M1M1: Progress Test 3 (2002): SOLUTIONS

1.(1) 2° — (3 —14)2° + (2 — 3i)z + 2i = 0.

This can be factorized to
(z+1i)(z—1)(z—2) =0.

The solutions are z = —i,1 and 2.
(b) Note that
27 +22—6= (22— 2)(22+3) =0.
Thus, solutions are any z satisfying 2| = +/2 — i.e., points on the circle
centred at the origin of radius v/2.

(c) We need |z| to be real and positive. Therefore solutions are |z| = (2n+1)7
where n > 0 is an integer. These points lie on infinitely many circles, centred
at z = 0, with radii 7, 37, 5m.....

(d) Rewrite the equation as

e —e”?
tanhz = — =2
e+ e*
Rearranging, we get
e = —3.

But
3= elog3+z7r—|—2km

where £ is any integer. Therefore we identify
2z = log 3 +im + 2k,

or

1 .
z:§log3+%—|—km,

where k is any integer.

2. We know .
e = cos 40 + i sin 46.

But
e* = (cos§ + isin §)*
= cos* 0 + 4i sin 6 cos® 6 — 6 cos® A sin?  — 4i sin® 0 cos f + sin® 6.
Equating real parts gives

cos 46 = cos* @ — 6sin® 0 cos® 6 + sin? 6.



But sin?6 = 1 — cos?#, so
cos4f = 8cos* 6 — 8cos’ O + 1.

Therefore co =1; ¢, =0; co =—8; c3=0; ¢4, =8.

3. (a) Putting integrand in partial fraction form gives

1 2 1
(z—1) / 8 2
— dg= [ 1- d
/0x2+4x+3x 0 ac+3+:1c—|-1$

= {x—810g|x+3|+210g|x+1|]

1

0
=1—8log(4/3) + 2log 2.

(b) Making use of the substitution y? = 2 — x,

[\ R T ANt

Now let y = v/2sin 6, integral becomes

w/2 w/2
v6m§&MV§:4/) cos20+1

/4 w/4 2
[sin 20 H}Wﬂ
=4 + —
-7 .
2

(c) By inspection

g 5 T 2
/ cos* z sin zdx = [—COS x} = —.
0 5 1, O



