
1. (i) Formulate necessary conditions of structural stability for systems of autonomous

differential equations on a plane.

(ii) Show that the system





dx

dt
= x + y − x2 + y2

dy

dt
= −2x− y + xy

is structurally unstable, and that the

system





dx

dt
= 2x + y − x(x2 + y2)

dy

dt
= −x + 2y − y(x2 + y2)

is structurally stable.

(iii) Is the system





dx

dt
= xy

dy

dt
= 1− y2 − x2

structurally stable or not? Explain why.

2. (i) Draw the bifurcation diagram for the Andronov-Hopf bifurcation with a zero first

Lyapunov value and a negative second Lyapunov value. Describe bifurcation curves

and indicate which types of different dynamical behaviour correspond to the bifurcation

curves and the regions between them.

(ii) Determine how many periodic orbits can be born from the zero equilibrium as ε becomes

non-zero:





dx

dt
= εx + y

dy

dt
= −x + y2

3. How many equilibria and periodic orbits can be born from zero equilibrium at bifurcations of

the following systems:

(i)





dx

dt
= y,

dy

dt
= −x + yz,

dz

dt
= −2z + y2,

(ii)





dx

dt
= x− z + y2,

dy

dt
= x− 2y + z + y2 + 2x2z,

dz

dt
= −2x + 2y + z2 − y2



4. The curve {y = ±x
√

1− x (x ∈ (0, 1]), z = 0} is a homoclinic loop of the system



dx

dt
= −x + 2y + x2,

dy

dt
= 2x− y − 3x2 +

3

2
xy,

dz

dt
= −3z.

(i) What is the maximal possible number of periodic orbits that can be born from this loop

at the bifurcations of this system?

(ii) What is the maximal possible number of periodic orbits that can be born from the

homoclinic loop at the bifurcations of the following system:



dx

dt
= x− 2y − x2,

dy

dt
= −2x + y + 3x2 − 3

2
xy,

dz

dt
= −z
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