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What is criticality

Lack of characteristic scale

Typical scale




And when does it occur

In thermodynamic systems at the
critical temperature

M = (S(r))

>




The correlation function

The critical behaviour is identified from the functional form
of the correlation function

C(r,0) = ([S(0,0) - (S)I[S(r,0) - (S)I) = r" exp{- 1}

Where the correlation length E diverges as the critical temperature is
approached

EM)x(T-T,)" =—>» C(r)=r"



Temporal behaviour

C(0,t) =([S(0,0) - (S)I[S(0,t) - S]) = t™“exp{ - 3}

As critical behaviour is approach: T — OO

The power spectrum

SA(ou)|2 oc P

where 0/ =1—/3)

Hence B =1 s very interesting



Scale free behaviour out of equilibrium
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FIG. 1. Schematic illustration of the experimental setup.
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FIG. 3. Log-log plot of power spectra P(f) of time series

signals in fully closed. The straight line with the slope of —4/3
in the figure is a guide for the eyes.




An explanation needed!

PHYSICAL REVIEW
LETTERS

VoLUME 59 27 JULY 1987 NUMBER 4

Self-Organized Criticality: An Explanation of 1/f Noise

Per Bak, Chao Tang, and Kurt Wiesenfeld

Physics Department, Brookhaven National Laboratory, Upton, New York 11973
(Received 13 March 1987)

We show that dynamical systems with spatial degrees of freedom naturally evolve into a self-organized
critical point. Flicker noise, or 1/f noise, can be identified with the dynamics of the critical state. This
picture also yields insight into the origin of fractal objects.




The sandpile model by BTW

e Add sand grain by grain O

e If local slope Z> Z, then relax l

\Y
N
v

Induce avalanches
of different sizes.

Self organisation: v

Non tuning beside slow ?
driving ‘

Sub-critical: slope growing Super-critical: slope decreasing



Properties of the sandpile model
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10° 10’
S
FIG. 2. Distribution of cluster sizes at criticality in two and
three dimensions, computed dynamically as described in the
text. (a) 50x50 array, averaged over 200 samples; (b)
20%20x%20 array, averaged over 200 samples. The data have
been coarse grained.




But not so fractal
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FIG. 1. Self-organized critical state of minimally stable
clusters, for a 100x 100 array.




But other models does exhibit fractals and %

Density fluctuations in a Lattice Gas Model
HJJ, Phys. Rev. Lett. 64, 3103 (1990)

Repulsive particles on a lattice.

e Deterministic motion.
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Many more models:

« Earth quake model (Olami-Feder-Christensen)

 Forest fires or epidemics (Drossel-Schwabl)

All exhibit scale invariance in the form of power
laws for the distributions of events or avalanches.

Well, at least to some degree
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Broken scaling




The real situation




Scaling in the BTW sandpile model




Experimental evidence:

NbTi Tube N

1000
s = Number of Vortices in Avalanche
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Gould, Eldredge

Punctuated equilibrium intermittent dynamics
and Raup:

Extinctions power law distributed




So what I1s essential?

 Slow driving

e Threshold <«—» local rigidity

System keeps getting stuck in
one of many meta-stable states




The algorithm:




Or in equation form:




%E(r,t) = DV?O(E(r,t) - E,) +1(r,1)

Need to regularise the 6-function.

Consider e.g. Albert Diaz-Guilera
Europhys. Lett. 26, 177 (1994)

O(x) = lim,__ f(px)

Where f(x) i ice functionwith ' ) =1
ere f(x) Is some nice function wi lim __ £(x) =0

Then expand  f(x)= Eanx”

Include more and more non-linearities and study — using
Renormalisation Group — how the correlator

<E (0,t)E(r, t)> behaves.
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Result of analysis

© That the model may be critical.

(at least as judged from continuum equation)

© That criticality in the non-conservative case is only possible if

uniformly driven.

(Consistent with the numerics of the OFC model)

® But procedure is non-rigorous, not clear if results can be

trusted, and very heavy.

@® Nor can one calculate the exponent of the avalanche
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Absorbing state phase transitions
(See e.g. R. Dickman, Physica A 306, 90-97 (2002))

Consider two fields:
the density of active sites p,

the “particle” density S

Elimination of & leads to the following eq.
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Langevin eq. with memory term

t
0.0, (Xt) = DV’ p, = 1(x)p, ~bp; +Wp, [dLV"p, (x,1) +/p,n(x,1)
0

Where the growth rate r(x) is given by the initial condition
and the noise is correlated according to

<77(X,t)17(x',t')> =I'o(x-x")o(t-t")

Related to Directed Percolation.

Nevertheless, difficult to handle.
Renormalisation group not yet applied with
Success. .



Relation to branching processes
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Uncorrelated process

Distribution of tree sizes p(S) « S_% eXp(— > )

S,(0)

(oo}

The branching ratio o = E np,

n=1

Characteristic size Sp(0) < (1- 0)_2
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Exact results







Definitions







The avalanche exponent T

Attempts have been made using the A-matrix
formalism.

But no exact result obtained so far.
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Summary and conclusion
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