unit normal vector pointing out-
wards from the bubble boundary ards the curvatureey, are the components of the
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nondimensionalized stress tensor given by

1[0y dUk
ek==|—+—|. 4
1k 2 [3Xk + 3Xj:| @

In addition, there is a kinematic boundary condition that the normal velocity of a point
on the blob boundary is the same as the normal component of the fluid velocity at that
point.

Introducing a streamfunctiowr (x, y) such that

u= (I/fy’ _wx), (5)

then it is well-known that two-dimensional Stokes flow in the plane can be reformulated
in terms of this streamfunction, which satisfies thibarmonic equation in the fluid
region, i.e.,

Vi = 0. (6)

From the Goursat representation of a general biharmonic function, it is known that we
can introduce two function§ (z) andg(z), analytic in the fluid region, such that

v =1m[zf(2) +9(2)], @)

wherez = x 4 iy. Some elementary manipulation reveals that it is now possible to write
all quantities of physical interest in terms of these two functions. In particular,

p—iw=4f(2), ®
Uu+iv=—-f@+zf'@+74 2, 9
en+ien=2zf"2+§" 2, (10

where the conjugate functiofi(z) is defined by the expressionz) = f(z) andu, v
denote the fluid velocities in theandy directions, respectively. The vorticityis given
by the relation

VY = —o. (11
To obtain a more convenient expression for the stress conditions on the blob bound-
aries, we now define the complex normal to a boundary to be

N=ng+in,=—i(Xs+1iys) = —izg = —i exp(io), (12

wheres is the arclength assumed to increase inahclockwisedirection on the outer
boundary of the blob, and in tretockwisedirection on the inner boundary.is defined

as the angle made at each point on the boundary by the tangent at that point to the positive
real axis. In terms of this notation, we make the following observations. First, the stress
condition on each boundary can be written in complex form as

— PN+ 2(e11 +ie;p)N = —«N. 13
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In deriving (13), the fluid flow on either side of the annular fluid region is neglected—an
asymptotically valid assumption when the viscosity ratio between fluids is small. Further,
the same constant pressure on either side of the annular blob is assumed. There is some
loss of generality in this assumption; for instance, it is not true for a steady annular blob
with no motion that lies between two concentric circles. However, there is no additional
loss of generality in assuming that the constant pressure on either side is zero, as assumed
in deriving (13).

Using the expressions fgr, N, ande;; + iej2 in (8)—(10), (13) becomes

0Sz.2) .. 9Sz2

— 2izs o 2i Z, e —i6s€’? (14
on each boundary where
S(z,2) = f(2)+z2f'(2) + § (2. (15

These two conditions can be integrated immediately with respediatgive

f2)+2f (@) +§ @ = —i % + Ao(h). (16)

f(2)+2f @) + 9@ = —i 2—23 A, 17)

on the outer and inner boundaries of the blob, respectively, whg(e) and A (t) are
constants of integration which are, in general, functions of time. It follows, using (9),
that on the outer blob boundary,

Zs

u+iv=—i§+Ao(t)—2f(z), (18
while on the inner blob boundary,
u+iv=—i%+A.(t)—2f(Z). (19)

Although the main problem of physical interestin this paper is that where the evolution
ofthe annular blob is driven purely by surface tension (corresponding to the fugation
having no singularities in the fluid regiompathematicallyhe formulation developed in
this paper can be extended to find solutions correspondigf(zp having an arbitrary
distribution of poles in the fluid region. Physically, it is well-known thatrdah order
multipole singularity at a poirdsing in the fluid corresponds g (z) having amth-order
pole atzsng. The present solution method can be extended to include an arbitrary but
finite number of such singularities in the flow domain. However, so far, we are only able
to get a restricted set of solutions for which it seems to be possible to specify only the
strengths of the multipole singularities and theitial positions. For the exact solutions
obtained here, the subsequensitionsof the singularities evolve in a way determined
by the solution itself and cannot be externally specified. diiysicalrelevance of such
mathematical solutions appears to be limited because, in general, singularity positions
and strengths should be specifiable at each instant of time.
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Fig. 1. Conformal mapping domains.

3. Conformal Mapping

The analysis proceeds by defining a conformal map from an an@uinsa complex
¢-plane whereC is p < |¢| < 1 to the fluid region in physical space, the cirgé= 1
mapping to the outer boundary of the fluid annulus, the ciicle= p mapping to the
inner boundary, see Figure 1. This conformal map will be catigdt). It is known,
by Riemann’s theorem, that agywvendoubly connected fluid domain can be mapped to
such an annulug for somep. For a general time-evolving domain in physical space, the
conformal modulusf the region (see [4] for a definition) must therefore be assumed,
a priori, to change in time. Thus we suppose thét) is a function of time to be
determined as part of the solution. The remaining degree of freedom of the Riemann
Mapping Theorem will be fixed in a convenient way later in the analysis. We will seek
solutions for whiche(¢, t) is analytic inC and, for blobs with smooth boundaries with
no corners or cusps, has the property tlzat # 0 everywhere insid€ and on the
boundarydC. Further, in order for the solutions to be relevant physically, 0) will
be restricted to functions that are univalennA posteriori examination of the exact
solutions obtained clarifies if and whe(t, t) fails to be univalent beyond a certain time
that marks a change in topology. The solutions fail to be relevant physically beyond such
a time (if it exists).

The kinematic boundary condition on both blob boundaries can be written

d_z _ .
Im [M} —-0. (20)

Zs

Using the facts that

_icz

= on =1, (21
s ] rq )
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i’z
- 25 on gl=p), (22)
PlZ:|
and then substituting these expressions into the kinematic conditions and using (18) and
(19) yields
2F 1 A
Re|:zt+ (c,t)}: +Re[—°] 23
’z, 2|z;| {2,
on the outer boundary, where we define
FE.H =@, (24
and on the inner boundary,
2F (¢, t 1 ) A
Re|:2t+ (, )}:_ _g+Re[_|] 25
{z; 2|z;| p {z;
We also define the function
G, 1) =gz, v, ). (26)

Our solution method and results are so far restricted to the case Wwhete A, . Itis
emphasized that this choice involves a defitots of generalityn the class of solutions
being considered. However, it is clear theithout any further loss of generality, the
value of Ap (and hencé,) can be taken to be zero. This can be seen by redefining
andg’(z) as follows:

(@ @+ 22, (27
A
g@rg@+ 70 (28)

thisis atransformation that does not alter the velocity field, but which effectively removes
the constants of integration in (16) and (17) once the chéise= A, has been made.
There seems to be no straightforward way to interprepthsicalimplications of the
special mathematical choid® = Ao.

It remains to specify the rotational degree of freedom in the problem, but once that
is done, the evolution of the annular blob is uniquely determined, as shall be seen later.
We remark that since it is only the geometrical evolution of the blob boundaries that is
of interest, it is of no importance if the solution is such that the global momentum of the
blob is not conserved. Any overall translation or rotation of the blob can be subtracted
a posteriori, without altering the validity of the solution for the blob shape.

It is immediately clear that the function in square brackets on the left-hand sides
of (23) and (25) is an analytic function insi€ Thus, using the well-known integral
formula for a harmonic function in terms of the values of its real part on the boundary of
C (also known as Villat's formula—see, for example, [5]), we deduce that fathin C,
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wherel (¢, t) is given by
(. ) =17, ) — 17(£, 1) + Ca(t) +iCa(b), (30

where

1 de’ N P'(5) 1
1@, t) = — yg 1-2 31
CO=ami fon @ ( ¢ P& ) [ 7% 075 .
and

G = Ay QP() - ! -2
Ari ey ¢ v P ) L ezt vz e ]

(32
and where the functioR (¢) is defined via the infinite product expansion,
P@O)=1-0)[[a-p"0)@-p™I). 33
n=1

It is to be noted thaP (¢) has simple zeroes at= p?™ for any integem, positive or
negative or zeraCy(t) is a real function of time given by

1 d¢’ 1 2p
Cly=—=6¢ —|- | 3

andC,(t) is an arbitrary real function of time. The remaining rotational degree of freedom
of the Riemann Mapping Theorem is now used up by chooSirt) = 0.

Theorem 3.1. With the choice A= A, = 0in the boundary conditions (16) and (17),
the evolution of the conformal modulus of the corresponding class of solutions is given
by the real equation

) P d¢ 1 %‘ d¢ 1
=T - —TH=15 3
g 4ri (f(:l ¢ Z§/22§/2+ icl=p ¢ ,021/221/2 (35

Proof. This result follows from the fact that the “average” of the real part @f, t)
around the two bounding circles of the annultisnust be the same. This is necessary
in order thatl (¢, t) is asingle-valuedanalytic function everywhere i€. Note that
the right-hand side of (23) and (25), withy = 0 = A, determinefRe | on the two
boundaries. O

Remark 1. For the class of solutions under consideration, the sighisfalways nega-
tive, implying thatp (t) — 0 as time evolves.

As mentioned earlier, for a flow driven purely by surface tens@tg) is regular
everywhere in the fluidf (2) is also taken to be analytic everywhere in the fluid. By
conformality of z(¢, t) in C, this implies that bothG(¢,t) and F(¢,t) are analytic
everywhere irC.
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4. Conserved Quantities

The analysis will proceed by reformulating the problem for the time evolution of the
boundary into a problem for the time evolution of a number of purely geometrical line
integral quantities defined thus:

() = fc K (¢, 02(E. )z (¢, t) de, (36
a

wheredC denotes the boundary of the annuisvith || = 1 traversed anticlockwise

and the boundarjt| = p traversed clockwise. Note that the cont@ifand henceC)

also evolves in time. The functidf(¢, t) appearing in the integrand is any functiorzof

andt which will be taken to be analytic i6. Note that, given the conformal magy, t)

at any instant of time, the line integrals in (36) are completely defined okcg, t)

is specified. In this sense the line integrals are purely geometrical and are independent
of the flow inside the blob. Of course, tliene evolutionof the line integrals will be
determined by the dynamics of the blob. Special choices will be made for the function
K (¢,t) in order to establish the required results. The following theorem on the time
evolution of Jk (t) will prove particularly useful in what follows:

Theorem 4.1. The time evolution of the integral quantity @) defined above under
the equations of motion for the Stokes flow of an annular blob of fluid is given by

Jet) = fczK@,t)G(c,t)zc(;,t)dz
bl

+ fc (Ki(2.t) — 21 (2, OK,) 22 D22 ) de. (37)
a

Proof. Note that this theorem describes the essential dynamics of the blob under Stokes
flow with surface tension. First, note that gn = 1,

d
&Z:—ZF—‘F;lZ{, (38)

where %z is defined to be the time derivative f keepingv = Arg ¢ fixed. Note,
this isnot the same ag (¢, t) on the inner boundary = p€'”. Throughout this proof,
all conjugate functions are understood to be functions of the conjugate variakko,
z;(¢, t) is understood to mean the partial derivative efith respect to the first variable.
Consider the time derivative dk (t),

d dK _ dz _d
aJK ) = };c szfdg + Kaz;d;“ + Kza (z;d7). (40)
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Using (38) and (39), this becomes (writing out the integrals on each boundary separately)

iJK(t) = 7§ Kizz + K (—2ﬁ + E|'z§) z + KZ(—ZF; + 2 (;lzf)) d¢
dt lt1=1 ¢ 3¢

—f (Kt+£§K;)ZZ¢+KZI<2|f p—l'z¢+—2{)
I¢1=p ¢ ¢

+ K2< 2F + — 5 (glz; ;z; ) (41)
Now we use the stress conditions on the boundary circles of the annulus, which takes
the formonj¢| = 1,

_ Z1/221/2
—2Fz — 2F,2=2Gz — Tf (42)

while on|¢| = p,
,OZ:CUZZg'/z
_— (43
¢
Consider first the integral arourjd| = 1 in (41). Using integration by parts and the
stress condition (42), this takes the form

21/221/ 2

7{ (Kt—§IK§)22¢+K(2Gz§—%+(I—i—l_)Z;Tz{). (44)
[g1=1

Now, using the fact that ojg| = 1,

1

I—|—I_=2Rel YL (45

4

which follows from (23) (withAg = 0). This reduces to
yg (Kt — ¢1K¢) 2z + 2KGz dg. (46)
l¢1=1

Now consider the integral around| = p in (41). Using integration by parts and the
stress condition (43), we get

% (Kt + Lok, —{IK;) 27 + K (2@4 +
Ig1=p P

. y
—%§K§24+%Kzgzcd§. (47)

pzl/221/2

T % P N5 5
—+— (1 +1)zz
S nan)

Using the fact that oy | = p,

1 2p

|+ =2Rel = ———— — =, 48
le/221/2 0 ( )
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which follows from (25) (withA, = 0), (47) becomes
f (Kt — ¢1K;) 2zd¢ + 2K Gz dg. (49
Ig1=p
Subtracting (49) from (46) gives the required result. O

In the case of a single simply connected blob of fluid with surface tension, exact
solutions in the form of an arbitrary rational function, conformal in the unit circle in the
¢ plane, have been identified (e.g., [7] [8] [11]-[15]). By analogy with these solutions,
we now seek solutions which are again meromorphic in;tp&ne (except at zero and
infinity) but with an infinite number of poles outside the annuus

We introduce our solution by first defining a setfparameterss; | j = 1... N},
each of which satisfies the condition<l|¢j| < p~1, atleast initially.z; (t) will evolve
in time according to equations to be determined. The solution will cease to be valid if
and when the above condition is violated. Note that e;_rfréhs within C. We define the
analytic functionh(¢, t) through the relation

h(z, t)
’J/ 9
ML [P
where{y; | j = 1...N} are arbitrary nonnegative integers, and wherg) is the

function defined in (33). Two properties &(¢) that will prove useful in what follows
can be written

z(¢, 1) = (50)

1 1
PE™) = —EP(é), (5D

1
P(p?¢) = —EP@). (52)

These two properties can be shown by straightforward manipulation of the infinite prod-
uct definition in (33). Since the zeroes in the denominator on the right-hand side of (50)
are clearly outsid€ andz(¢, t) is analytic withinC, it follows that an analytit in C
implies an analytiz in C and vice versa. We also define

N
Mo

Il
1

(53

where we assumily > 2. The reason for this last restriction will become clear later.
It is now appropriate to consider integral quantities of the form

R = ygc Ko(¢, t; ko)2(Z, Dz, (¢, 1) dg, (54)

where

N

Kot tiko) = [[[Ptp]”.  ko=---2-1012.... (55

j=1
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Note thatKy(¢, t; ko) is analytic inC (indeed, it is analytic in the entire-plane except
for essential singularities at 0 ard). We now state an important theorem concerning
conserved quantities.

Theorem 4.2. (Dynamics) If 1g(O) = Ofor all kg, then
Jo@®) = 0  forallintegers k, (56)
provided

d-3 _ -1 (71 i —
5 =4 |(gj ,t) forall j =1...N. (57

Proof. This result lies at the heart of the existence of the exact solutions and conserved
quantities, as will now be demonstrated. First, we observe that

N

, dg P’ Po(cg)
ZKo(e, t: Koz, t: Ry &) | >8
S Kolg. t: ko) = Ko(¢. t: ko) [Z “at Pz TN P(cq)] (58)

where P’'(¢) denotes the usual differentiation with respect to the argument,RPand
denotes differentiation with respect to the paramet@tote that the notation suppresses
the implicit dependence d?(¢) on the parametes(t). Also,

2 Kol t; ko) = Ko, t; ko) +i 5P| (59
oc " oo P

Applying the results of Theorem 4.1, we deduce

30t =% Ko2Gz d¢ +7§ —ko +2N:< alll17) ( -l (&, t))
o aC aC P(i()

)
We now define the following function:
N D7
T(E,t)—JZ ,;Pg?xd;‘ G, >)+y, Ff(m‘)) (61)
Note that
Pp(:EJ-):—ZP(;E,-)ian“( 1 =+ L ) (62)
= £g — p" ﬁ—pz”

Notice P,/P is singular at = ¢~ 1p? for anonzerdntegem and therefore is analytic in
C. The first term on the right-hand side of (61) is also free of singulariti€&spnovided

g (t) is evolved according t%% = E,- I (Ejfl, t), which can be written equivalently as

di gll(glt) j=1...N (63)
- 1), N
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SinceT (¢, t) is then analytic irC, it therefore has a Laurent series which we denote

Ten= ) T (64)

j=—00

This expansion is convergent everywherednWe also define the following Laurent
series:

L@ =Y Iig, (65)

=0

which is also convergent i@. Using these expansions, it is straightforward to see that
equation (60) can be written

o0

‘jk%(t) == Z kO'JJk%H +'Z TJ'Jk%H' (66)

j=—00 J=—00

Note that the first integral on the right-hand side of (60) gives no contribution because
G(¢, 1) is assumed to be analytic @. We now define the functiod(z, t) via

Je.n= Y Jwr! (67)

j=—o0

and also the following functions:

(=14, (69)

T, ty=T¢ . (69)

Multiplying (66) by ;c‘,‘ and summing over all integefg yields the following partial
differential equation fod (¢, t):

9J 3 . )
ﬁ—l—;@(lJ)—TJ:O. (70)

Note thatin the annulus & |¢| < p 1, the coefficient functions of the first-order partial
differential equation (70) are known a priori to be analytic. Thus](£,0) = 0 in

this domain, then by the well-known theory of first-order partial differential equations
whose coefficients are known a priori to be analytic over some domain, we deduce that
theuniquesolutionisJ (¢, t) = Ofor alltimes that the solution exists. Hence, the theorem

is proved. O

Now we state some important theorems which relate the properties of the function
h(¢, t) to the properties of the countably infinite set of quantiti%(t) | ko any integey.
Note that the next two theorems hawething to do with the dynamia¥ the physical
problem being studied.
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Theorem 4.3. Consider the quantitiesk%lt) defined in (54)—(55). Then,
Jo®) =0 VYko (7D

if and only if the functiom(, t) as defined in (50) is analytic everywhere in thplane
except at 0 ando and satisfies the functional equation

R(t)¢ "™™h(¢, t) = h(p?¢, 1), (72)

for all ¢ # 0where Rt) = [}L,[—; 1)]".
Proof. Define the Laurent series af as follows:
(0, 0) =) Zng". (73

Sincez; is analytic inC, this series converges everywhere insitland on the boundary
dC. We also denote the Laurent expansiom@f, t) by

h(z. )= Hnt", (74

which is also known to be convergent everywhere in€ided on the boundaiC. First,
note the following facts that result from the relation (50) #¢¢, t) and the properties
(51)—(52) of P(¢):

o ¢Mon( =1, t)

27t = R(t) =, (75)
[T [PEg]”

P h(p?¢71,t)

202 ) = — > (76)
1_[1"“:1['3(551)]}/J

Now suppose thal? (t) = 0 for all ko. This implies thaiko

R(t) cotMop =t tz, (¢, ) d¢ = 55 oh?c vz g, Hde, (77
[¢]=1 [¢]=p

where each of the contour integrals in (77) is taken in the anticlockwise sense. Since
7Y =1on|¢| = 1and|p?c 71 = p on|¢| = p, we can write

he ™= H™  onlgl=1, (78)

h(p?c ™" 0) =Y Hap™¢™  onj¢|=p. (79
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Similarly, expandingz (¢, t) as a Laurent series (valid on both boundarie€nf(77)
becomes

00

R(t) Z ghotmMo N " H, 7, mdg
[Z1=1 m=—00 n=—o00
=% Z §k0+m Z anznzn+md§, (80)
[Z1=p m= n=—o0
for all ky. Computing the integrals gives
RO Y HoZng-1mp= Y. Hip®Zng-1 VKo 81
n=-—o00 N=-—00

Now multiply equation (81) by *e** and sum over ako. Usingk instead ok, we then
get

R(t) Z gt Z HnZn-1-k-M, = Z g Z Hop™ Znko1.  (82)

k=—00 n=—o0 k=—o00

Define the functiorH (¢, t) by the Laurent series

HE = ) Hap™¢", 83

N=—00

where the coefficientH, } are the same as in (74). It is known thatjoh= % this series

converges and equdi$p?¢, t) there. Note also that the left-hand side of (82) is equal to
R(t)¢~Moh(¢, 1)z (¢ 71, t) on|¢| = 1, where it is known to be analytic with a conver-
gent Laurent expansion. This equality must hold anywhere the series converges. From
consideration of the right-hand side of (82), it is clear that it is equBll@, t)z; (£ 1, t)

on|¢| = p~1, where it is known to be analytic with a convergent Laurent expansion.
Thus the series in (82) is convergentjoh= p~1, as well. From the principle of analytic
continuation, this implies that

Rt ™Rz, 1)z (¢4 1) = H(E, Dz (¢4 D), (84)

with each side of the equality (84) having the same convergent Laurent series. From the
relation ofH with h, it follows that

Rt)¢"Mh(¢, t) = h(p?¢, 1). (85)

Since we know tha(z, t) is analytic (at least) in the entire annujus< || < p~ 1, (85)
furnishes the analytic continuation bz, t) into the entire plane, excluding the points
at 0 andoo. This is the required result.

Conversely, ifh(z, t) satisfies condition (72) for alf, and is analytic everywhere
except at 0 ando, then it is clear that]k%(t) reduces to the integral aroud of the
following function of¢, i.e.,

Rt ™R 1)z (¢, 1), (86)

which is known to be analytic i€ for all kg, and thus the result follows by Cauchy’s
theorem. O
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Theorem 4.4. The functiorh(¢, t) satisfies the functional equation

Rt ™h(z, 1) = h(p?¢, 1), 87
for all ¢ # 0, and is analytic everywhere except possibl¥ and co if and only if
Mo C
h(.t) = S(t) P <_—) (88)
¢ nl;ll m
for someS(t) and somem(t) | m = 1... Mg} satisfying the condition
Mo
[ [[-7m®] = RV (89)
m=1

Proof. Suppose thdi(z, t) satisfies (87) and is analytic everywhere except possibly at
0 andoo. Consider the functio (¢, t) defined by

Mo C
M. =]]P (ﬂ—) (90)

m=1

where{Bm(t) | m=1... Mg} are taken to satisfy

Mo
[ [[-Bn(®] = Rat). (91)
m=1

Note thatM (¢, t) satisfies the following functional equation, which results from the
properties ofP (¢) as given in (51)—(52).

M(p?0) = R MM, b). (92
Now define the functioM (¢, t) by

h(z, t)
M, t)

Then itis clear from the definitions M (¢, t) andM (¢, t) and the known analyticity of

h(¢, t) everywhere except at 0 and thatN (¢, t) is a meromorphic function everywhere
(excluding 0 ando) with poles at the point8m(t)} and all equivalent pointso A (t) },
wheren is an arbitrary integer. Itis also easily seen that it satisfies the functional equation

N(p?¢,t) = N(¢, t) (94)

for all ¢ # 0. Thus,N (¢, t) is aloxodromicfunction—i.e., a meromorphic function
everywhere in the finite-plane ¢ # 0) which also satisfies the functional equation (94)
for ¢ #£ 0. By the well-known representation theorem for loxodromic functions (see [3]
[18]), we conclude thalN (¢, t) necessarily has a representation of the form

N, t) =

(93

_ TN, PG
N, t) = S(t) —p——m

— = (99
Y P
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for someS(t) and some function§jm(t) | m = 1... Mo} satisfying the condition
Mo Mo
[ [I=im®] = ] [[-An®] = R). (96)
m=1 m=1

Thus, by comparison with the definition &f(z, t), we conclude thah(¢, t), can be
written

_ . M ¢
he.h=8 [P (—) : 97)

m=1 Im

for someS(t) with the {ijm(t)} satisfying (96). This is the required result.
The converse result is established trivially by using the properties (51)—(52) of the
functionP(¢, t). O

We now state the important theorem of this paper:

Theorem 4.5. If initially h (¢, 0) has the form

Mo
. - ¢
h(z,0 = SO Pl = , 98
(£,0 )m|=|l (nm(0)> (98)

where]‘[n'\fil[—ﬁm(O)] = ]‘[J.N:l[—EJ- (0)]” and ¢;(0) (and equivalent points) are the
positions of the poles of(z, 0) and provided that

dzt

—= =g (Ej‘l,t) forall j=1...N, (99)
then
_ _ M ¢
hez,t) = St P(- , 10
(1)) <>£[1 (nm(t)) (100
where
Mo N B
[ [I=im®] = []I-5 ®1" (100)
m=1 j=1

for all future times that the solution exists.

Proof. From the initial form forh(¢, 0), it follows from Theorems 4.3 and 4.4 that
J2(0) =0 Vko. (102

By Theorem 4.2 it is known that, provided the poles evolve according to 1}%90) =0
Y ko is the unique solution for all time that the solution exists. By Theorem 4.3, we
then deduce thdi(z, t) satisfies (87) which then implies, by Theorem 4.4, th@t t)
necessarily has the form (100) for all times. Hence, Theorem 4.5 is proved. 0O
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Theorem 4.5 provides the crucial result, and we will now limit the discussion to initial
conditions of the form (98), thus implying thaiz, t) has the following form for all time
that the solution exists, i.e.,

me1 PGE)

HjN=1 [P(%)]yj ’

where{j (1)}, {n; ()} satisfy (101). Note that we immediately see that such maps are
loxodromic functions-a loxodromic functionis defined as aneromorphicfunction
everywhere in the finite -plane ¢ # 0) that also satisfies the functional equation
2(p?¢,t) = z(¢,t) for all ¢ # 0. Richardson [18] recently made use of the theory of
loxodromic functions in a very different mathematical context to find solutions to the
problem of the Hele-Shaw flow of a doubly connected fluid region, when surface tension
is completely neglected. A convenient summary of the general properties of loxodromic
functions is given in an appendix to Richardson’s paper. Richardson’s appendix is mod-
elled on the presentation of the material given in Valiron [3]. We note also that, by means
of the following exponential transformation,

z(¢, 1) = S(1) (103

é. — eir[u’ (104)

it is seen that loxodromic functions are intimately related to elliptic functions, i.e.,
defining

Z(u,t) = z(¢, 1), (105

it is clear that, for loxodromic, single-valuedc, t), Z(u, t) is a doubly periodic, mero-
morphic (i.e., elliptic) function ofi with a purely real and a purely imaginary period,

Z(U+2,1) = Z(u, t), (106)

Z(u—i % logp,t) = Z(u, t). (107

Given this association, it is clear that all the standard theory of elliptic functions (e.g.,
[1]1[3] [5] [6]) also pertains directly to loxodromic functions.

Remark 2. Since we have deducexdz, t) is a loxodromic function, it is known from

the general theory (e.g., [3] [18]) that such a function is uniquely defined once its poles
and zeroes in theundamental annulug? < |¢| < 1 are known, as well as its value at
one other point. Note that the fundamental annulusithe same a€.

Remark 3. To be physically acceptable(z, t) must be univalent itC. It is therefore
necessary to pick initial values ¢fim(0) | m = 1... Mo} and{;(0) | j = 1...N}

such thatz(¢, 0) is a univalent map fop < |¢] < 1.If the map subsequently evolves
such as to violate this condition, then the solution will be deemed invalid thereafter.
A necessary though not sufficient condition for this is to ascertain that there are no
zeroes of the derivative, (¢, t) in this region. Sincez(¢, t) is a loxodromic function
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with fundamental annulug® < |¢| < 1, (i.e., an elliptic function in the variablg), it
follows from the well-known theory of elliptic functions of ord&f, that any value of

will be takenMg times in this fundamental annulus (or fundamental rectangiésithe
variable). For univalence initially, it is necessary to pick initial values of the parameters
so thatz attains no value more than once in the subregior: |¢| < 1. That such a
choice is possible is far from obvious and is illustrated by explicit construction later in
this paper.

Remark 4. The reason for the restriction &g mentioned after (53) is due to the well-
known result that a nontrivial loxodromic function (or an elliptic function in the variable
u) must be at least of order two.

We now examine how to derive the evolution equations for the finite set of time-
evolving parameters appearing in the solution (103). To do this, we consider the line
integral quantities defined by

KO = Kt vz nd, (108
0
where
N
K@ tik) = [PE ] TT[Petn]” (109
b
andk; =0,1,2....

Theorem 4.6. For the class of initial shapes considered, the following property of the
line integral quantities defined in (94)—(95) holds foralH1... N

JYmy=0 for k= (110

Proof. We use the loxodromic property of¢, t) (and hence o%(¢, t)) to reducekaj t)
to the integral aroundC of the following function ofz:

N

[P | TTIPCE]™ | 2 L bz @, b, (111
b

which, by use of the form (103) fax(¢, t), can be seen to be analytic@rfor all k; > y;,
and the theorem follows by Cauchy’s Theorem. O

Theorem 4.7. Forthe class ofinitial shapes considered, ﬂde{t) satisfies the following
equationfork=0, 1, . —land j=1...N:

| P(c;-) dg - P(;“E)
J'_t:ng-[k- ‘( : > ’
o= F e Lar 79" TR0z,

N P(m)( ) p@;p)}
| + 7z dc. 112
Z Vol ) — 5l G0 )+ vpp Pt zd¢. (112

P#J
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Proof. Applying Theorem 4.1, with the substitutidf(z, t) = K; (¢, t; k;), it follows
that

| P(¢cg) (dg - (43))
J) =y§ Ki2G(Z, 1)z +K-[k- ! ( ! ) Pp (¢4
O = § KB Dz A JgP(:c,) —4l P(:q)
NP <dcp ) p(mp)}
zz d 113
§ Yol ———=— P T ol (£, 1) B E) zdz. (113)

P#J

The analyticity ofK;jGz in C implies that the first term within the integrand on the
right-hand side of (113) does not contribute anything and the result (112) follovis.

Remark 5. Note by inspection that, fdg > y;, the pole singularity oz at¢ = Ej‘l is
cancelled out by the zeroes Kf at the same point; further, whepsatisfies (57), there
is only aremovablesingularity att = ;“*1 From this, it is easy to see that the integrand
in (112) is analytic in such cases and therefd;je: 0fork; > y;, whichis consistent
with Theorem 4.6.

Since the evolution of th&l poles{z; | ] = 1... N} is given by theN equations
(99), it only remains to deduce the evolution of thlg + 1 time-evolving parameters
Sit), {nm(t) | m = 1...Mg}. Note however that th¢nm(t)} satisfy the constraint
that [Ty, [—nm(®] = TT/Ly[—¢®]". Thus, there remains precisely (generally
complex) parameters to determine. Note however that thefd@n@nzero line integral
guantities, namely,

(HOIk=0...y-1  j=1..N (114

which can be determined from (112). However, this requires us to invoke the following
conjecture that we believe to be true, but which is so far supported only by the numerical
evidence (see later):

Conjecture. For a given set of; (t), the Mg quantities in (114) at any timedetermine
uniquely theMg + 1 parameter$(t), {nm(t) | m = 1... Mg} satisfying the constraint
(101).

Remark 6. The conjecture above, if true, implies that for a given set;df), (112)
can be viewed as a differential equation to determ];fj]esince quantities appearing
in the integrands, such &s z, and |, are completely determined by the parameters
characterizing in (103), which in turn is known for givedk'J.

Remark 7. We are not asserting globally unique relation between the quantities in
(114) and the parameters appearing in (103), orbcally unigue relation.

Itis noted however that the “counting” in the statement of the conjecture is consistent,
and the validity of the conjecture is supported by the sample calculation later in the paper,
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even though this is but a single and very special case. It is expected, however, to be true
in general.

Before carrying out a numerical computation to provide verification for the above
conjecture, we now state an important theorem that proves extremely useful in simpli-
fying the calculations for certain classes of exact solutions. The following “theorem of
invariants” allows us immediately to write down an invariant of motion for the class of
initial conditions consistent with (103) for eaghthat is a simple pole. An analogous
theorem was identified in the case of a simply connected blob [7], [8].

5. A Theorem of Invariants
Theorem 5.1. (Theorem of Invariants) Suppose that the conformal n{@ptz has the

form (103) and that the evolution of the poles is given by (99). For each j for which the
corresponding; = 1, there exists an invariant of the motion given by

A

B = - (115
N el N R
MM [P@d ™)
Proof. Consider the time derivative QE From (112), it follows that
dy & <d5p . ) PGl | P |
— = Kj — — ¢l (g, ) — + = 2z dg.
dt — Jic %V" at P V)R T R |
(119

By inspection it can be seen that the only contribution to the integral in (116) comes
from the simple pole iz atgjfl, since the rest of the integrand is analytic if the evolution

of the poles is given by (99). Since the polefﬁiL is simple it is easily seen that (116)
can be written as

dJOj _ N dgp - -4 -4 P,(EpEj_l) .Pp(EpEj_l) i
O ;Vp <W = ¢pl (¢ J)) §j Wg:j_l) +J/pPWEj_1) J. 117

P#j

Using the fact that

. dlog(g; ™
LG =——"— (118
(117) can be written as
dlogJdJ() . d N
—a ~Lao([Paan]T). (119

P#]

which clearly can be integrated directly with respect to time to give the required result.
O
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Remark 8. Note that each invariar; is determined from initial conditions alone. If
y; = lforall j, between 1 antN, then there will beN invariantsB; throughBy.

A special class of exact solutions having a particularly appealing mathematical struc-
ture was found in [7] [8] which dealt with the evolution of a simply connected blob under
the effects of surface tension. We now write down the analogous solutions for an annular
blob. Consider the class of exact solutions whgkg t) has the form

[Tt PGE)

2(2,1) = S(t) : (120
MM PG
with
N N
[ITm®O=]]aw®. (121
m=1 j=1

This corresponds to the special case of the above solutiongmwita 1| j =1... N},
whereN is an arbitrary positive integeN > 2. The evolution equations for maps of
this form can be written down as a very concise set. Of course, the evolutjoi)as
always given by (35) but by the previous theorems, for a solution of the form (120) the
poles must evolve according to

dg; !
dt
which implicitly gives the evolution of the poles. In addition, by Theorem 4.7, there are
N invariants of the motion given by

== (Y. i=1.N, (122

) .
[15-2 P(&p )
P#]
where{B; | ] = 1...N} are complex constants determined from initial conditions.

Thus, with the simple poleg determined from the evolution equations (122), the- 1
parametersS(t) and {nn(t) | m = 1... N} satisfying the constraint (121) are then
determined by inverting thid nonlinear algebraic relations (123). Note that in this special
case study it is clearly seen that the total area of the fluid region is directly proportional
to the sum of theN invariants of motion, which means that it is also conserved (as it
should be, given that there are no sources or sinks in the fluid).

6. Example Calculation

Since the purpose of the present paper is to present the mathematical theory, a full
investigation of the physical phenomena exhibited by the class of solutions found here is
reserved for a future paper. However, it is necessary to include here at least one sample
calculation as evidence for the conjecture stated earlier. Itis also necessary to produce an
example of aninitial (loxodromic) conformal map satisfying all the required conformality
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and univalency conditionsinthe annujus< || < 1, thereby demonstrating, by explicit
construction, that such functions do indeed exist.

As discussed in the introduction, the example calculation that has been chosen con-
stitutes a basic paradigm in the study of sintering and represents a natural generalization
of the study of the coalescence of two (unequal) cylinders, as carried out recently by
Richardson [12] [17]. Here we study the evolution of two (unequal) touching near-
cylinders that have the additional feature of a small air bubble in the region where they
touch. In the case of just two cylinders, such a bubble may perhaps have been trapped
by some mechanism as the cylinders came into contact. More usefully, this example
(and more sophisticated versions of it) is expected to represent a basic paradigm for the
evolution of a general assemblage of cylinders/particles where there inevitably will be
small air bubbles trapped between the cylinders. We point out that we have assumed
for simplicity that the pressure of the entrapped bubble of air remains constant in time;
in reality, this reasonably can be expected to change as the area of the enclosed bubble
reduces.

The initial state of the two (almost) cylindrical blobs and an air bubble between them
is represented in Figure 6 and corresponds to thedase3 withy; =y, = y3 =1so
that

P(£)P(L)P(E)

z(¢, ) = S(H) ;
‘ PEIP(OPE)

(124

with initial parameters given by

=22 p=-125  ¢3=129039  n, =208
no = 14, n3=-121861 p=013  S=10.  (125)

Such a map represents a univalent map from the an@utashe region shown in Figure
6. Note that there are three simple poles of this mapping, which means, by the theorem of
invariants, that we automatically can find three invariants of the motion. giisdritially
relatively small, and since it is known thatt) — 0 for the class of solutions found
here, certain approximations were made which greatly facilitated the computations to the
point where Mathematica could reasonably be used to carry them out. Since no numerical
pathologies were expected, an obvious and elementary first method was used in which
a simple forward-Euler method was employed to time step the evolutipiitdfz (1),
Lo (1), andzz(t) (with h = 0.0002), while a high-accuracy Newton’s method was then
used at each time step to invert the three invariants of motiam foy, n2(t), S(t) (with
N3 = %). Mathematica coped well with all the calculations, once both the function
P(¢) and the integrands in (31) and (32) were expanded for sirafid approximated
to within O(p®) (the errors due to this approximation are therefore of ordef44.e.,
smaller than the global error of the simple time-stepping scheme). Given the existence
of points of large curvature in the initial configuration, the blob evolved quickly and
the configuration after just 30 time steps is shown relative to the initial configuration in
Figure 3.

Itis clear that the global momentum of the blob is not conserved and there is an overall
translation of the blob in the positiedirection. As mentioned earlier, this is unimportant
because it is only the geometrical evolution of the blob boundary that is of interest. (If
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Fig. 2. Initial configuration.
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Fig. 3. Configuration after 30 time steps €1 0.0002).

desired, these physically irrelevant translations can be removed by a straightforward shift
of the centres of area to a common point before plotting.) Note also that the near-cusps
of the initial configuration (observe that the initial enclosed air bubble has three points
of very high curvature) became smoother under evolution, and the enclosed bubble grew
smaller, as expected. Note that the points of high curvature in the initial configuration are
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smoothed out by the effects of surface tension. Clearly, the enclosed bubble is already
quite small after only 30 time steps, and although no further integration was carried out,
it is expected that as more time evolves, the inner bubble will simply continue to get
smaller (probably tending to a circular shape), while the outer boundary of the blob will
evolve into a circular shape, as already observed by Richardson [17].

In any event, the principal purpose of including this simple numerical calculation is
to verify that the finite set of nonlinear evolution equations for the line integral quantities
as derived in the theory above can indeed be solved (at least locally) to provide the
time evolution of the parameters in the exact solution (124). In this limited example,
the physical behaviour was much as expected. Studies of the physical properties of the
mathematical solutions presented here will be left for the future.

7. Discussion

A new class of exact solutions representing the evolution of annular viscous blobs driven
by surface tension has been presented. Itis expected that this new class of exact solutions
will facilitate the study of the physical phenomena exhibited by doubly connected fluid
regions with surface tension. One of the principal problems in the study of the new
solutions is that of finding initial values of the parameters in the conformal map such
that, initially, it is aunivalentmap fromC to the fluid domain. At the time of writing, the
present authors know of no systematic method of constructing such functions, and the
initial configuration found above for the sample calculation was identified after much trial
and error. A natural question that arises is whether the boundanyadbubly connected

fluid domain of given conformal modulygt) can be approximated as closely as required

(in some norm) by a map(¢, t) satisfying the loxodromic propery(p?¢, t) = z(¢, t),

which is a univalent map fror@ in the complex;-plane. If this is true, then a further
guestion that arises is whether the subsequent evolution of the approximating loxodromic
function (as given in this paper) will remain a good approximation to the true evolution
of that fluid region under Stokes flow driven purely by surface tension. Such questions
require further investigation.
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