M1M1: Problem Sheet 3: SOLUTIONS

Differentiation

(a) da?® _ lim((z +¢€)® — :E3) _ hm<x3 + 3x%€ + 3ze? + € — :c3) a2
dm e—0 €

€ —0 €
O G l) ket
dx e—0 €
. (231 +€/z)/P — 213
=y ()
_ 1 g Bl+E+.) =g/
= ;
1
 32/3
d(z? —1)1/2 (x4 €)? =12 - (22— 1)1/?
(€) dz B 11—133 €
(@ =1+ (2ez + )2 — (22 —1)1/2
- i :
/
(22 — 1)1/2 [(1 | 2et ) _ 1]
= lim( )
€—0 €
2 _ 1/2 1 2ex+e2 _
= lim (-1 [(1+2(’”2_1)+ ) 1]
e—0 €
x
= (22 — 1)1/2°
d cos(x) 1 cos(x + €) — cos(x)
dr 0 €
_1 cos(x) cos(e) — sin(z) sin(€) — cos(x)
b= ¢
y cos(x) (1 - 62—2, + ) — sin(x) <e - g—? + ) — cos(x)
~ o ¢
= —sin(z)



.. (tan(z + ¢€) — tan(x)
(€) dr lg%( €
tan(x)+tan(e
— lim 1—t;§nzm) taé(e) - tan(az)
e—0 €
1
= lin(}(— [(tan(x) + tan(e)) (1 + tan(z) tan(e) + ...) — tan x])
€E— €
1
= ling(— [tan(z) + tan(e) + tan®(z) tan(e) + tan(z) tan® € + ... — tan(aj)])
€E— €
. (tan(e)
= 11_I>%< - (1 + tan®(z) + tan(z) tan(e) + ))
=1+ tan?(z) = sec®(x).
o (1)2 - 1/2 _ qin(r1/2
) dsin(z'/?) _ mﬂ(sm((m—l—e) ) — sin(x ))
dz €0 €
. (sin(z'2(1 + ¢/2)"/?) — sin(z!/?)
=i :
_ (sin(x1/2(1 +£4+..)— sm(:c1/2)>
= lim =
e—0 €
_ (sin(:zcl/2 +5tm ) — sm(a;1/2)>
= lim =
e—0 €
B 1im<sjn($1/2) cos(5-575 + ...) + cos(a'/?) sin(5575 + ...) — s1n(x1/2))
€—0 €
. sin(z/?)(1 — & + ...) + cos(¢'/?) (557 + ...) — sin(z'/?)
b=y €
cos(z/?)
21/2

2. (a) 2zcos(x?); (b) 2sin(z)cos(z); (c) 2cos(2z);
(d) 10" = exp(xlog(10)) so derivative is
log(10)exp(x log(10)) = log(10)10*.
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(e) (sin(z))® = exp(z log(sin(x))) so derivative is

x cos(x)
sin(z)

log(sin(z)) + xsfr?i:(vg;) exp(zlog(sin(z))) = [log(sin(z)) +

(sin(z))*.

(f) cos(x)sec?(sin(z)).
(g) y = cot™!(z) so cot(y) = z. Therefore, taking a derivative of this last
equation with respect to x:

d
—ﬁcosecQ(y) =1
which implies
deot™'(z) dy 1 _ 1 _ 1
dr dx  cosec2(y)  1l+cot’(y)  1+a2

(h) (6x + 5)exp(3z? + 5z + 2).

(i) —exp(—x) cosh(2z) 4 2exp(—z) sinh(2z).

(i) 22 + exp(z) log(x).

(k) y = sin™!(x) so sin(y) = z. Therefore, taking a derivative of this last
equation with respect to x:

j—i cos(y) =1
which implies
dsin'(z) dy 1 1 1

de  dz cos(y)  \/1- sin?(y)  V1—a2

(1) sin(z)

cos?(z) "
(m) Function can be written log |1 + sin(z)| — log| cos(z)| so derivative is
cos(x) sin(r) 1
1 +sin(z)  cos(z) cos(x)




p) mz 1 5/2 -

(1 —z2)1/2 "
r) 5z (snmlar to (g)).

3. We know z(60) = r(0) cos(f) and y(0) = r(6)si ( ) where () = sin(9).
Now, z(0) = sin(0) cos(f) = 1 sin(20) and y(0) = sin*(f) = (1 — cos(26)) so
dy % sin(20)

dr 9 cos(26) tan(20)

(
(q) sin~ log(x)
(

Similarly, if 7(f) = 1 + sin?(6) then
z(0) = (1 +sin?(0)) cos(d) and y(#) = (1 + sin?()) sin(8)

so that
dx . 2 ) .
i 2sin(f) cos*(A) — (1 + sin*()) sin(h),
% = 2sin?(#) cos() + (1 + sin?(#)) cos(6).

On use of the facts that sin(7/4) = cos(w/4) = % we get

d
al @
d dz - .
Tlr/a a9 lw/a

4.(a) On differentiation,

Y 622 + 30z — 84 = 6(z + 7)(z — 2),

dx
so there are stationary points at z = 2, —7. Now
d%y
— =122 4+ 30,
dz?
so at x = 2, d?y/dx? > 0 so we have a minimum, while at z = -7, d%y/dz? <

0 so we have a maximum.
(b) On differentiation

d
£:5x4—5:5(x4—1),



so there are stationary points at © = 1. Now

d?y
—2 = 2023,
dz?
so at z = 1, d*y/dz? > 0 so we have a minimum, while at x = —1, d?y/dz? <
0 so we have a maximum.
On differentiation,
dy 1 1

de — x 2%’
so there is a stationary point at x = 1. Now
d?y 12

dz2 =~ 22 | ¥
so at =1, d?y/dz? > 0 so we have a minimum.

5. First note that

dr ¢ c c
@it T a— a=p”
dy  2ct 2ct>  2ct(l—t)
&I Ta—wp . (-2
Therefore,
dy % 21—t 2ey?
de % (1-2t)? 3
If
1oLk
y oz
then, by differentiation with respect to x,
ldy 2
YT
or
dy  2cy?
de ~ a3’

which is consistent with what has already been deduced. But

1 1-2t 1(1 2
ooz e \2 t)’

y

c (1=t 11 2
=0 S (o2
x? c?t? c( )




By inspection, we see that £k = —1/c.

6. On differentiation and use of trigonometric identities,

dy Z—_‘z _ 1—sec?(s)  sin(s)

dr % —2sin(2s)  4cos’(s)’

i - (L) (1)

os(s) (%)W: (1 23:)1/2.

On use of these identities, we get
dy 1( 1-x 12
de 2\ (1 +2)3 '

7. On differentiation of zy(z + y)* = b with respect to z,

But,

+ o

I a (a—1) dy\ _
y(z +y) +xd$(x+y) + azy(z +y) 1+d:13 =0.

On rearrangement,
dy _ y ((a-l—l)x-i—y)

de ~ z \(a+1y+az

8. From lectures it is known that
do _ (dy)~
dy \dz '

On differentiation of this expression with respect to y and use of the chain

rule:
e d (1)

dy? ~ dydz \dzx
_ _de (dy)\ Ty
 dy \dz dz?

N AN
N dz dr?
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Now

1 dy 1 , d%y 2 3
y= , S E T =Y, e = g =2
1+z’ dz (1+z)? dz?  (1+x)3
But,
1— 1
y(l4+2z)=1, so g=—Y="_1
) Yy
Differentiating the previous equation twice with respect to y:
U
dy? o
But, also

dy _3d2y_123_z
dx dz?  yb 4 Tk
which is consistent and provides a check of the formula.

9. On differentiation with respect to z:

d_y_<1 r+1 ) Yy
dx V2 +22+2)x+1+Va2+2z+2

On rearrangement,
d
Va? + 2z + 22 = py.
dx

Differentiating the previous equation with respect to z,

z+1 dy ’y  dy y
A D e . —
22+ 21 + 2dz dx? pdfv P 22 +2x + 2

On rearrangement,

d? d
(:c2+2x+2)d—xz+(x+1)£—p2y:0.

Now differentiate the previous equation n-times with respect to z. By the
Leibniz rule,

2 d(n—|—2) d(n-l-l)

d" 2 d%y 2 Yy
2n(n — 1) d"y
2 dx™



while (nt1)

d" dy d\"y d™y
J e 1 .

dzm <(an * )dx) (z+ )dx(”“) T

On use of these expressions, evaluated at x = 0, gives the result.

10. (a) By the Leibniz rule,

dr . _ gd"log(z) ,d™ Dlog(x) n(n-—1), d" 2 log(z)
don (2108 = 2 e e T T e
N n(n—1)(n—2) Gd(”_3) log(z)
3! dz(n=3)

But
dlog(z) 1 d’log(z) 1 d’log(z) 2 ote
de 1z’ dz2 z?’ dzd3 13’

therefore, pattern clearly gives

@ log(x) _ (G+1) (j—1)! -

On use of this,

dcf:n [2°log(z)] = 2 (n—1)!

xn
(n=3)! (=4
+3zn(n — 1) 2(n—2) (_1)( V4 n(n —1)(n —2) 2(n—3) (_1)( 2
Rearrangement gives
dr (n—4)I(=1)"

[2° log(z)] = 6

dzn z(n=3)
(b) By the Leibniz rule,

dTL
dz"

[(1 + 2*)exp(z)] = (1 + z*)exp(z) + 2nwexp(z) + 2@@@(@
=exp(z) (1 +2° + 2nz + n(n —1)).



Therefore, at x =0,

dd% [(1 + $2)exp($)] =1+n(n-1).

11. Can either use the Leibniz rule or the partial fraction decomposition
gives

1 1
f@) =T~ 132
Now,

o1 1
=) z+12  (x+2)?
. 2 2
/ (x)_(x+1)3_(x+2)3’
() = — 3 %2 3 %2 ote

so pattern is clearly

d"f(z) n 1 1
i = (e )

12. Let r be the radius of the cylinder and let h be its length. Then the
volume V = 7nr?h and the surface area A = 2712 + 27rh. The volume will
be a maximum when

dV dh
=9 27707 —
o nrh + mr e 0,
so that
dh_ _2h
dr  r’

But since A is fixed, we also have

dA dh
e ) 1 =0
o 27r<r+h+rdr) 0

But using the fact that % = —% in the previous equation gives

h = 2r,
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ladder

Figure 1: Diagram for question 13

so, at the maximum volume, the length is equal to the diameter. The maxi-
mum volume V4, = 7r%(2r) = 2773, But

A = 27r? + 4mr? = 6712,

A 3/2
Vinaz = 27 | — .
(&)

13. The length L of the ladder as a function of the angle 6 (defined in the
figure) is

so that

a b

L=L(0)=1(0)+1(0) = sin(0) + cos(0)

= acosec() + bsec().

Differentiating L(f) with respect to 6:

dL _  acos(f) N bsin(0)
dd — sin’(f)  cos2()
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This vanishes (so that length is a maximum) when

tan(9) = (%)”3.

But
sec’(f) = 1+ tan?(f) = s
cosec?(0) = 1 + cot?(f) = T/ga,

Putting these into the expression for the length L(f) gives the maximum
length as

(a3 + 523)"2.
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