M1M1: Progress Test 2 (2003): SOLUTIONS
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tanh inh + 5+ ..
1.(a) lim< - x) = lim (sm i coshx) = lim (M coshac) = 1.

—0 T z—0 x

(b) Letting z = 7/2 + ¢,
i (smx — 1) — lim (sm(w/?—i—e) — 1) .

a—7/2 | COST =0\ cos(m/2 +€)

But
sin(7/2 + €) = sin(e) cos(m/2) + sin(7/2) cos € = cose,

cos(m/2 + €) = cos(€) cos(m/2) — sin(m/2) sine = —sine,

so limit becomes

lim cose— 1 = lim (1_%+"')_1 = lim —%4—%-{—... =0
e—0 —sine e—0 _(6_3_9;4_ e—0 _(1_3_2'+) .

(c) Letting € = /x,
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2. Let

log(1 +2) = a1z + aga® + asz® + ..
Then, from the identity,

1+ 2 = exp(aiz + asx® + asx® + ...)

1
=1+ (@17 + aox® + azz® +...) + E(alx + ap? + asz® + ..)?
1

+ 5(0“33 + agx® + azx® + ..)3 + ...
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Equating coefficients of same powers of x:

a; = 1,
2
a
as + El = 0;
2010y a}
Gt 5 Ty =0
Solving these yields a; = 1,a2 = —5 and a3 = 3 so that
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3. From the definition of the derivative

dsiny/z lim (sin VT + € —sin ﬁ)
de € ’

. (sin(\/m +£)12) — sinﬁ)
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sin(y/z + 35z +...)) — sin \/E)
= hm ’
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sin /z cos(s5= + ...) + cos/zsin(=5= + ...) — sin\/z
L (555 + =) + cos VEsin(525 + ) f) |
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4.(a) On use of the chain rule,
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dz C(z10 4 1)1/2

(b) On use of the product rule,

d(x tanh x)

= tanh z + zsech’z
dx

(c) On use of the quotient rule,
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(d) On use of the chain rule,

dexp(z)*  dexp(a?)
dv dx

= 2zexp(z?).

5. On use of the Leibniz rule

dnm2€3a: B z": n dsz dn—je3z
dz™ = j ) dxd dzn—i

= 223" 4 22n3""1e3® + n(n — 1)3" 23

= 3""%* (92” + 6zn + n(n — 1)) .




