
Mathematical Methods Spring Term 2019

Answers to Problem Sheet 7

1.
L =

m

2
ṙ · ṙ + qṙ ·A(r, t) − qφ(r, t).

Expanding out the dot products the Lagrangian can be written

L =
m

2

(
ẋ2 + ẏ2 + ż2

)
+ q (Axẋ+ Ayẏ + Az ż − φ) .

Therefore
∂L

∂ẋ
= mẋ+ qAx.

To obtain the Lorentz force law one must regard φ, Ax, Ay and Az as
arbitrary functions of x, y, z and t. Accordingly,

∂L

∂x
= q

(
∂Ax

∂x
ẋ+

∂Ay

∂x
ẏ +

∂Az

∂x
ż − ∂φ

∂x

)
and

d

dt

(
∂L

∂ẋ

)
= mẍ+ q

dAx

dt
= mẍ+ q

(
∂Ax

∂x
ẋ+

∂Ax

∂y
ẏ +

∂Ax

∂z
ż +

∂Ax

∂t

)
.

This gives

d

dt

(
∂L

∂ẋ

)
−∂L
∂x

= mẍ+q

[
∂φ

∂x
+
∂Ax

∂t
+

(
∂Ax

∂y
− ∂Ay

∂x

)
ẏ +

(
∂Ax

∂z
− ∂Ax

∂z

)
ż

]
= mẍ+ q[−Ex −Bzẏ +Byż] = 0,

which is the x-component of the Lorentz force law. Similarly, the other two Euler-
Lagrange equations yield the y and z components of the Lorentz force law.

2.

1



 3. i) L(q′1, q
′
2, ..., q

′
n, q̇

′
1, ..., q̇

′
n, t) = L(q1, q2, ..., qn, q̇1, ..., q̇n, t)

+
n∑

i=1

(
∂L

∂qi
εQi(q1, q2, ..., qn) +

∂L

∂q̇i
ε
d

dt
Qi(q1, q2, ..., qn)

)

Now pi = ∂L/∂q̇i and the Euler-Lagrange equations can be written as
ṗi = ∂L/∂qi. Accordingly

L(q′1, q
′
2, ..., q

′
n, q̇

′
1, ..., q̇

′
n, t)−L(q1, q2, ..., qn, q̇1, ..., q̇n, t) = ε

d

dt

n∑
i=1

piQi(q1, q2, ..., qn).

2

If the Lagrangian is invariant under the transformation

n∑
piQi(q1, q2, ..., qn)

i=1

is a constant of the motion.

ii) Apply Noether’s theorem with q1 = x, q2 = y, Q1 = y = q2,
Q2 = −x = −q1 then

p1Q1 + p2Q2 = ypx − xpy

is a constant of the motion. This is conservation of angular momentum
Lz = xpy − ypz.

The transformation is an infinitesimal rotation about the origin. Any
Lagrangian that is rotationally invariant has this symmetry (eg. the
Kepler problem) and associated conservation law.
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