D. D. Holm Due November 24, 2009 M3/4A16 Geom Mech Part 1 1

M3/4A16 Assessed Coursework 2 Darryl Holm
Due in class Tuesday November 24, 2009

[#1] Reduced Kepler problem
Newton’s equation for the reduced Kepler problem for planetary motion is

. T
r+ﬁ:O, (1)

in which u is a constant and r = |r| with v € R3.

Scale invariance of this equation under the changes R — s*R and T — s*T in the units of
space R and time T for any constant (s) means that it admits families of solutions whose space
and time scales are related by T?/R® = const. This is Kepler’s Third Law.

[A] Show that Newton’s equation (1) conserves the quantities,

1 7
E = ~|ir-*
S (eneray),
L = rxrt (specific angular momentum).

Since, v - L = 0, the planetary motion in R3 takes place in a plane to which vector L is
perpendicular. This is the orbital plane.

[B] Use conservation of the magnitude L = |L| to show that the orbit sweeps out
equal areas in equal times. This 1s Kepler’s Second Law. FExpress the period in
terms of L = |L| and the spatial orbital parameters.

[C] The unit vectors for polar coordinates in the orbital plane are ¥ and 6. Show that these vectors
satisfy A
a4 ae : . L
d—;:90 and E:—Of, where Gzﬁ.

Show that Newton’s equation (1) also conserves the following two vector quantities,

K = r—%é (Hamilton’s vector),

J = rxL-—pur/r (Laplace-Runge-Lenz vector, or LRL vector) ,

which both lie in the orbital plane, since J-L = 0 = K - L. Hint: How are these two
vectors related? Their constancy means that certain attributes of the orbit, particularly, its
ortentation, are fixed in the orbital plane.

[D] From their definitions, show that these conserved quantities are related by

L? + S and J-K xL=K?L*=J? (2)
(—2E)  (—2E) ’

where J* := |J|?, etc. and —2F > 0 for bounded orbits.

[E] Choose the conserved LRL vector J in the orbital plane to point along the reference line for
the measurement of the polar angle 0, say from the center of the orbit (Sun) to the perihelion
(point of nearest approach, at mid-summer’s day), so that

r-J=rJcos=r-(t xL—pur/r).
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Use this relation to write the Kepler orbit r(0) in plane polar coordinates, as
B L? B lr
 p+Jcosf 1+ ecosf’

with eccentricity e = J/u and semi latus rectum [, = L*/u. The expression r(0)
for the Kepler orbit is the formula for a conic section. This is Kepler’s First
Law. How is the value of the eccentricity associated to the types of orbits?

r(6)

[F] Show that the period of the orbit is given by

T 2 CL3 ,u2
(%) T (-2Ep
The relation T?/a® = constant is Kepler’s Third Law. The constant is New-
ton’s constant.

[G] Make a table of the canonical Poisson brackets

among (qx, pr, (a4 - p), [, |p* a/lal).

{.}Y]« w»w p-a pF ld* a/ld
qk 0

Pk 0

P-q 0

Ip|? 0

lqf? 0
C]k/|Q| 0

(Which of these arise in computing {Jy, J;}?)
[H] Write the Poisson brackets among the set of quadratic combinations
Xi=laf20, Xo=[p*>20, X;=p-q, (4)

as an R3-bracket and identify its Casimir function.

Write the dynamics on X = (X1, Xy, X3) € R3 for the Hamiltonian of Kepler’s problem

H= %XQ — p/vX1. Any ideas about how to solve the resulting system?

[I] List all the canonical Poisson brackets among (q,p) with (H,L,J) given in these canonical
variables by

1.2 1%
= 5Pl — 7,
2Pl = 1g]

qxp,
= px(gxp)—puq/lq|
= —(q-p)p—2Hq.

P S e
|
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As a check, show that

Hal’,3} =axL, H{|pJ}=-paxL/laf, {(a-p).J}=pxL,

as well as 3{|q|?, J*} = L*(q - p).

[J] ’Fourth year, MSc and MSci students‘

List all the Poisson brackets amongst the components of the vectors L and J. Show that they
close amongst themselves. You may wish to recall that {q,L-£€} = €xq and {p,L-£€} = EXp
for any constant vector € € R3. Show that

{J, J*} = —4HJ x L =4HL*’K = —2H{L* J}.

K] ’Fourth year, MSc and MSct students‘
For bounded orbits, in which —2H > 0, set J/v/—2H = A
M=(L+A)/2 and N=(L—-A)/2,

then compute all the Poisson brackets amongst the components of the vectors M and N,
evaluated on a level set of H and using the conservation properties of Newton’s equation, that
{Ji,H} =0={L;, H} for the Hamiltonian H of Kepler’s problem.

To complete the transformation, solve for the Hamiltonian H in the new variables M and N.

Answer. [#1] Reduced Kepler problem

[A] E = 0 and L = 0 both follow easily by direct verification using Newton’s
equation for Kepler’s problem.

[B] Solution: We use L = 20 in computing the area swept out during
time t; to time t,, as

0(t2) ta ' ta
A= / srerd = / s (ro)dt = / sLdt = SL(ty — t1)
9(751) t1 t1

So the area swept out is linear in the duration ty —t,. This s
Kepler’s second law. For an elliptic orbit with semi-axes a and
b, the area (mab) and period (1') are related by

mab = %LT

So the period of the orbit satisfies

T 2_a2b2_a4(1—62)
or)  L*  L?

with eccentricity e > 0 defined by b?/a* = (1 — ¢?).
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[C]

[D]

The required relations for time derivatives of
# = (cosf,sinf) and @ = (—sinb,cosh)
follow from their definitions.

Conservation of Hamilton’s vector. Conservation of K follows from New-
ton’s equation and its conservation of L, with some additional geometry.

By using the relations,

Newton’s equation of motion (1) for the Kepler problem may be rewritten
equivalently as

75 S LN d(, /LA)
pum —_— _— p—— ——0 .
R R T

This equation implies conservation of the following vector in the plane of motion
K=r1- %é (Hamilton’s vector) .

The vector J in the plane is given by the cross-product of the two conserved
vectors K and L,

J=KxL=1ixL-put (Laplace-Runge-Lenz vector),
so it is also conserved. The vectors J, K and L are mutually orthogonal, with

L normal to the orbital plane.

From their definitions, these conserved quantities are related by
2 2
2 _ woJ
K*=2F+ Pk
Hence, J? = 2F L? + 1°.

Choose the conserved Laplace-Runge-Lenz vector J in the plane of the orbit as
the reference line for the measurement of the polar angle #. The scalar product
of r and J then yields an elegant result for the Kepler orbit in plane polar
coordinates. We are given

r-J=rJcos =r- (i xL—pur/r)=L*—pur,
which implies and expression for r(6)

B L? B [y
~ p+Jcos 1+ ecosf

r(6) with eccentricity e:=J/u.

As expected, the orbit is a conic section. The eccentricity e takes values
0 <e <1 for an ellipse, e =1 for a parabola and e > 1 for a hyperbola.
For bounded periodic orbits (for which —2E > 0) the formula for r(6)
describes an ellipse in polar coordinates that are centred at one of
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the two foci. This verifies Kepler’s First Law. The eccentricity of
the ellipse
22 2
PER
18 given by
62:J2//L2:1—b2/a2

and its half-width at a focus (the semi latus rectum) is given by
L =L*u=(1-¢e*)a=0b/a
Hence, J?> = 2FE L*? + p* tmplies (1 — J*/u?) = —2E(L?/u?), so that

1= —2B(a/u) or —28="

a
for elliptical orbits. (The sign changes to +2FE = p/a for hyperbolic
orbits.) The eccentricity vanishes (e = 0) for a circle and correspondingly

K = 0 implies that ¥ = 1 0/L.

[F] Solution: From previous parts of the problem, we know that

()

with b*/a*> = (1 — €?) for elliptic orbits and

2 72 2(1 _ o2
O A L e>:u(1—62)a

L
—2F —2F

after using ¢* == J*/u? and —2FE = p/a for elliptic orbits. There-

fore,
T\?> 3 M2
(ZJ T u (2Bp

The first equation is Kepler’s Third Law. The second equation
relates the period of the orbit to its energy.

[G] Let Iy, = 6 — qrqi/]al* be the projection operator so that ITyq = 0. The
Poisson brackets among (qx, px, (Q-P), |a|?, [P|%, gx/|a|) are given in the following
table. (Note semidirect product form!)

{1 ] a P P-q p al” a/|al
o 0 Okl qk 2pg 0 0
Pk — 0k 0 —Dk 0 —2qy —Hkl/fcﬂ
P-q —q 2 0 2|p|? —2|q 0
p> | —2p 0 —2|p]? 0 —4p-q —2ppIly/|q]
lqf? 0 20 2/q*  4p-q 0 0
7/ d 0 Ily/ldq| 0 2p I/ |q 0 0
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{3} ¢ qQ y4i P-q Ip|” af”
c 0 0 0 0 0 0
qr 0 0 Okl Qk 2Dk 0
Dk 0 —0w 0 —Dk 0 —2q
pq |0 —-a m 0 2lpl*  —2|qf?
Ip|? 0 —2p O —2/p? 0 —4p-q
lq|? 0 0 2q; 2lq/* 4p-q 0

All of these Poisson brackets arise in computing {J, J;}.
[H] The Poisson brackets among the X’s in (4) produce the vector field

X ={X,H} =VS5?x VH with Casimir S?=|q x p|* = X; X, — X2

One may also make the table of these Poisson brackets

{3 X X X

e X 0 4X; 2X,
X =1 %, | axy 0 —a2x,
Xy | —2X, 2X; O

For the Hamiltonian H = %XQ — ,u/Xfl/2 of Kepler’s problem, this yields

Xl j_ 2 ::5) X3

Xl = Xo X1 —2Xs| = | —puXpXx[?
y —3/2 —
X 25 G SR 1X, — X

These variable do not seem to be optimal for Kepler’s problem.
[I] The Poisson brackets of (q,p) with (H,L,J) given in canonical variables are:

OH
H f— —
{a, H} ap P
0H q
pa H = T ] = _:LL_7
{ J oq |q?
oL,
L = 3 = Ckimdm
{ar, Li} o €kim{
oL,
s L = — 3 = €kimPm,
{Pk z} dar klmP
0J;
{ar, i} = pr Peq — Or(a - P) + Pk — @)
= DPrq — 5kl(q : P) — €ktmLim ,
dJ; p
Jl = 2 — -5 2y . & -4 3
{pe, Ji} Dar (pkpz k:l|p|) FE (chﬂ kz|Q|)
with J; = qpl—ai=—m(a-p) and (prq — @up1) = — €xtmLm

ql
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[J] Poisson brackets amongst the components of the vectors L and J are, as follows.
(Note that sign of last term; —2H > 0 for bounded orbits.)

{Li, Lj} = Ez’jksz )
{L;, J;} = eijndk,
{Ji> J]} = _2H€z]kLk

Importantly, this means that
{Ji, J?} = —4HepJ; Ly = —4H(J x L); = —2H{L?, J;}.
Because {J;, H} = 0 we have the required check of this formula, that
(I (2= 2H L)) = {J i} = 0.

e Poisson brackets with the LRL vector J affect the shape of the ellipse, both
in its eccentricity (J?) and its latus rectum (L?), while preserving energy.

e Constancy of the LRL vector J and angular momentum vector L implies
that the shape and orientation of the planar orbit remain constant.

[K] For bounded orbits, —2H > 0 and Poisson brackets amongst the components
of the vectors obtained by setting J//—2H = A

M=(L+A)/2 and N=(L—-A)/2,
evaluated on a level set of H are:
{M;, M;} = €My,
{Ni, Nj} = Gijka>
{M;, N;} = 0.

Note that they split into two separate versions of the angular momentum Pois-
son bracket.

For these bounded orbits, in which —2H > 0 equation (2) may be rewritten as
the spherical condition

pra=typ_ Iy e >0 (5)
1 1 (—2H) ~
(on recalling that L - A = 0) and then (2) may be solved for the Hamiltonian
as
—9H 1 1 1 1 6
4p M2 MP+ M3+ M; N2 NP+ N3+ N3

So for these variables the Hamiltonian is just the reciprocal of the Casimir and
no dynamics occurs at all. Let’s look for a more interesting Hamiltonian in
these variables.
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[#2] Hamiltonian reduction by stages

[A]

[C]

[D]

[E]

Write Hamilton’s equations using the Poisson brackets
{Mi> Mj} = EijkMka {Ni, Nj} = €ijk Nk {Mi, Nj} =0,

among the components of the R? vectors M and N in the previous exercise.

Compute the equations of motion and identify the functionally independent conserved quan-
tities for the following two Hamiltonians

Hi =%2-(MxN) and H,=M-N. (7)

Determine whether these Hamiltonians have sufficiently many symmetries and associated
conservation laws to be completely integrable (i.e., reducible to Hamilton’s canonical equations
for a single degree of freedom) and explain why.

Transform the Hamiltonians in (7) from Cartesian components of the vectors (M,N) €
R3 x R? into spherical coordinates (0,¢) € S? and (0,¢) € S?%, respectively.

‘Fo'u,'r'th year, MSc and MSc1 students‘

Use the S' symmetries and their associated conservation laws to reduce the dynamics in
R3 x R3 to canonical Hamiltonian equations first on S* x S? and then on S? by a two-stage
sequence of canonical transformations.

Answer. [#2] Hamiltonian reduction by stages

[A] The Hamiltonian equations for this system are

. OH . OH
M—an—M and Nfoa—N

[B] The system with Hamiltonian H; conserves |M|?, |N|?* and L3 = Mjz + Nj.
The first two conservation laws reduce the problem to S? x S? and the last
one provides a further SO(2) symmetry under simultaneous rotation of each of
the spheres about its vertical 3-axis. As we shall see, this symmetry and its
conservation law are enough to reduce S? x S? to S? and thereby make the
system completely integrable.

[C] The system with Hamiltonian Hy conserves |M|?, |N|? and all the components
of L = M+N. These conserved quantities are not all functionally independent,
since

IL?=|M+N=|M”+ |N?+2M-N.

However, enough symmetry still remains for these equations to be integrated by
employing L3z = M3 + N3 and its associated SO(2) symmetry for simultaneous
rotation of each of the spheres about its vertical 3-axis. This symmetry reduces
its S% x S? phase space to S? and thereby allows it to be integrated as before.
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[D] The vectors M and N may be written in spherical coordinates (6, ¢) and (6, ¢),
respectively, as

M = (M17M27M3>T

= M(sin 6 cos ¢,sin fsin ¢, cos §)"
(Nh NQ, N3)T
N (sin @ cos ¢, sin 0 sin ¢, cos §)”

N

In terms of these variables we may write
H1 = M1N2 - M2N1 and H2 = M1N1 + M2N2 + M3N3 .

[E] Reduction S? x S? — S? may be accomplished by a canonical transformation
using conservation of |[M?, [N|?> and Ly = M3 + N3. The symplectic form on
S? x S? is given in spherical coordinates by

w= M?3dcosf Adp+ N*dcosO A dg. (8)
We transform to weighted sum and difference variables by

V2N = Ms+ Ny = Mcos+ Ncosf, V2a=M¢p+ N,
V2k = My — Ny= Mcos — N cos@, V28=M¢p— Ng.

This transformation is canonical and yields the new symplectic form,
w=dr NdB +d\Ndao. 9)

Expressing the Hamiltonians H; and H, in terms of these new canonical vari-
ables reduces the problem to the (x, ) phase plane, with motion parameterised
by the 3rd component of total angular momentum A\ and independent of its
canonically conjugate angle, a. In each case Hamilton’s canonical equations
separate into reduced dynamics on S?, plus reconstruction of the phase, a € S1,

,:i__a_H B_a_H )'\__a_H_O d_@_H
0B’ Ok S Oa O\
Reduced dy;lramics on S2 Reconstruction of the phase, a

Cultural background for so(4)

Ezxercise: Flow on O(4).

[A] Show that the flow of an orthogonal matriz in four dimensions satisfying OTO =
Idyxs may be represented by O(t) = e@tO(O), where U = O~'0(t) is a 4 x 4 skew-
symmetric matriz. (The matriz U = O‘lo(t) is the angular velocity of rotation
for rotations O(t) € SO(4).)




D. D. Holm Due November 24, 2009 M3/4A16 Geom Mech Part 1 10

Answer. The time derivative of O(t)7O(t) = Idsy4 yields U7 = —.
Any 4 x 4 skew-symmetric matrix may be represented as a linear combi-
nation of 4 x 4 basis matrices with three-dimensional vector coefficients

Q, A € R? in the form

0 —Q3 Q5 -\

Q3 0 - —A

—QQ Ql 0 —A3
A Ay Aj 0

U = —Q-J+A-K=Q,J, + M.

This is the formula for the angular velocity of rotation in four dimen-
sions.
A

[B] Write a basis for the 4 x 4 skew-symmetric matrices. Hint: add a row and column
to the 3 x 3 basis.

*

Answer. The 4 x 4 basis set J = (J1, Jo, J3)T and K= (Ki, Ky, K3)T consists of
the following six linearly independent 4 x 4 skew-symmetric matrices, J,, K, with

a,b=1,2,3,
00 0 0 000 —1
~ 00 —1 0 N 000 0
=101 0 ol B1=looo0 o]l
00 0 0 100 0
0 010 000 0
~ 0 000 N 000 —1
2=1_1000| ®=looo0 o]
0 000 010 0
0 -1 0 0 000 0
~ 1 0 00 . 000 0
B=10 0 0ol =000 -1
0 0 00 001 0

The matrices j; with a = 1, 2, 3, embed the basis for 3 x 3 skew-symmetric matrices

into the 4 x 4 matrices by adding a row and column of zeros. The skew matrices I?a
with a = 1,2, 3, then extend the 3 x 3 basis to 4 x 4. A

Commutation relations. The skew matriz basis ja, [?b with a,b = 1,2, 3, satisfies the commu-
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tation relations,

[Jas ] = Tady = Jodo = €anerle
[j\ k ] = j\a/\b_ Ab:]\azeabckcv
[[?aa [/(\—b] = [?a[/(\—b - [?b[?a = 6abcj\c-

These commutation relations may be verified by a series of direct calculations, as [jl, j\Q] = j;, etc.

Hat map for 4 x 4 skew matrices. The map above for the 4 X 4 skew matrizx v may be written
as

V=0 -J4+A-K=Q,J, + VK, sumon a,b=123.
This map provides the 4 x 4 version of the hat map, written now as (-)” : R? x R® — so(4).
Here so(4) is the Lie algebra of the 4 x 4 special orthogonal matrices, which consists of the 4 x 4
skew matrices represented in the siz-dimensional basis of J’s and K ’s.

Commutator as intertwined vector product. The commutator of 4 X 4 skew matrices cor-
responds to an intertwined vector product, as follows. For any vectors Q, A, w, A € R3, one has

[Q-f+A~I?,w-f+)\-f(}
:(waJrAx/\)-jJr(Qx/\—Axw)-lA(.

Matrixz pairing as inner product of vectors.
Likewise, the matriz pairing (A, B) = tr(ATB) is related to the vector dot-product pairing in

R3 by
<Q-f+A-f(,w-f+A-f(>:Q-w+A-A.

That 1is,
<<Z17j;)>:5ab:<l?aakb> and <‘fa7l/€b>:0'
Hamiltonian form on so(4)*.
As for the Kepler problem, the equations of motion on so(4)* may be expressed in Hamiltonian

form as
d [TI|  |IIx ZEx| [6h/dII 10
dt |Z| ~ |Ex IIx| |6h/0=|" (10)

The corresponding Lie-Poisson bracket is given by

(6 51 _(6f _oh sh_of
U b= -1 <6H 5H+6_ 5_> = <5H e 511 5_>

The Hamiltonian matriz (10) has two null eigenvectors for the variational derivatives of Cy =
IT1)? + |Z|* and Cy = 11 - Z. The functions Cy, Cy are the Casimirs of the so(4) Lie-Poisson
bracket. That is {Cy, H} =0 = {Cy, H} for every Hamiltonian H (11, Z).

Manakov integrability
Show that the rigid body motion on SO(4) governed by the two Hamiltonians in equations (7)
both satisfy Manakov’s criteria for complete integrability and write the matrices A and B in their

integrable deformations.
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[#3] Modulation equations
The real 3-wave modulation equations on R3 are

X1 =-XoX;5, Xo=-X:X1, X3=+XX,.
[A] Write these equations using an R® bracket of the form,
X =VC x VH,

where level sets of C' and H are each circular cylinders.

Characterise the equilibrium points geometrically in terms of the gradients of C' and H. How
many are there? Which are stable?

[B] Choose cylindrical polar coordinates along the axis of the circular cylinder that represents the
level set of C' and restrict the R3 Poisson bracket to that level set.

[C] Write the equations of motion on that level set. Do they reduce to something familiar?

D] ’Fourth year, MSc and MSci students‘

For any closed orbits on the level set of C, write formulas for its geometric and dynamic
phases.

Answer. [#3] Modulation equations

The real 3-wave modulation equations on R? are

X1 = —-X0 X3, Xz = —-X3X, X3 = +X1X;.

[A] These equations may be written in the R?® bracket form as,
: 1 1
X=VC xVH = Vé(Xf + X3) x Vi(XQ2 + X3,

where level sets of C' and H are circular cylinders, oriented along the X, and
X1 axes, respectively.

Characterise the equilibrium points geometrically in terms of the gradients of
C and H. How many are there? Which are stable?

Equilibria occur at points where the cross product of gradients VC' x VH
vanishes. In the orthogonal intersection of two circular cylinders as above, this
may occur at points where the circular cylinders are tangent, and at points
where the axis of one cylinder punctures normally through the surface of the
other. The elliptic cylinders are tangent at one Zy-symmetric pair of points
along the X3 axis, and the elliptic cylinders have normal axial punctures at two
other Zs-symmetric pairs of points along the X; and X, axes. There is a total
of 6 equilibrium points. 4 are stable and 2 are unstable.

[B] Cylindrical polar coordinates are chosen along the axis of the circular cylinder
level set of C' by writing (X, X3) = (—rcos@, rsinf). Thus,

X7+ X7 =r*(cos* 0 + sin® ) = 2C
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Thus,

2

d3X:—dX2/\dX1/\dX3:dXQ/\d%/\dﬁde/\dQ/\ng

Restricting the R3 Poisson bracket to a level set of C' yields
{F, H}d*X = dC AN {F, H}cdf A dX,
where on a level set of C,

OF OH OH OF
{F7 H}C—%@—&—Wa—)@ so that {6, X2}C—1.

[C] The Hamiltonian H on a level set of C' is given by
Lo L2
H = §X2 +2Csin" 0.

The equations of motion on a level set of C' are given by

db o0H dXs oOH )
E_(?_Xg_ 5 W_—%——QCSIDQCOSQ

These reduce to the pendulum equation,

2
(fl—tf:—Csin%.

[D] ’Fourth year, MSc and MSci students‘

The geometric phase for any closed orbit on the level set of C' is the integral

1 1
A¢geom - E/Ade N dX2 - —5 A ngé’,

by Stokes theorem. Here A is the area enclosed by the solution orbit dA on a

level set of C'. Then

1 . 1 o0H
A = —— Xo0(t)dt = —— Xo——dt
¢geom C oA 2 () C oA 28X2
1 . 5 2T
= =-Z 8A2H—4051n 0dt = C’<H 20<V>),

where
1

<V> = = féA 20 sin? §(t) dt

is the average of the potential energy over the orbit.

The dynamic phase is given by the formula,
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Abiy = féA <X29+c¢3)dt

1 oOH oOH
= ajéA (XQa—XQ + 055 )d

1

= — X3 +2Csin® 0 dt
C Joa

= L 2H — 2C'sin* 6 dt
C Jaa

- l-e(v))

where ¢ is the angle conjugate to C' and T is the period of the orbit around
which the integration is performed. Thus, the total phase change around the
orbit is

Adror = Adayn + Abgeom = 2T<V> .

[#4] 2D coupled oscillators
Consider the 2D oscillator Hamiltonian H : C* — R, with complex 2-vector a = (a1, as) € C?
and constant frequencies wj,

2
1 1 1
H = E ij]ajﬁ = Z(wl + WQ)(|CI1‘2 + ]a2|2) + Z(wl — w2>(|&1’2 — ‘ag‘z) .
j=1

[A] Compute its canonical Hamiltonian dynamics with
{(Ij, CLZ} = —225]k
Explain why this is the sum of a 1 : 1 resonant oscillator and a 1 : —1 oscillator.
[B] Find the transformations generated by X,Y,Z, R on ay, as, where
R = |a|* +asf?,
Z = |af —|asf?,
X —1Y = 2aa;,

are the S' invariants of the 1 : 1 resonance. Express these infinitesimal transformations as
matriz operations and identify their corresponding finite transformations.

[C] For the starting Hamiltonian,

w W
H = 71(R+Z)+§(R—Z)
1 1
= 5(001 +wp) R+ 5(601 —wy)Z,
write the equations X,Y,Z, R for the S* invariants X,Y, Z, R.

Write these equations in vector form, with X = (X,Y, Z)T, and describe this motion in terms
of level sets of the Poincaré sphere and the Hamiltonian H.
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[D] ‘Fourth year, MSc and MSci students‘

[E]

Re-do this problem for the same Hamiltonian, but using the 1 : —1 invariants

S = |af’ —asf,
Vi = Jail* + a2l
YVQ + ZYEg = 2&1(12 N
for which level sets of S* satisfy
Yy + Y5 = dlar?|asf? = Y - 52,
as hyperboloids of revolution around the Y:-axis.
Ezpress the starting Hamailtonian as

1 1
H = 5(0)1—0—&)2)}/14‘5((,01—&)2)5,

in terms of the 1 : —1 invariants and write the equations of motion in vector form, with
Y = (Y1, Y2, Y3)".

Describe this motion in terms of level sets of the Hamiltonian H and the hyperboloids along
the Y1 -axis parameterised by S.

‘Fourth year, MSc and MSc1 students‘

The Hamiltonian C?* — R for a certain 2 : 1 resonance is given by
H = 3|a1|* — |agf* + 3Im(a}%ay)
in terms of canonical variables (ay,a}, as,a) € C* whose Poisson bracket relation is
{a;, a1} = =2id, for j k=1,2.
is invariant under the 2 : 1 resonance S* transformation

a; — €% and ay — €%°.
a Write the motion equations in terms of the canonical variables (ay,al, as,a}) € C?
b Introduce the orbit map C?> — R*
7 (ay,a],a9,a3) - {X,Y,Z, R)} (11)
and transform the Hamiltonian H on C? to new variables X,Y,Z, R € R* given by
R = %|CL1|2 + |CL2|27
Z = glaf’ —laof?,
X +iY = 2a%ay,
that are invariant under the 2 : 1 resonance S transformation.

¢ Show that these variables are functionally dependent, because they satisfy a cubic alge-
braic relation C(X,Y,Z, R) = 0.
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d Use the orbit map C?> — R* to make a table of Poisson brackets among the four quadratic
2 : 1 resonance S'-invariant variables X,Y, Z, R € R*.

e Show that both R and the cubic algebraic relation C(X,Y,Z, R) = 0 are Casimirs for
these Poisson brackets.

f Write the Hamiltonian, Poisson bracket and equations of motion in terms of the variables
X =(X,Y,Z2)" e R3.

g Describe this motion in terms of level sets of the Hamiltonian H and the orbit manifold
for the 2:1 resonance, given by C(X,Y,Z, R) = 0.

h Restrict the dynamics to a level set of the Hamiltonian and show that it reduces there to

the equation of motion for a point particle in a cubic potential. FExplain its geometrical
meaning.

1 Compute the geometric and dynamic phases for any closed orbit on a level set of H.

Answer. [#4] 2D coupled oscillators

The 2D oscillator Hamiltonian H : C* — R, with complex 2-vector a = (ay, as) € C?
and constant frequencies wj,

2
1 1 1
H = 5 jzle'|aj‘2 = Z(wl + CUQ)(|CL1|2 + |CL2|2) + Z(wl — wg)(|a1|2 — |a2|2) .

[A] The canonical Hamiltonian dynamics with {a;, a;} = —2id;; is

4

2
1 1 1
H = §;Wj|aj|2 = Z(Wl + ws) (|a1\2 + |a2|2) + (w1 — wy) (|a1\2 - ’a2|2)
= 1 : 1 resonance 1 : —1 resonance

This is the linear combination of Hamiltonians for a 1 : 1 resonant oscillator
and a 1: —1 oscillator.

[B] The infinitesimal transformations generated by X,Y,Z, R on ay, as, are

.OR ‘
Xpra; = {aj’R}:_QlﬁTL;f:_Qzaj’
XZCL1 = {al,Z}:—2ia1, XZaQI{GQ,Z}:Qiag,
XXal = {alaX}:_QiaQ, XXCLQ:{GQ,X}:—2’é(Il,

Xyay = {a,Y} = —2as, Xyas ={az, Y} =2a; .

These infinitesimal transformations may be expressed as matrix operations,

[ ay | (1 0 a .
X a; = —n ( 0 —1 ) [ a; ] or Xza= —2i03a,

_al_ . . 0 1 aq i .
XX_ag_ = —2@(1 0) {az} or Xxa= —2i0;a,

_al_ . . 0 —2 aq o .
Xy_a2- = _22<i 0 ) |:(12:| or Xya=—2i05a.
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[C]

[D]

From these expressions, one recognises that the finite transformations, or flows,
of the Hamiltonian vector fields for (X,Y, Z) are rotations about the (X,Y, Z)
axes, respectively.

For the Hamiltonian,

H=22(R+2)+2(R-2)
2 2

1 1 (12)

= §(w1 +wy)R + 5((«01 —wq)Z ,

the equations X,Y, Z, R for the S! invariants X,Y, Z, R of the 1 : 1 resonance
may be written as

F={F H}
which produces

. . . 1 . 1
R=0=17, Xzi(wl—wg)Y and Y:_i(UJl—UJQ)X.

In vector form, with X = (XY, Z)7 this is

X:%<w1 —UJQ)XX Z,
where Z is the unit vector in the Z-direction (cosf = 0). This motion is
uniform rotation in the positive direction along a latitude of the Poincaré sphere
R = const.
This azimuthal rotation on a latitude at fixed polar angle on the sphere occurs
along the intersections of level sets of the Poincaré sphere R = const and the

planes Z = const, which are level sets of the Hamiltonian for a fixed value of
R.

’Fou’rth year, MSc and MSc1 students‘

The following are quadratic 1 : —1 invariants: |a1|?, |az|?, a1as, alal.
Then the following linear combinations of these are also invariant

S = lai|* — |azf,

Vi = |asf? + Jaal?, (13)

Yé + ZYEJ, = 2&1&2 .
Thus,
YE+ ¥ = Al Plasf = Y2 - 52

and the level sets of the orbital manifold are the hyperboloids of revolution
around the Yj-axis parameterised by S. That is,

SP=VP Y-V, (14)

We remark that:
S = |a1|? — |as|* = const is an hyperboloid in both C? and R3.
Y) = |a1]? + |az|? = const is a sphere S® € C?, and it is a plane in R3.
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One may write the starting Hamiltonian as,
1 1
H = E(wl +CL)2>}/1 + 5(&)1 — wg)S,

in terms of the 1 : —1 invariants and thereby write the equations of motion in
vector form, with Y = (Y1, Y, ¥3)T.
For the 1 : —1 resonance Hamiltonian H = Y7, the evolution of S, Y5, Y3 is
described by R R
Y=VS?xY;=2Y; xY (15)
S={S H}=0,
Yi={,H}={","1} =0,
Yo = {Yo, H} = {5, Y1} = —2V5,
Yy = (Y3, H} = {Ya, 11} = 2V

Thus, Y5 and Y3 rotate clockwise around the Yj-axis in a plane at Y; = const.

(16)

[E] ’Fourth year, MSc and MSci students‘

The Hamiltonian C? — R for a certain 2 : 1 resonance is given by

H = 3la1[* — [ao|* + 3Im(a;’ay) , (17)
a Write the motion equations in terms of canonical variables, by using the
bracket relation, {a;, ap} = —2idy.
oOH
a = {a, H} = -2 = —iay + ajasy,
1 {a1, H} oa 1 102
0OH 1
as = {as, H} = =21 = 2iay + —a?.
2 = {a 0l das SR
b Transform the motion equations to the 2 : 1 invariants (X,Y, Z, R) given
by,
R = jlaif* +asf*,
Z = jlai|* —lasf*,

X +iY = 24 a,.

e In these variables, the Hamiltonian (17) is given by

H=Y +7 <+ ShouldbeH:iY—kH.

e The variables (X, Y, Z, R) satisfy the functional relation
X 4V = X2 +Y?
= 4ay|* |ag*

=2(R+2)(R-2),
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which defines the orbit manifold for 2 : 1 resonance,
C(X,Y,Z, R) =X*+Y>-2(R+Z2)*(R-2Z)=0. (18)

This is a cubic of revolution defined along an interval of the Z-axis.
¢ Write the motion equations in vector form, with X = (X,Y, Z)7, and de-
scribe this motion in terms of level sets of the Hamiltonian H and the orbit
manifold for the 2:1 resonance, given by

X =V(C x VH
X X Y /
Y| = [2X 2Y —2(R+Z)(R-32)
A 0 1 1
Y+ (R+Z)(R-32)
= 2 -X
X

The motion takes place in R? along the intersections of constant level sets of
the plane H = Y + Z and the surface C(X, Y, Z, R) = 0, where R = const.

d Write the solution through the origin analytically and explain its geomet-
rical meaning.

The solution through the origin has R = 0, so that

X Y — 322 H-Z7Z-32
Y| = 2| -X | =2 -X
Z X X

Hence, )
37 =2H 27 —62°

which has a first integral (total energy)
1728+ 72+ 273 — HZ = const

which is then solved the usual way. (This approach works just as well when

R#0.)

Ezxplain why the left and right S' reductions form a dual
paair.




