M1M1: Problem Sheet 1: SOLUTIONS

Functions

1. Using formula for roots of a quadratic
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The function f(x) has a graph that is reflectionally-symmetric about the line
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Figure 1: Graphs for question 3(a)
3. (a) See Figure 1.

(b) f(z) =2*+ H(z)(z — 2?)
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(c) sin(xz + 1) =sinzcos1 + sin1cosz.
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Rearranging,
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By inspection, f(z) = f~!(z) if and only if a = —d.
By direct calculation, can check f(f(z)) = x.
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where we have substituted the value of e. This expressions clearly has “d =
—a” as required for g7} (z) = g(z).
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7. We have, for all v > 0 and v > 0,

u = exp(log(u)); v = exp(log(v)); uv = exp(log(uv)).
But

exp(log(uv)) = uv = exp(log(u))exp(log(v)) = exp(log(u) + log(v))
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where the last equality follows from Q6. We deduce that

log(uv) = log(u) + log(v).
Now
exp(0) =1= u% = exp(log(u))exp(log(u~")) = exp(log(u) + log(u™"))
where the last equality follows from Q6. Hence
0 = log(u) + log(u™') or log(u™') = —log(u)
Finally, combining the two results above gives

log(u/v) = log(u) + log(1/v) = log(u) — log(v).

8.(a) On use of sin’x = 1 — cos? z,
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Hence
r=(2n+ 1)m, £ cos ' (—1/4) + 2nm

where n is any integer and cos™! x is assumed to take a value between 0 and
.

(b) On use of sec?z =1 + tan?,
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Thus,
= (n+1/4)m,nm —tan *(1/2)

where n is any integer and tan~! z is assumed to take a value between 0 and
.



9. Lettingz =y =0,
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Adding these two formulas gives
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Similarly,

cosa + cos B = 2 cos (04—21—5) cos (a—ﬁ)

10. Using the results of Q9,
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sinz = 2sin(z/2) cos(z/2) = 2

Similarly,
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cosz = cos’(x/2) — sin’(x/2) =



