M1M1: Problem Sheet 7: SOLUTIONS

Integration

1. (a) Integrand is rational function, so put into partial fraction form:

1 1
/x—l— dxz/(l—i——)dx:x—i—logx—i—c.
x x
(b) Similarly,

x 1
/$+1daz—/<l—x+1)dx—x—log(x+1)+c.
(c) Also,

1 2
/$+ dx:/(1+ )dx::r+2log(x—1)+c.
-1 z—1

2. (a) Put integrand into partial fraction form:

dx 1 3 1 1
— P (2 ) = Clogzr— =~ log(2 — .
/x(2—3a:) /(2x+2(2—3x)) ylogw — 5 log(2 = 3z) + ¢

(b) This is a logarithmic derivative, so

zdx 1
— =1 21 )
/m2—1 2og(ac )+c

(c) Another logarithmic derivative,

x?dx 1
LT og(a® — 1) +c.
/a:3—1 3og(ﬂc )+c

(d) Put integrand into partial fraction form:

dz 1 x 1
@ (== — logz — - log(? .
/x(x2+1) /(:v :E2—|-1> BT og(z” +1) +¢

3. (a) Use substitution u = e,

e’ du
/ez+1x /u+1 og(u+1)+c=log(e®+1)+c

(b) Let u = sinz then

3 .3
. u sin® x
/51n2xcosxdac:/u2du: §+C: + c.

3



(c) Let u = cosz then

i d
/lj-ltjsxdx:_/lfu:_log(1+u)+c:_log(l'i'cosx)'i'c-

(d) Let x = sin @ then
cos 0df

dx
/\/1 —22 ] /1—sin20

(e) Let & = cosh 6 then

/\/%:/d0:9+c:coshl(x)+c.

(f) Let u = sinz then

=0+c=sin"!(z)+ec

/cos xedx = /e“du =e"+c=e""+c.

4. (a) On integration by parts twice,

I:/emcosxdaj: e’ cosx +/ezsinfcda:

= |e®coszx —l—{[ewsinx] —/ewcosxdac}

= |e®cosz| + [e“sinx] -1

Rearranging,

1
I = §e$ [cosx + sinx] }
(b) Similarly,

/log:vdx: [xlogx] —/%dx::c(]ogac—l)—f-c.



(c) On integrating by parts twice,

I = /x2 cosxdxr = [x2 sinx] - /2:(3‘ sin xdx
= [x2 sin x} - [—296 CoS x} - 2/c0s zdx

=22sinx + 2z cosx — 2sinx + c.

(d) On integrating by parts,

1 1 T 1
cos " xzdr = |xCcos x +/7dx::rcos z—V1—22+ec.
/ [ ] V1 — z2?

5. (a) Let £ = cosh 6,

hoo — 1 inh 2
/\/$2—1dx=/sinh29d0=/%d0:Sm4 9—g+c.

(b) Let u? =z,

2u? 2
\/Edm:/ Y du:/ 2 — du =2u —2tan tu+¢
14+x 14+ u? 14+ u?
=2yr —2tan" 'z +c.

(c) Use t = tan(z/2),

dz 1+1¢* 2dt dt
cosecrdr = — = —— = [ —=logt+c
sin 2t 1+1¢? t

= logtan(z/2) + c.

/tanlxdx_l tan 'z 2+c
1+22 7 2 '

(e) Use t = tan(x/2) and then ¢t = 3u,

2 4 L 2qt 3 6du 2 3 9
— — _— = —t -1 :—t _113.
EA 5+4cosw ASH%2 A 9(1 + u?) [3an 40 5 tan™(1/3)
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(d) By inspection




(f) Either use t-substitution, or note that
cos z + sinz = V2 cos(z — 7/4)

so that

w/2

/0”/2 ( dx _ /0 " % secX(z — 7 /4)dx = E tan(z — 7r/ﬁl)] =1

cos & + sin z)? 0

(g) Let z = tan#,

! dx ™/ sec? 6 /4 /4 1
" = do = — | _
/0 (1+22)3/2 /0 o3 0 /0 cos df [sm 0] 0 7

(h) Completing the square in the denominator,

/2 dx _/2 dx
L 22 +3z+1 J; (x+3/2)2—-5/4

Now let z +3/2 = %u, then integral becomes

2 [TVE gy 2 ngu( 1 1 ) L, 7—5
— —— = — = =—log| ——=|.
SBlss =1 VBl 2 \u—1 u+1)" V5 S\5+5

6. Substitute y = m — x then integral I becomes
T xdr O (m—y)dy T dx
I= — = ——— =7 — 1
o l+cos?z « l4cos?y o l+cos?x

Therefore
I E / 4 dz
2 )y 14cos?z’

Now use t-substitution ¢ = tan(x/2). This yields

7r /°° dt(1 + t?)
0

2 144

But, putting into partial fraction form yields,

7r/°°1< 1 N 1 )dt
2/ 2\2—V2t+1 #2+V2t+1/)
4



Completing the squares in the denominators gives

T [*1 1 1
5/0 5<(t—1/x/§)2+1/2 * (t+1/\/§)2+1/2)dt

Now substitute v = v/2(t — 1/4/2) in first integral and u = v/2(¢t + 1//2) in
the second integral to get

z/o“’z(ﬂdu N ﬂd“) - g[man—lu]‘”: .

2 2\14+u2 1+u2 0 23/2

7. Use t-substitution, ¢t = tan(x/2) to get

o 2dt Y 2dt
/0 ol +12) — 1+ ¢2 _/0 (a+ )2+ (a—1)
Now use substitution
Ja—1
a+1 t
so that integral becomes

2 a—1/°°a+1 du T
a+1)Va+1)y a—11+w2 Ja2—1

8. Define

1 1 1
F, = / z"e"dr = [m"e”] — / nz"le®dr = e — nF,_ ;.
0 0 0

Repeated use of this gives F; = —48 + 33e where we have exploited the fact
that

Fy = H —(e—1).

0

I, = /oo e ¥ dy = [—xn_leﬁro _n-t /oo " e " dy
0 2 0 2 0




On use of this,
I5 :2_[3 :211 =1.

10. Define
Wy, = Uy, + 1V,

Then, on integration by parts,
w, = /x"e”dm = [—ie”aﬁ”} +1in / " e dy
= —jz"cosx + 2" Sinx + inUpy_1 — NUp_1.
Equating real and imaginary parts gives
Up = T"SINT — NUp_1; Up = —T" COST + NUp_1.

On repeated use of this,

vy = —ztcosz + 4z sinx + 1222 cos x — 24z sinx — 24 cos .
11. Define
w/4 w/4 tan™ !
I, = / tan” zdr = / tan™ 2 (sec2 T — 1) xdx = {M] — 1, .
0 0 n — 1

On repeated use of this,
1
I5 = log \/_ - Z

12. Making use of the substitution p = e,

I(t)_/"" dp 2 _/°° 2dp
o= o p(+pt+2coshty) Jo (p+coshty)?—sinh®¢y

Now let
usinhty = p + cosh ¢y

then

i 2d 2 o 2t
/ . u2 = — [— cothl(u)} =2
cothto Sinhg(u? —1)  sinhtg sinh ¢

coth tg



In a similar way,

*© 2dp * 2dp
J(to) = 9 = 2 s 2
o P?+2pcosty+1 o (p+costg)? +sin”tg

The substitution

usinty = p + costy

leads to

%0 2dp 2 L1 2,
— N T cot " u = — .
cotto SIN o (1 + u?) sin tg sin ¢y

cot tg

13. For 0 <z < 1,

1<vVi+zx <2

so that

" <z™V1+z < NOYS

Integrating this inequality gives

1 1 1
/ "dr < / z"V1+zdr < / V2z"dz,
0 0 0

or

1 2
<In<—\/_.
n+1 n+1

Now, on integration by parts,

2 Yoo
I, = [—(1 + ac)?’/zx”] - / “ (14 2)%?dx
3 0 0o 3

25/2 ) 1
=3 - ?n (z"' — 2™)V/1 + xda.
0

Rearranging
(34 2n)1, = 2°/% — 2nl,_;.

Since I,,_; > 0,

B 25/2 _ 2nIn—1 25/2 . 23/2 B \/i
- 3+2n 3+2n " 3+2n  n+3/2

n



Therefore,

<I, <
n+3/2 n+1
or
2n <l < 2n
n+3/2 "M St

But the limit, as n — oo, of both upper and lower bounds is v/2 so

lim nl, = V2.

n—00



