M1M1: Problem Sheet 5: SOLUTIONS

Mean value theorem and Taylor series

1. Note that f'(r) = 3xz> — 8 and that f(1) = —12, f(4) = 27. Therefore

f4) - f)

=13.
3

But 13 = f'(c) = 3¢ — 8 for some ¢, which implies ¢ = 7. Thus, ¢ = /7.
2. Note that f'(z) = —Z while f(—1) = —4, f(4) = 1. But

but this cannot equal f’(c) for any ¢ because f'(c) < 0 for all c.

This does not contradict the mean value theorem because, for theorem to
apply, function must be continuous and differentiable throughout the interval.
This f(z) is singular at = = 0.

3. Let f(2) = v/ so that f'(z) = 5=. Applying the mean value theorem,
there exists some ¢ with 64 < ¢ < 66 such that

f(66) — f(64)

But, for this range of c,
1 1
—— < fe) < ———,
2\/%_f()_2\/64
so that
1 _ f(66) —f(64) _ 1
2v/66 ~ 2 264
On rearrangement, we get
L < f(66) — f(64) < L
V66 ~ ~ V64
But, 5 < \/% SO 1 1
- < V66 —-8< —.
9~ V66 -8

4. Let f(z) = tan~'(z). The mean value theorem implies that there exists c
with @ < ¢ < b such that

f(b) = f(a)

=10 - e,



But, f'(z) = ﬁ, )

1 , 1
1+ b2 fi(e) 1+ a?
Therefore,
1 tan—*(b) — tan"'(a) 1
< <
1+ b2 b—a 1+ a?

which, after multiplication by the positive quantity b — a, gives the result.
Let a =1 and b= 21/20. Then b — a = 0.05. Applying the above result

0.05

21
<tan ' = | < tan"'(1) + ——.
< tan <20)_ an ()-1—1+1

0.05

tan 1(1) 4+ —— 0
an— (1) + 105

Therefore
(21 T
tan 2 1 + 0.025.

5. Let

flz) = (8+x)1/3 - (8 (1+ g))l/s - 2(1+ g)l/g.

On use of the binomial series expansion,

0.1 0.12 10 % 0.13
A)=2({14+— — .. ) =2. .
f(8+0.1) < YIRSy e ) 0083
6. Let
.T2 x3
f(@) =sin(z +a) = £(0) + 2 (0) + " (0) 55 + f"(0) 57 + -

But
f(0) =sina; f'(0) =cosa; f'(0) = —sina; f"(0) = —cosa;...

Therefore, it is clear that

2 3
x :
sin(z+a) = sina(l—%+...) +cosa<x— 5—%) = sinacosz+cosasinz.



7.(a) By repeated differentiation,

f(z) = tan (x + %) . f'(x) = sec? (x + g) ;
f"(z) = 25sin (:v + g) sec? (x + %) ;
" (z) = 2sec® (ac + g) + 6 sin” (x + g) sec’ (:c + %) :

so that f(0) =1; f'(0) =2; f"(0) =4; f"(0) = 16. Therefore on use of the
general Taylor series formula

T 9 8 4
tan(x+z> =142z + 2z +§$ + ...

(b) By repeated differentiation,

cosz
=log (1 i - f! =
f(a) = log (14 sin); f(z) = oo
() sinz cos? x
T) = — — :
(I1+sinz) (1+sinz)?
COS T 3coszsinx 2cos’
flll(x) —

- — + : + ; .
l+sinz  (14sinz)?  (1+sinz)?

Therefore f(0) = 0; f'(0) =1; f"(0) = —1; f"(0) =1 so that, on use of the
Taylor series formula,

z?
log (1 + si =r— —+ —+...
og (1l +sinz) ==z 5 +6+
8. (a) By repeated differentiation
f(z) =€"cosz; f'(z) = —e"sinz + €” cos z;
f'(x) = —2e"sinz; f"(z) = —2€"sinz — 2" cos z.

Therefore, f(0) = 1; f(0) = 1; f"(0) = 0; f"(0) = —2 5o that

3

z
emcosle—i-x—?—i-...



(b) By repeated differentiation,

1
fla) = tan "z fila) =

20x 2 8?2

P/ = ~ o £76) =~ +
we 24 A8z°
f(z) = A7 O+
24 6 %48 x x> 8% 48z*
fi(z) =

(14223 (1+a22)* + (1+ 22)°

Therefore £(0) = 0; f/(0) = 1; f"(0) = 0; f"(0) = —2; f(0) = 0; f°(0) =

24 so
3 5

T
tan ! =r——+ =+ ...
an (z) =z 3 + : +

(c) By repeated differentiation,

f( ) =secx; f'(z)=secztanux;
f"(z) = sec x + 2sec x tan® x;

f"(z) = secxtanz + 2secxtan® z + 4sec’ z tan z;
()

x) = sec z tan? :E—i-sec x+2secxtan :E—i-ﬁsec xtan® z

+ 12sec® ztan® z + 4 sec® .

Therefore f(0) = 1; f'(0) =0; f"(0) =1; f"(0) =0; f*(0) =5 so that

secr =1+ x—Q + 5i + ..
AT Ty
9. Let
(x) =sin""z; y'(z) = .
y - ) y - ma
z
" _
) (‘T) (1 . .’172)3/2
_ o dy
(1 —22)dx’
Therefore » p
Yy Yy
1— 2?2 — g2
( . )dac2 dzx 0



By the Leibniz rule, the n-th derivative of this equation is
(1= 2%)y""(2) = 2eny™ ' (2) — n(n - 1)y"(z) — 2y" " (z) — ny"(z) = 0.

Thus, at © = 0, we have

y"**(0) = n’y™(0)
Note also that y(0) = 0, 3'(0) = 1. It follows that all even coefficients are
zero, while 4" (0) = 3/(0) = 1 and 3*(0) = 3%y"(0) = 3% so that

1 $3 321.5
sin (:v):x—i—a—i— 5 + ...
10. Let
. R / m -
z) = sin(msin™ (z)); y'(r) = ——= cos(msin™ (z
V(o) = sin(msin™ (2); 4/(2) = 2 cos{msin™ (4)
2
y'(z) = % cos(msin™'(z)) — ﬁ sin(msin™'(z))
Therefore
" z ' m?
Ve Y Tl
or

(1—=2%y" —xy' + m?y = 0.

Now take the n-th derivative,
dTL
dx™

which, on use of the Leibniz rule, gives

dn
(1 —=2")y") - aon (xy") —m*y" =0

(1 - x2)y"+2 . anyn+1 o n(n - 1)2/” o xy"“ o nyn + m2yn — 0’

or
(1 —2*)y"™ — (2n + Day"™ + (m* — n?)y" = 0.

Set £ = 0. Then
y"*2(0) = (n® — m?)y"(0).

But y(0) = 0; 3'(0) = m therefore coefficients of all even powers of x are
zero. It also follows that y™(0) = m(1 —m?); 4°(0) = m(1 — m?)(9 —m?) so
that

m(l—m?) 5 m(l—m?)(9—m?) |

y(x):mx—l—Tx + = x” +




Radius of convergence R is

R = lim <w) = lim <("+2)("+1)) ~1.

n—00 y"“(O)n' n—00 n2 — m2

11. Let y = tanx then

d
Y o sec?z =1+ tan’z = 1 + ¢?
dx

Take n-th derivative and use Leibniz rule:
dn " (n\ dby dFy

n+l _ 2 _ g
Y dzn” Z;<k>¢ﬁdwzk

With n = 2 it follows that

y" =yy" + 24"y + yy"
so that, given y(0) = 0, ¥'(0) = 1, then 3" (0) = 2. Also, with n =4,
y' =y +4y'y" + 6y"y" + 4y"y + gy
so that y¥(0) = 16. Thus,

t +x3+2x5+
anz =+ —+—+...
3 15

As a check, use series expansions as in Sheet 2, question 4(f).

12. On use of the Taylor series formula,

2 o 2t
log(1 =5 - — 4+ — — — 4+ ...
og(ll+z)==x 5 + 3 1 +

[
log(l—2)= 2 -2 T T
og(l — z) T-o T3 T +

Therefore,

og(LE2) o (o B 42 4
8B\1-z)~ 375 )

Radius of convergence

R=lim|—| =




Take z = 1/4 so that =2 = 5/3 then
111\’
l =2 — — —
0g(5/3) <4 t3 <4) +

13. From Taylor expansions

1/1)\°
(= .| =0.5108.
5<4)+> 0.5108

h? h? ht
fla+h) = fla) + hf'(a) + 55 f(a) + 57 f (@) + 27 7 (a) + ..
h3

ht .
— S @)+ @) +

h2
fla=h) = f(a) = hf'(a) + 5 /" (a)
Subtracting these two equations and rearranging yields

f(a+h’)_f(a_h')_ ! h’2 m
57 —f(a)+€f (a)

while adding them and rearranging yields

fla+h)—2f(a) + fla—h)
h2

h?
:f”(a)_i_ﬁfﬂl(a).

This gives the required results.

Now let f(z) = sinz and h = 7w/12. Then, according to the above approxi-
mations,

sin(m/4 + 7/12) — sin(n/4 — 7/12)

= 0.6991
/6

fl(m/4) ~

while exact value is cos(m/4) = 1/4/2 = 0.7071. On the other hand

sin(m/4 +7/12) — 2/+/2 + sin(r/4 — 7/12)
(m/12)?

while exact value is —sin(7/4) = —1/v/2 = —0.7071.

f(m/4) = = —0.7031




