M1M1: Problem Sheet 8: SOLUTIONS

First-order ordinary differential equations

1. (a) The equation,
dy 2z

dr  y+1

is separable, so solution is

/(y +1)dy = /Qxdac

v’ /2+y=12+c

or

(b) Equation is separable so solution is

dy

T4y :/(1+x)dx

72
log(l—f-y):x—f-?-i-c.

or

(c) Equation is separable so solution is
/ dy / dx
1+y J 24z

log(1+y) =log(2+x) +c.

or

(d) Equation is homogeneous so use substitution u = y/x in

dy _ 1+ (y/)
de  1—2(y/x)
and equation becomes
n du 1+u
U+r— =
de  1-2u’

which is separable so solution is
1—2u d
/ du = a
1+ 2u? x

/ 1 2u dx
— du = | —.
14+2u?2 1+ 2u? T

or




Second integral on left hand side is a logarithmic derivative. Now consider
the substitution /2u = t in the integral

/ du
14+ 2u?
and one obtains

du dt 1 1 1
_ = _— = — - 2
/1+2u2 NoAERE \/Etan (V2u) + ¢

so final solution is

1 1
— tan~!(v2y/z) — 3 log(1 + 2y*/2) = logz + c.

V2

(e) Equation can be written

dy =  y

dr  y «z

which is homogeneous. On use of the substitution u = y/z, equation becomes

zdu 1
YT TS
or
du 1
T W

w P
E = 2—532 = logl' + c.
(f) Equation can be written
d z?
dy _ oy
dv > =



so it is homogeneous. Use u = y/z,

n du 1 n
u+r—=—+u
dr  u?

which is separable so solution is

d
/qux - [
z

ud y?
3

or

:?:logx-i-c.

(g) Equation can be written

@:g_i_ey/w
dr =z

so it is homogeneous. Use u = y/z,

u U
u+r—=u-+e
dx

/e‘“du = d_:v
T

—e Y% = logz +c.

or

Solution is therefore

(h) Equation is homogeneous and can be written

dy 1 —u?
7 = +u
dr ~ u°
where u = y/x. Therefore
du e
Uu+r—=u++
dx u

which is separable so solution is

/ue”2d:r = d_x
T

3



or

éeyQ/wQ =logx +c.

(i) Equation is separable, so solution is

/ydy: /4log:vdx

%
5 =4 (zlogz — ) +c,

where we have used integration by parts to integrate the right hand side.

or

2. (a) Let y =t — x so that x =t —y. Then

dx_l_@_y—i-Q

dt ~ dt y+3
so that
dy _, y+2 _ 1
dt y+3 y+3
Integration yields
/(y+3)dy=/dt
or
y2
—+3y=t+c
2
or
(t—=)?

5 +3(t—x)=t+c.

(b) Let y =t + 2z so that x = (1/2)(y — t) then
dr _ 1 @_1 _1-y
dt 2\ dt Y

dy _ 1
dt y

or

thus
2

Y
e — t .
5 +c



Hence
(t + 2z)?

=t .
2 +c

3. (a) Equation is separable so
d
= — [ 2t
20 — 1

1
élog(Qa: —1)=t+c

or

Applying condition z(0) = 0 gives ¢ = 0.
(b) Equation is first-order and linear so use integrating factor e®:
d(e’x)
dt
Integration by parts on the right hand side gives

= te™ + e,

5 tef)t €5t e3t

xe —?—%+?+C

while condition that z(—1) = 0 implies

6 1

T 05e5 33

In summary,

(t)—f i+22t+ i L —5t
=575 73 2565 3¢3)C

(c) Equation is linear and integrating factor is

exp </ cot tdt) =sint.

Equation becomes

d in 2¢
o (a(t)sint) = S”; .
Integration yields
. cos 2t
rsint = — 1 +c.



Condition z(0) = 0 gives ¢ = 1/4 so

cos 2t 1
4sint  4sint

z(t) =

(d) Equation is linear with integrating factor (1 +#2)%2. Multiplying by this
factor gives

0+ 2)(0) = 511+ £

Integration yields
)1+ = (1+)"? + ¢

Condition z(1) = 2 gives ¢ = 0. Hence

() = (1+82).

4. Note that equation can be rewritten as

da:_a:+ey
dy 2

which is linear in the dependent variable z. It can be written as

dz_z _ ¢
dy 2 2
or /o
d eY
il —y/2y — 2
dy (aze ) 2

Integration yields
T = e+ ce¥/?,

5. On use of the substitution u = yx,

dy _ldu u
de  zdr 2
so that L4
0 U U
y(u-l—l)—l—x(l-i—u—i—u)(;%—?) =0



On rearrangement,

du
=01 Hr—.
u’ = ( —|—u+u)xdx

This is separable with solution

/d:r /1+u+u2
@[T g,
x u

1 1
0gr = ————
g 222y2

or

1
— — + log(zy) + c.
Ty

6. Equation is
rtanf dr

a2 —r2df

which can be rewritten as
rdr cosf
= ——d#.
a? —r? sin 0

1
~3 log(a® — r?) = logsin 6 + c.

Integration yields

But 7(7/4) = 0 so
¢ =log(v/2/a)
so final solution is
1 _ V/2sin 6
Va2 —r2 a

7. Let
Lo R
S dt
then
d_u_2_u_t4
dt t

which is linear. Integrating factor is t 2. So

i) =t



On integration,

u_t3

t—2—§+c.
Therefore

drR _t*

E—g—i‘ct .

Another integration gives

t6
= 3
R(t) 18+e +f

where e and f are constants.

8. First note that

dx dy 2
ydt xdt—Qty.
But
d (z\ 1ldr =xdy
dt<y>_ydt y? dt
or

o d (2N _ dv  dy
Ya\y) " Ya  Tar

The equation is therefore equivalent to

which integrates to

Zop +c
Y
where z(0) = 0,y(0) = 1 implies ¢ = 0. Hence z = —t?*y. We therefore have
dy 2
LA
dt *
which means
t3
= +t+é
Y 3 ¢
But y(0) = 1 implies ¢ = 1 so that
t3
s
t)=——7—1"—1
o(t) =



9. First note that, by the chain rule,

@R _dRd (dRY _d (1 (dRY’
dt2 dt dR\dt) dR\2\ dt '

On use of this, the equation becomes

d (1 /dR\? 1 (dR\?
14%(5(%) )ﬁ(%) -

Now let )
1 /dR
u=—-|—1 .
2\ dt
Then p p
U
1= Rﬁ +u= ﬁ(uR)
Integrating,
R=uR+c
where ¢ = 1 because © = 0 when R = 1. Therefore
1
=1- =
¢ R
or

1 (dR\* R-1
2\dt) R~
dR 2(R-1)
dt R
which is separable. Solution is

/\/gdl%z/\@dtzx/it-i-a

To do integral on left hand side, let

This can be written

R =sec?6

so that R — 1 =sec?’f — 1 = tan? 0 and

d
£ = 2sec? ftan h.



Then left hand integral becomes

| R _ 3
/ ﬁdR—/?SGC 0do.

But, on integration by parts,
/sec3 0df = /sec 0 sec’ 0df =
= [sec 6 tan 0} — / sec f tan” 6df
=secftanf — /sec f(sec?d — 1)do
which, on rearrangement, gives
2 / sec® 0df = sec f tan § + log(sec O + tan 6).

Therefore

VR(R—1)+log(VR+VR—1) = V2t +c

But when £ =0, R =1 so ¢ = 0. Final solution is

VR? — R+log(VR++VR—1) = V2t

10



