M1M1: Problem Sheet 7

Integration

1. Integrate the following functions of z:

x+1_ T :E—{—l_

() ;(0)

2. Use partial fractions to find the integrals of

1 T z? 1
(a) a:(2—3:v); (®) 22— 1 (€) 21 (d) z(xz? +1)

3. Use the method of integration by substitution to integrate:

e’ ) sinx 1
(CI,) T 1 1, (b) S]n2$COSLE; (C) m, (d) \/]_7_7_@27
1 sin x
€) —F/———; cosre .
© = ()

4. Use integration by parts to integrate:

(a) e®cosz; (b) logz; (c) x%cosz; (d) cos™' .

5. Integrate the following functions (using any appropriate method):

tan~!(z)
1+ 22

(a) V2 —1; (b) Ve (c) cosec z; (d)

1+ac;

Evaluate the following definite integrals:

w/2 dr w/2 dr
(€) / 5+4cosz’ (/) / (sinz + cos x)Q;
0 0

! dz 2 dz
(g)/o (14 22)3/2 Q /1 w2+ 3z +1




6. Show that

/” zdzx _7T/7T A
o l+cos?2z 2 ), 14+cos2x  23/2

7. Show that
4 dz T
= , a>1
0 O—COSZ az -1
8. If
1
F, = / z"e’dx
0
show that

Hence, evaluate

1
/ zte®dz.
0

*° 2
I, = / e dx
0

where n is a positive integer, show that

9. If

n
In—|—1 = §In—1-

o 2
/ e dz.
0

Hence, evaluate

10. Given that
un(x) = /x" cosxzdr, vu(z) = /:L'" sin zdz,

by performing a single integration, show that

un(z) = 2" sinx — nv, ()

vp(z) = —2" cosx + nuy,_1 ()

2



Hence, evaluate

/ 2 sin zdz.

/4
I, = / tan” xdz,
0

1
n—1

11. If

show that

I, = - In—?;

Hence, evaluate Is.

12. The integrals I(t) and J(o) are defined as

o dt
I(to) = / to > 0,

o Cosht + coshty’

o dt
J(tg) = —_— 0<ty <m/2.
(to) /OO cosht + costy’ o</

Using the substitution p = e?, or otherwise, show that

2%, 2,

I(ty) = ==, J(to) =

sinh¢,’ sinty

13. If .
In:/ 2"V14+xzdx, n=20,1,2,...
0
show that 3
1 2
<I, < ——,
n+1 n+1

and derive the recurrence relation

(3+2n)I, = 2°/2 — 2n1,_;.

Show that 2
2
In > T T o /A
n—+3/2
and hence that
nl, — V2.



