M1M1: Problem Sheet 4: SOLUTIONS

Curve sketching

1. First, rewrite this rational function in a more convenient form:

_r+3  z+3 z+1/245/2
Yo or 1 2@ +1/2) 20 +1/2)
. 1+ 5
2 Az+1/2)
x = —1/2 is a vertical asymptote.

As x — o0, y — 1/2 which is therefore a horizontal asymptote.

See Figure 1.

2.(a) 2 — 6x+8 = 0 is equivalent to (z —2)(z —4) = 0. Graph is a parabola
meeting x-axis at x = 2,4. See Figure 2.

(b) First note that as + — +oo, y — 0. Note also that function is odd, i.e.,
y(—z) = —y(z). Also,

Z—Z = (1 — 2z%)exp(—2?).

There are therefore stationary points at x = :l:%. See Figure 3.

(c) Note that
1 1
—cos(z) + —=sin(x) = cos(x — 7/4).
7 () 7 () (x —m/4)
Graph is therefore a usual cosine graph displaced to the right by /4. See
Figure 4.

3. Rewrite the rational function as

22 +2r+5 z(z+1)—x+22+5 T+5 r+1+4
z+1 z+1 z+1 r+1
4
=rv+1+—-.
z+1

Note that as x — 00, ¥y — = + 1 which is an asymptote.

There is a vertical asymptote at x = —1.
Also,

dy 4
dr (x + 1)



so there are stationary points at © = —3, 1. Note also

dy 8

de?2 ~ (z+1)%

so this never vanishes (there are therefore no points of inflexion). See Figure
5.

4. First, rewrite in partial fraction form:

2 -2z x(z—3)+3z—2z L8 14
frd = =T =X .
Y z—3 Tz —3 =3 z—3

As x — +o00, y = = + 1, which is an asymptote.
There is a vertical asymptote at x = 3.

Note that
dy 3
dr (x —3)%’
so there are stationary points at z = 3 4 v/3. See Figure 5.

5. First note that curve is invariant if y — —y which means it is reflectionally
symmetric with respect to the z-axis.

Note also that the curve is only defined provided x > 1 and —1 < z < 0.
For small z, y? ~ —z so graph is locally parabolic near origin.

For large z, 4> ~ 2° so that y ~ +2%/2.
Note also that

dy 2
2uy— =3x" —1
ydm 1: )

so that
dy _ 32 —1
de  \/z(z® —1)

So stationary points are at x = :I:\/Lg while 2 — oo at £ = 0,41. There

must be points at inflexion for some x > 0. To check this, note that
d dy
— | 2y— ) = 6z,
dzx ( ydm) v

d*>y 3z*—622 -1
y—=—"5—
dz? z(z? — 1)

so that

2



which vanishes at 22 =1 + % See Figure 6.
6. Using polar coordinates, x = rcosf, y = rsin#, so that

3r +rcosf = 2,
3r+x =2,
3r=2—ux,
9r?=(2—1)> =44z + 2%

On use of 7? = 2?2 + 42, rearrangement yields

(x+1/4?%  y* _ )
9/16 /2 7
This is an ellipse, centred at (—1/4,0) with semi-major axis 3/4 and semi-
minor axis 1/v/2. See Figure 6.

7. Note first that parametrization is 27-periodic so it is enough to consider
0<t<2m.

Note also that curve always lies within —a <z < a and —b < y < b.

Also,

d .
dy _ s:i’ _ 3 sm2(2t) cqs(t) _ b tan(2),
dr 9 —3acos?(t)sin(t) a

so gradient is zero at ¢t = 0,7, 27 and infinite at ¢t = 7/2, 37/2.

Note also that graph is in first quadrant for 0 < ¢ < 7 /2, second quadrant for
w/2 <t < 7, the third quadrant for 7 < ¢ < 37 /2 and the fourth quadrant
for 3w /2 <t < 27. See Figure 7.

8. (a) Note that

_2t-1_af41-2 2

LS e e S R S
But 2® + 1 = (z + 1)(2? — z + 1), so partial fraction form is
A Bz +C
/(@) +x+1+(x2—x+1)
Some algebra gives
2 2 (x—-2
f(.Z‘) =1- Py 2( ) :
3(z+1) 3(x2—z+1)



(b) Now,
62
1 _
Therefore there is a stationary point at z = 0. To classify it, consider
() = 12z(1 — 23:3)’
(x+3+1)3

therefore f”(0) = 0 so need to look at f"(0). Some algebra gives

wo (@ +1)2(12 — 962°) — 92%(12z — 242*)(2® + 1)?
f ($) - (:C?’ + 1)6 ’

so f"(0) # 0. Therefore x = 0 is a point of inflexion (as well as being a
stationary point).

(c) Note from the above that f”(x) = 0 when 2 = 5 so this is also a possible
point of inflexion. Also from above, f"(1/2'/3) # 0, so this is another point
of inflexion. See Figure 8.
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Figure 2: Graph for Q2(a)
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Figure 5: Graphs for Q3 (left) and Q4 (right)
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Figure 6: Graphs for Q5 (top) and Q6 (bottom)
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Figure 7: Graphs for Q7 (top) and Q8 (bottom)
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