Probabilities for events

For events A, B, and C P(AUB) = P(A)+ P(B)—P(ANDB)

More generally P(U A;) = S P(A)—>XPANA)+>XPANANA) —
The odds in favour of A P(A)/ P(4)

Conditional probability P(A|B) = P(;l(;)B) provided that P(B) > 0
Chain rule P(ANBNC) = P(A)P(B|A)P(C|ANDB)
Bayes' rule P(A|B) = P(4) P(B| 4)

— P(A)P(B|A) + P(A)P(B|A)

A and B are independent if P(B| A) = P(B)

A, B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(AnB) = P(A)P(B), P(BNnC) = P(B)P(C), P(CnA) = P(C)P(A)

Probability distribution, expectation and variance

The probability distribution for a discrete random variable X is the complete set of

probabilities {p,} = {P(X =)}

Expectation E(X) = p = Y zp,

x

Sample mean T chk estimates . from random sample x1,2s,..., 2,
i

SEES

Variance var (X) = o2 = E{(X —p)?} = E(X?) — u? where E(X?) = prm

{(
, s 1 9 1 2 , 2
Sample variance s° = 1 T, — — ij estimates o
n— n

J

k
Standard deviation sd(X) = o

If value y is observed with frequency n,
n=>ymn,, > zp=.yn,, . Tp=Y y’n,
Y k Y k Y
For function g(z) of z, E{g(X)}=>_g(z)p
1 —T\3
is estimated by — > (xz x)
n _

AN 1 -
M) —3 s estimated by — > (wZ
n J—

X — 3

=

Skewness (3, = E(

Q

S

Q

Kurtosis [y = E(



Sample median 7. If the sample values xy, ..., z, areordered z(;) < z(p) < -+ < 7

n)

T = Ly ifnisodd, and Z = %(m(%) + CE(nTH)) if n is even.
a-quantile Q(«) is such that P(X < Q(a)) = «

Sample a-quantile Q(a) is the sample value for which the proportion of values < @(a) is

a (using linear interpolation between values on either side)

The sample median T estimates the population median Q(0.5).

Probability distribution for a continuous random variable

The cumulative distribution function (cdf) F(z) = P(X <z) = /I f(zo)dxg

The probability density function (pdf) flz) =
MX)Zu::/

[e.9]

oomf(x)dx, var (X) = o = E(X?) — i2

Discrete probability distributions

Discrete Uniform  Uniform (n)

pe=— (z=12...,n) p=3m+1), o® =50 -1

Binomial distribution Binomial (n, )

Dz = (n) °(1—-0)"" (z=0,1,2,...,n) p=mnb, o?=nb(l—0)
T
Poisson distribution Poisson ()
e A _ 5
P = (x=0,1,2,...) (with A > 0) p=>A, o=\

Geometric distribution Geometric ()

pe=(1—-07""19 (z=1,2,3,...) u:; Hzlée
Continuous probability distributions
Uniform distribution Uniform (a, 3)

. e @<e<B), p=laid), P=B-ay

0 (otherwise).



Exponential distribution Ezponential ()

Ae™A (0 <z < 00), p=1/X,
0 (—o0 <z <0). o? =1/\%.

Normal distribution N (u,o?)

flz) = \/%eXp{ -

(m;u)z} (—o0 < x < )
E(X)=p, var(X)=o"

DN | —

Standard normal distribution N (0, 1)

—
g

X
If X is N(u,0?), then Y = is N(0,1)

Reliability

For a device in continuous operation with failure time random variable 7' having pdf

f@) (t>0)

The reliability function at time ¢ R(t) = P(T>t)

The failure rate or hazard function h(t) = f(t)/R(t)

The cumulative hazard H(t) = /Ot h(to)dty = —In{R(t)}
The Weibull(a, 3) distribution has H(t) = pt*

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P("device i operates”)

The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(DyNDyN---NDy)=RRy--- Ry
A system of devices in parallel operates if any device operates

R=P(D;UDyU---UD) =1—(1—Ry)(1—Ry) - (1 Ry)

Covariance and correlation

The covariance of X and Y cov (X,Y) = EXY)-{EX)H{EY)}



From pairs of observations (z1,41), ..., (Zn,Yn) Sz = Z Trye — —( sz)( Z Yj)
k no j
S _ 2 1 2 S _ 2 1 2
= Zxk——(in) ) vy Zyk_*(zyj)
k no k noy
. 1 .
Sample covariance Sy = 7 Syy  estimates cov (X,Y)
n —
. XY
Correlation coefficient p = corr(X,Y) SdC(O;,)( d ()Y)
. . Sy .
Sample correlation coefficient r = ————— estimates p

vV SaaSyy

0. Sums of random variables

E(X+Y) = EX)+E®Y)
var (X +Y) = var(X)+var(Y)+2cov(X,Y)

cov(aX +0bY, cX+dY) = (ac)var(X)+ (bd)var(Y) + (ad + bc) cov (X,Y)

If X is N(u1,0%), Y is N(ugz,03), and cov (X,Y) = c,
then X +Y is N(uy + p2, 02 + 02 + 2¢)

10. ‘ Bias, standard error, mean square error ‘

If t estimates 6 (with random variable T giving t)
Bias of ¢ bias(t) = E(T)-#6
Standard error of ¢ se (t) = sd(7)
Mean square error of t MSE(t) = E{(T —0)?} = {se(t)}* + {bias(t)}?
If T estimates p, then bias(T) =0, se(T)=oc/y/n, MSE(Z)=o0?/n, se (T)=s/v/n

Central limit property if n is fairly large, T is from N(u, 0%/n) approximately

11. | Likelihood

The likelihood is the joint probability as a function of the unknown parameter 6.
For a random sample z, o, ..., 2z,
00; z1,x9,...,2,) = P(X;i=a21]6) -+ P(X, =x,|0) (discrete distribution)

00; z1,x9,. .., 2,) = f(z1]0)f(z2]0)--- f(zn|6) (continuous distribution)

The maximum likelihood estimator (MLE) is § for which the likelihood is a maximum.




12.

13.

14.

Confidence intervals

If x1,79,...,2, are a random sample from N(u,0?) and o2 is known, then

the 95% confidence interval for pis (T — 1.96-—
n

The 95% confidence interval for p is (T — tg

Standard normal table

\/_7

If 02 is estimated, then from the Student t table for t,,_; we find ¢, = tn—1,0.05

S

N

S
T+ 1o

o
T+ 1.96—
T+ \/ﬁ)

ﬁ)

Values of pdf ¢(y) = f(y) and cdf ®(y) = F(y)

y oly) @(y)

Y

o(y) 2(y)

y  P(y)

00N o Gt A W R O
o
S
30

9
1.0
1.1
1.2
1.3
14
1.5
1.6
1.7

.266 .816
242 841
218 .864
194 .885
171 .903
150 919
130 .933
A11 0 .945
094 955

1.8
1.9
2.0
2.1
2.2
2.3
24
2.5
2.6

079  .964
066 971
054 977
.044 982
035 .986
028 .989
022 .992
018 .994
014 995

2.8 997
3.0 998
0.841 .8
1.282 .9
1.645 .95
1.96 .975
2.326 .99
2.576 995
3.09  .999

Student t table

Values t,,, of = for which P(|X| > z) = p, when X is t,,

p .10 .05 .02 0.01 p .10 05 .02 0.01
m 1 631 12.71 31.82 63.66 | m 9 183 2.26 2.82 3.25
2 292 430 696 9.92 10 1.81 223 276 3.17
3 235 318 454 584 12 178 218 2.68 3.05
4 213 2.78 3.75 4.60 15 1.75 213 2.60 2.95
5 2.02 257 336 4.03 20 1.72  2.09 253 2.85
6 194 245 3.14 3.71 25 1.71 2.06 2.48 2.78
7 189 236 3.00 3.50 40 1.68 2.02 242 270
8 1.86 231 290 3.36 oo 1.645 1.96 2.326 2.576




15.

Chi-squared table

Values xj , of z for which P(X > z) = p, when X is x{ and p = .995, .975, etc

995

975 .05 025 .01 005 | E 995 975 .06 .025 .01  .005

© 00 N O Ot ks W N =

e e e
S NN O

.000
.010
072
207
412
.676
990
1.34
1.73
2.16
3.07
4.07
5.14

001 3.84 5.02 6.63 7.88 | 18 6.26 8.23 28.87 31.53 34.81 37.16
051 599 738 9.21 10.60| 20 7.43 959 31.42 34.17 37.57 40.00
216 781 935 11.34 12.84| 22 8.64 10.98 33.92 36.78 40.29 42.80
484 949 11.14 1328 14.86| 24 989 1240 36.42 39.36 42.98 45.56
831 11.07 12.83 15.09 16.75| 26 11.16 13.84 38.89 41.92 45.64 48.29
1.24 1259 1445 16.81 18.55| 28 12.46 15.31 41.34 44.46 48.28 50.99
1.69 14.07 16.01 18.48 20.28 | 30 13.79 16.79 43.77 46.98 50.89 53.67
2.18 15.51 17.53 20.09 21.95| 40 20.71 24.43 55.76 59.34 63.69 66.77
270 16.92 19.02 21.67 23.539| 50 27.99 32.36 67.50 71.41 76.15 79.49
3.25 13.31 2048 23.21 25.19| 60 35.53 40.48 79.08 83.30 88.38 91.95
4.40 21.03 23.34 26.22 2830 | 70 43.28 48.76 90.53 95.02 100.4 104.2
5.63 23.68 26.12 29.14 31.32| 80 51.17 57.15 101.9 106.6 112.3 116.3
6.91 26.30 28.85 32.00 34.27 | 100 67.33 74.22 124.3 129.6 135.8 140.2

16.

17.

The chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency 7, for every group exceeds
about 5.
2 (ny —ny)? . 9 e e .
X = Z — is referred to the table of i with significance point p,
y y
where k is the number of terms summed, less one for each constraint, eg matching total

frequency, and matching T with .

Joint probability distributions

Discrete distribution {p,,}, where p,, = P{X =z} n{Y =y}).
Let pye=P(X =2), and p., =P(Y =y), then
Pz
Poe = Y Puy and PX=z|YV=y = =%
)

Yy




18.

19.

Continuous distribution

Joint cdf F(z,y) = PU{X<z}n{Y <y)) = / /yy (@0, y0) dzo dyo

2

Joint pdf flzy) = (w

Marginal pdf of X fx(z) = /_O:O f(x,90) dyo

Conditional pdf of X given Y =y Ixy(zly) = ]}(a:(,yg)) (provided fy(y) > 0)
Y

Linear regression

To fit the linear regression model v = a+ Bz by 7, = a + ﬁx from observations

(x1,Y1)y -+ (Tn,yn), the least squares fit is
a :y_TB7 B: Sxy/chc
52
The residual sum of squares RSS = S, — S—xy
—~ RSS -2 —~
02 = - n02 o? is from X2,
E@) = o, E@) = 8,
2 2 _
var (@) = ??Si; o?, var(f) = gm , cov(a,B) = - ij o2
~ 1 _ )2
U = a+ Bz, E(y.) = a+ fz, var (J,) = {n—k(xsx)} o2
a—« 3 — Yo —— P
= h f toe

Design matrix for factorial experiments |  With 3 factors each at 2 levels

Il
T S S G S

1 -1 -1 1 1 -1 -1
—1 1 -1 1 -1 1 -1
1 1 1 1 1 1 1



