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Abstract

We discuss the numerical solution to a class of continuous time finite state mean field games. We
apply the deep neural network (DNN) approach to solving the fully-coupled forward and backward
ordinary differential equation (ODE) system that characterizes the equilibrium value function and
probability measure of the finite state mean field game. We prove that the error between the true
solution and the approximate solution is linear to the square root of DNN loss function. We give an
example of applying the DNN method to solve the optimal market making problem with terminal
rank based trading volume reward.
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1 Introduction

There has been extensive research in mean field game (MFQG) since its introduction by |Lasry and Lions
(2007) and Huang et al.|(2006) as a limit of symmetric non-zero sum non-cooperative N-player dynamic
games when the number of players tends to infinite, see Carmona and Delarue| (2013) and |Guéant et al.
(2011)) for excellent introduction to MFG. The main research focus nowadays is in two areas. One is to
study the existence and uniqueness of MFG equilibrium with the partial differential equation (PDE)
system that characterizes the equilibrium value function and mean field state, see [Lasry and Lions
(2007)). The other is to analyze the convergence from the stochastic differential game among large
but finite number of players to the MFG limit when the number of players tends to infinity and the
numerical approximation for MFG, see |Achdou et al.| (2012) and |Achdou and Capuzzo-Dolcettal (2010])
The MFG theory has been applied to many modelling problems in economics, politics, social welfare
and other areas, see for example |(Guéant| (2009) and Lasry et al.| (2008)).

In this paper we focus on MFG with finite time horizon and continuous time state dynamic of
each agent taking values in a finite set under fully symmetric payoff and complete information,Gomes
et al.| (2013)) first study finite state MFG and prove the existence and uniqueness of Nash equilibrium
with the coupled forward and backward ordinary differential equation (FBODE) system and show the
convergence of N-player game’s Nash equilibrium to that of the limiting MFG when N tends to infinite
and time horizon is small. 7 analyze the MFG with a probabilistic approach. |Carmona and Wang
(2018)) tackle both the mean field of states and that of controls and prove the existence of equilibrium
with backward stochastic differential equation and the uniqueness of equilibrium when the Hamiltonian
does not depend on mean field controls.Carmona and Wang| (2016)) analyze finite state MFG between one
major player and infinite number of minor players. |Cardaliaguet et al.|(2015) make the breakthrough
in convergence analysis for a diffusion model with common noise and characterize the equilibrium with
the master equation and its regular solution. (Cecchin and Pelino| (2019) apply the master equation
to obtain the convergence of feedback Nash equilibrium in the finite state space, which extends the
convergence result in |Gomes et al. (2013) without requiring the time horizon being sufficiently small.

Despite the progress in existence, uniqueness and convergence for Nash equilibrium of the finite state
MFG, there is still a considerable obstacle to approximate the N-player game with a simpler MFG.
One main difficulty is that the Nash equilibrium of finite state MFG is characterized by a FBODE
system with both the initial and terminal conditions, which in generally has no analytical solution
and is difficult to solve numerically. One commonly used method for solving FBODE is the shooting
method but it tends to work better when the dimension is low and the boundary condition is simple.
The shooting method fails to work in our case. |Gomes and Saude| (2017)) propose a numerical scheme
to solve finite state MFG under some monotone conditions that do not hold in many applications.

There has been active research in recent years on using the deep neural network (DNN) to solve
PDEs and ODEs with different boundary conditions, see e.g. [Lagaris et al.|(1998), Malek and Beidokhti
(2006), Lee and Kang (1990),Lagaris et al.|(2000)). Given that the feature of FBODE system is similar
to that of a PDE, we are motivated to use DNN to numerically solve the FBODE system in the finite
state MFG problem. [Sirignano and Spiliopoulos (2018) propose DGM (deep Galerkin method) to solve
high dimensional PDEs with a mesh-free DNN and show the convergence of approximate solutions to
the true solution under some conditions, which is similar in spirit to the Galerkin method except that
the solution is approximated by a neural network instead of a linear combination of basis functions.
Carmona and Lauriere (2021) provide a comprehensive literature review on deep learning method
applied on MFG. Many papers apply the DGM approach to numerically solve high dimensional PDEs
derived from different types of MFG (see e.g. [Han et al. (2018), Ruthotto et al.| (2020)), while others
apply the DNN to solve the corresponding BSDEs (see e.g. [Fouque and Zhang] (2020), Lauriere (2021)).
Most of these papers only provide numerical results without rigorous proof for the numerical solutions.



There is no guarantee that the neural network approximation can converge to the true solution, and
the approximation may not be accurate enough albeit the loss function is already small as there is no
relation established between the loss function and the error between approximate and true solutions.
Li et al. (2020) and |Li et al. (2021)) prove the strong and uniform convergence of the DGM approach.
Parallel to this paper, Mishra and Molinaro (2021)) focus on error estimation of physical informed
neural network (PINN), which is the other name of DGM. For PDEs satisfying certain conditions, they
provide the abstract framework to relate the loss function of neural network with the error between the
true solution and the approximate solution generated by neural network and prove the error bound for
several specific types of PDEs. Their assumptions on the regularity of PDEs are strong (see Assumption
2.1 in Mishra and Molinaro| (2021))) and are not necessarily satisfied by the FBODE system derived
in this paper. To our best knowledge, there is no existing literature addressing the error between the
approximation and the true solution via the loss function for FBODEs derived from continuous time
finite state MFG problems. We provide the error bound estimation to fill the gap.

The main result of the paper, Theorem states that the error between the true solution (6, p)
of the FBODE system and the DNN approximate solution (0~, p) is linear to the square root of the
loss function in the DNN method, which provides the magnitude of the error bound for the DNN
approximation as well as the convergence result. To bridge 6 and 0, we use the master equation for 6
in |Cecchin and Pelino| (2019) and prove that # satisfies a similar equation. Cecchin and Pelino (2019)
prove the equilibrium of finite players finite state game converges to that of the corresponding MFG
with the former satisfying a backward ODE while the latter a FBODE which is equivalent to a backward
PDE (master equation) and can be compared with the backward ODE system. In contrast, we want to
estimate the error between the true solution and the DNN approximation to MFG with both satisfying
FBODE systems and the one for the DNN approximation having extra error terms compared with the
one for the true solution. We leverage the master equations to connect the two FBODE systems and
do error analysis. Due to perturbation terms in the FBODE system, we need to address the issue of
negative p, prohibited in (Cecchin and Pelino, 2019, Theorem 6) and find a new way to bypass that
difficulty.

As an application, we apply the DNN to numerically solve an optimal market making problem with
the same framework as that of |(Guéant| (2017, except that the terminal reward depends on the trading
volume ranking that is determined in a so-called market maker incentive program contract designed by
the exchange to encourage market maker to provide more liquidity (i.e. trading volume). El Euch et al.
(2018) discuss the market maker incentive contract and analyze how exchange should optimally decide
the commission fee schedule for market makers. The trading volume ranking related reward, commonly
seen in market incentive programs from various exchanges, is not considered in El Euch et al.|(2018). In
this paper, we use a finite state MFG to model the competition between market makers in the presence
of the trading volume ranking reward and solve the Nash equilibrium using the DNN approach. The
results may help exchanges design better market incentive program by better understanding market
makers’ behavior responding to the contract.

The rest of the paper is organized as follows. In Section |2| we formulate the finite state MFG model
and state the main result of the paper, Theorem [2.6] on the error estimation of DNN approximate
solution. In Section |3| we discuss an application in the optimal market making with rank based trading
volume reward. Section [4] contains the proofs of Theorems and Proposition Section
concludes.

2 Model and Main Results

Define a finite state MFG in continuous time similar to the one in |Cecchin and Pelino| (2019). The
finite state space is ¥ = {1,---, K}, and the reference game player’s state is denoted by Z, which



is a Markov chain. The player at state z can decide the switching intensities with feedback controls
A:[0,T] x & = (RT)E from ¥ to (RT)X. The dynamic for the player is given by

dz, =Y _dN7,
ZEY

where N7 is a Poisson process with controlled intensity A, (¢, Z;).

If there are some states that state z can not access, then we can simply set the corresponding
components in the intensity vector to be zero. The probability measure on mean field of states is a
function p : [0,7] — P(X), where

K
P(Z)={(p1,-+ ,pk): > p-=1, p. > 0}.

z=1

Start at time ¢ € [0, 7], given any probability measure p on the mean field of state, game player with
controlled state process Z; that start at state z wants to optimize

T
0.(t) = sup Bal [ F(Z4,At, Z0))dt + G(Zr,p(D)) (2.1)
AeA t

where E;[] is the conditional expectation given the initial state Z; = z at time ¢, F' the running
payoff, G the terminal payoff, and A the admissible control set containing all measurable functions
A0, T x ¥ — (RT)E. We assume for any z € 3, F(z, \) is an upper bounded function which does not
depend on A, the zth component of A. Define 6 : [0,7] — RE by 0(¢) = (1(t),--- ,0x(t)). According
to |Cecchin and Pelino| (2019)), the equilibrium value function § and the mean field probability p satisfy
the following FBODE system:

do.(t)

= —H(z,A%0(t)), 6.(T) = G(z,p(T)),

(2.2)
dp;t(t) N %:py(tw(y’ AYY(t)), p(to) = pso,

where AZ is the difference operator, defined as

AO(t) := (01(t) — 0=(1), -+ , Ok (t) — 0:(1))
and H : ¥ x RE — R is the Hamiltonian function, defined for any p € RX satisfying u, = 0 as

H(z,u):= sup {\-p+F(z,\)}
AE(RH)K

and X*(z, 1) = (Aj (2, 1), -+, Nje (2, 1)) is the optimizer of H(z, 1) except for \;(z, ), which can be any
value since in the proof of our main result we always let p, = [A%0(t)], = 0.(t) — 0,(t) = 0 and F(z, \)
is independent to A,. For notation convenience, we define

Ni(z, ) := —ZAZ(%M)‘ (2.3)
y#z

The backward equation in comes from the optimization problem given p and the forward
equations comes from the consistent condition for probability measure p on mean field of states when
everyone follows the equilibrium strategy. According to (Gomes et al., 2013, Propostition 1), if H is
differentiable and A\*(z, i) is positive except the zth element, for y # z, we have

Ay(z, 1) = [DpH (2, )]y,



where Aj(z,p) is the intensity from state z to state y, and [D,H (2, )], the yth component of the
gradient D, H(z,p). In the proofs of main results, we always have p, = 0 when we use H(z,p),
D, H(z,p) or DZMH (z, 1), the Hessian matrix. For proof simplicity, with a little abuse of notation, we
follow (Cecchin and Pelino| (2019)) to define artificially that

[DpH (2, p)l = Az, 1)
Then we can conclude that
A*(Z, :U’) = D#H(Z7 :U')7
and the feedback control A\(¢, z) = \*(z, A#6(t)) under the equilibrium.

We next assume H, G and \* satisfy following assumptions.

Assumption 2.1. Assume that, under , H(z,p) has a unique optimizer X*(z, u) for every u. H
is C? in p on bounded set, H, D,H and D/QWH are locally Lipschitz in u, the second derivatives is
bounded away from 0 on bounded set, i.e. there exists a constant C' such that for any p in that bounded
set satisfying p, = 0, we have

CM > < - DR H o) - 1 < Cllu (2.4

Moreover, assume that G is differentiable, and there exists a constant C' such that when p is bounded,
its directional derivative in any vector w satisfies

oG oG
_ i < 2.5
|52 (2op+ Ap) = 22 (2,)] < ClAp| ] (25)

and that G is decreasing in p, i.e. for all p,p € RE,
z€EY

Remark 2.2. H satisfies H(z,u) > H(z, i) for any z € ¥ if two vectors p = (p1, -+ ,ux) and
= (lalv U 7ﬂK) satisfy
N’LZﬂH iezai#z7
Then from |Gomes et al.| (2013, Proposition 2), solution to (2.2) has a prior bound Cgp as long as
H satisfies Remark and G is bounded for all p(T') in compact set [0, 1]%. Cgy is defined as,

0| < Cgmg = max G(z,p)} +2max H(z,0)T,
16 < Con = _ max  {G(zp)} + 2mas H(z.0) (27)
where the norm ||-|| is the co norm. G is bounded because it is continuous and defined on a compact set.

For given H and G, as 6 satisfies ODE system (2.2)), and both H is Lipschitz continuous in Assumption

m degt(t) is also bounded. Similarly, as D, H and degt(t) are bounded, we can further see that d23;2(t) is
bounded. From similar argument on p and \*, d’fl—t(t) and % are also bounded. It means for given
H and G, there exists constants Cygy and Cpgp, such that
do.(t) d%0,(t)
[ ;t | < Cocr, | dtZZ | < Cocn, 29
dp-(t) d*p(t) '
1220 < G, 192520 < Cram.

We summarize (Cecchin and Pelino (2019, Theorem 1), (Gomes et al. 2013, Theorem 2), and state
the following theorem without proof.

Theorem 2.3. Under Assumption ODE system has a unique solution (0,p) for any initial
value p(tg) € P(X) and the MFG has a unique Nash equilibrium point.



We assume in the rest of the paper that Assumption holds, which guarantees the existence,
uniqueness and convergence of the finite state MFG. However, to find the equilibrium, we need to solve
, which generally does not have analytical solution. As is a FBODE system, we can not solve
it numerically by simple discretization. We apply the deep neural network approach in |Sirignano and
Spiliopoulos (2018) to numerically solve .

Define two sets of neural network functions as

O"(1,v) = {9~ 0,7 — RE, HN (11 ZBUV ait +¢))), ZBKW ait +¢)))}
=1 =1
P (g, v) := {p: [0,T] = RE"L 5(t) = (s Z Briv(ait +¢;))), - Z Br—1iv(ait +¢i)},
1=n—+1 1=n—+1

where v : R — R is the triple continuously differentiable activation function, and two strictly in-
creasing triple continuously differentiable activation functions 1,5 : R — R have twice continuously
differentiable inverse functions v L and Vy L They satisfy

sup|vi|=Ccm +e, infre=—e, supro=1+e, (2.9)

where e is any constant that is small.

In the numerical tests of this paper, we use hyperbolic tangent functions tanh for activation func-
tions, in particular, v1(z) = atanhx + b for some constants a,b and v»(z) = (tanhz + 1)/2. We
approximate the solution (6, p) to (2.2) numerically by (é(N ), 5N)) which satisfies

G, 0 e @), G ) € PV wm), Y =136 g
K

By considering both the differential operators and boundary conditions in (2.2)), we define the loss
function ¥ for any approximate solution (6,p) as

o
w@.p) = ([ (G s ar

T ~ T
o [ S RO MO0 + JROSCORRE -

+ (ﬁz(tﬂ) - ﬁz,0)2 + (éZ(T) - G(Z ﬁ(T)))z

dﬁz(t) _
(Bg — .
+§; o tIGI%OT dt2 +§ te[OT dt? 7}

where (px (t))” := —px ()1, 1)<oy and By, By, can be any constants that satisfy

d%0,(t)
By > Cogy >
0> Chor = o [~ o

d?p.(t)
B, > .
> Gon > ey "

B

where constants Cygr and Cpgy are from (2.8]). Then it follows

d?0,(t) . _ d*p.(t) . _
Z(Be—tgﬁ,]l ol +Z(Bp—tgg§]l =0

zEX ZEX

Both the integral term and maximum term in (2.11]) can be calculated via Monte Carlo simulation.
Practically, we use similar approach as in |Sirignano and Spiliopoulos| (2018) to calculate these two to



increase the robustness of training. Given N, the structure of the neural network has been determined.
V ?5:_11’2”, {a;}?7, and {¢;}?", that determine
(6N 5N)) such that they minimize W. For the true solution (8,p), ¥(#,p) = 0. Since (,p) exists and

is unique, ¥ has unique minimal point ¥(6,p) = 0. We provide the convergence result Theorem

We train the network by finding the optimal values of {£;;}

similar to the Theorem 7.1 in Sirignano and Spiliopoulos| (2018)).

Theorem 2.4. There exists a sequence of (é(N),ﬁ(N)) defined in such that

lim @(OWN V)) = 0.
N—+o0 ( P )
Proof. See Section [4]

When the Loss function V¥ is smaller than certain value, because of the uniform bounds on the first
and second derivatives of the approximation function, the maximum error on the time interval is also
smaller than certain value.

Theorem 2.5. There exists constant €g, such that for any € < g, if ¥ < € then there exists constant
C' such that for all t € [to,T] and z € ¥, we have

do.(t _ :
I dt( ) + H(z,A%0(1))]| < 05%, 10.(T) — G(z,p(T))|| < Cg%7
dp-(t) el AYA TR A (2.12)
1= - gpy(mz(y,A )| < Ce3,  [[fa(to) — pao|l < Ce3,
where || - || is the infinity norm.

Proof. See Section

Note that the constant C' in Theorem [2.5] depends on the FBODE system and the bound of its true
solution, but is independent of the DNN structure. Theorem 2.5 is an algorithm independent result.
We now state our main result on the error estimation for numerical solution to the finite state mean
field game.

Theorem 2.6. For every t € [to, T] and z € ¥, assume 0(t) and p(t) satisfy:

deé(t) = —H(z,A*0(t)) + €e1(t,2), 0.(T) = G(z,p(T)) + e3(2),
dp.(t) ~ * oy b (2.13>
- = zy: Dy(ONs(y, AYO(1)) + e2(t,2),  Ps(to) = pso + €a(2),

where pg € P(X), pr(t) = 1 =3,k P=(t) and p-(t) € [0,1] for = < K. Then there exists uniform
constant B and Ny, such that when N > Ny and

2 4
Soleilt,2)| + Sl + G ()™ < 1o V(t:2) € [0, T] x %,
1 1=3

i=

we have for allt € [tg,T] and z € X,

102(t) — éZ(t)‘ + |p2(t) — p=(t)| <

=1

Proof. See Section [
Note that the constant B depends on the FBODE system and the bound of its true solution, but is
independent of the DNN structure, which implies that Theorem [2.6]is an algorithm independent result.
Combining Theorems and we immediately have the following result.



Theorem 2.7. The sequence (é(N),ﬁ(N)) defined in converges uniformly to the true solution
(0,p) of the FBODE (2.2), that is, fort € [0,T],
lim §WN(t) = ot lim ™ (t) = p(t).
Jim () =6(t),  m 5 () = p(t)
Remark 2.8. Although we only prove the convergence and error estimation results for a two-layer
neural network structure characterized by O™ (v1,v) and P"(va,v), the idea and the proof can be easily
adapted to more sophisticated neural network models (more layers, LSTM, etc) as they share similar

structures.

3 Application: Optimal Market Making with Rank Based Reward

The model setting is similar to|Guéant| (2017)), except that exchange provides incentive reward for market
making. The terminal payoffs of market makers depend on their trading volumes and rankings in the
market. The optimization problems of different market makers are coupled. It is in general difficult
to solve a finite players game due to high dimensionality, but MFG provides a good approximation,
see 7Cecchin and Pelino| (2019)); |Gomes et al. (2013]). We therefore use MFG as a proxy to solve the
optimal market marking problem.

Consider a continuum family of market makers €,,,, who keep quoting bid/ask limit orders. Select
one of them as a reference market maker. Assume asset price S; follows a Brownian motion with initial

value 5,
ClSt == O'th,

where W, is a standard Brownian adapted to the natural filtration {F}" }4cr, and o the volatility of the
stock. Assume J; and 51{’ are ask/bid spreads, which are controls determined by the reference market
maker. Denote by Nf and N} the jump processes for buy/sell market order arrivals to the reference
market maker, with intensities A(0¢) and A(6?) respectively. Assume A : R — R has continuous inverse
function, and is decreasing, continuously differentiable satisfying:

2
‘3(5/2\(5)1&(5) < 2(‘21;(5))2. (3.1)

The reference market maker has state variables (X¢, ¢¢, v¢) in which X is cash account, ¢; inventory,
vy accumulated trading volume, with initial value (x, ¢, v). We assume ¢; can only take values in a finite
set Q = {—Q,---,Q} and v; can only take values in a finite set V := {0, -+, Uynqas} and any trading
volume above v,q; is not counted in the reward calculation. Denote by Ib = l1y11eq and I? := 1, _1¢q
the indicators of market maker’s buying and selling capabilities.

The dynamic of X; is given by

dX¢ = (St + 07)1“(gr)AN]' — (S¢ — 67) 1" (q1) ANy,

that of ¢; by
dgy = 1"(g;)ANY — I°(g)dNY,
and that of vy by
doy = (I"(g) AN + 1*(6)ANT) L {uy <y}

Denote by p(t, g, v;) the probability measure on the mean field of discrete states (g, v;) for all
market makers. The reference market maker wants to solve the following optimization problem:

1 T
sup BolXr + arSt  I{lazl) + R(vr) - 30 [ gia), (32
09,8 0



where X7 + gp St is the cash value at time T, [(|gr|) the terminal inventory holding penalty with [ an
increasing convex function on R, with 1(0) = 0, yo fOT ¢?dt the accumulated running inventory holding
penalty with v a positive constant representing the risk adverse level, and R(vr) the cash reward given
by the exchange as incentive for market markers to increase trading volume vp. We consider the rank
based trading volume reward, defined by

Umax

R(vr 1—22 (T,i,5)) (3.3)

Jj=vr i=—Q

where 1 — Z;’Zg; Zz_ 0 p(T,i,j) is the percentage of market makers that the reference market maker
exceeds in trading volumes and R a positive constant representing the maximum reward set by the
exchange.

Using the martingale property, can be reduced to x + ¢S + 6(0,q,v), where € is the value

function defined by

T VUmazx
0(t,q,v) := sup Et[/ [62A(6%) 4 6°A(6°) — ,w 2q2lds —1(|qr]) + R(1 = ) Z (T, 7))
§a,6b t
) ] ’UTZ——

and E;[-] is the conditional expectation given g, = q,v; = v.
We assume market maker takes closed loop feedback control, i.e when market maker has state (g, v),

0f = 8%(t,q,v), & = 8%(t,q,0).

Since the only relevant states are ¢; and v; that both take values in finite sets, the problem can be
reduced to a continuous time finite state MFG discussed in |Cecchin and Pelino| (2019) by reformulating
some notations as follows. Define K := (2Q + 1)(vUmae + 1) and ¥ := {1,--- , K'}. There is a one to one
mapping Z : Q x V — X: for every (q,v) € Q x V, there exists z € ¥ such that

z=2Z(q,v)

and for every z € 3, there exists (¢,v) € Q x V such that

(q,v) = Z7Hz2) == (Zl_l(z),Zgl(z)).
The state (g, v) is then reformulated by state z. The value function 6 and probability measure on mean
field of state p are reformulated as 6, p : [0, 7] — R¥, where

0(t) == (61(t), - 0k (1), 0.(t) =0(t, 27 (2), Zy ' (2))
p(t) == (p1(t), -+, pr(t), p=(t) = p(t, Z; '(2), Zy ' (2))-
Define \ as
At 2) o= (Ai(t,2), -, Ak (t, 2)),
where A satisfy
Aga(a)(t,2) 1= A(0F) > 05 Agooy(£,2) = A(67) > 05
SN M(h2) =0y # BY2), B(z), = (3-4)
y#£z

B%(z) and °(z) are defined as the two accessible states from state z,

227 2) = 1,21 () + 1) Z7M(2) > =Q, Z5 1 (2) < Vmas
B(z) = Z(Zl_l(z) — 1, Umaz) Zl_l(z) > —-Q, Z2_1(Z) = Umazx

z Zi(z) = -Q

ZZ7N )+ 1,20 (2) + 1) Z7M(2) < Q,Zy H(2) < Vmas
Bb(z) = Z(Zfl(z) + 1, vmaz) Zfl(z) <@, Z;l(z) = Umax

z Zi'(z) =@



Define F' and G as

_ _ 1 _
F(taz7)‘(t7 Z)) =A 1()‘,3a(z)(t7Z)))‘,Ba(z)(tvz> + A 1()‘ﬂb(z)(t7 z)))‘ﬂb(z)(tvz> - 5702Z1 1(2,)2

Vmaz @ (3.5)
Gz,p) =~ Z7 D) + RO = Y0 D paay)-
j=v i=-Q

The optimal market making problem is now reduced to a continuous time finite state MFG discussed
in section 2 of this paper. Denote the game as Gr. We have the following result.

Proposition 3.1. G satisfies Assumption [2.1]

Proof. See Section

According to |Cecchin and Pelino| (2019)), the Nash equilibrium of MFG G g and that of finite players
game exist and are unique, and the game with N players converges to the limiting MFG case in the
order O(%) We can numerically solve the FBODE system corresponding to the finite state MFG in
and find the equilibrium value function and probability of mean field by the DNN technique.

We next do some numerical tests. We use a LSTM (long short term memory) neural network
to approximate the solution (6,p). Denote the function constructed by LSTM neural network as
(0(t,B),p(t, B)), where § is the parameters set for neural network, designed by the following steps:
Layer 0 is the input ¢ € [0,T] and layer k with output hy is designed as follows:

— 0y (Wit + Uphg_y + by)
i, = og(Wit + Ushg—1 + b;)
o = 0g(Wot + Ushj—1 + bo)
¢t = 0c(Wet + Uchg—1 + be)
Ck = frock—1+ipocy
hi, = o o op(ck)

with the initial values ¢g = hg = 0, where the operator o is the element-wise product, functions o
some scaled tanh activation functions (hence satisfying all assumptions in our main results), ¢ € [0, 7]
input to the LSTM network, f, € R" forget gate’s activation vector, i, € R" input/update gate’s
activation vector, o, € R" output gate’s activation vector, hy € R" hidden state vector, & € R" cell
input activation vector, ¢; € R" cell state vector, W € R U € RM*" p ¢ R" weight matrices and
bias vector parameters which need to be learned during training, and h the number of hidden units.
LTSM network is an advanced version of a traditional neural network and provides more accurate
approximation for complicated functions. For our model, this specific structure performs better than
that of traditional neural network.

We use a LSTM network with 3 layers and 32 nodes per layer. The network is trained by stochastic
gradient approach with mesh-free randomly sampling points in [0, 7']. This randomness adds to the ro-
bustness of the network. The detailed training procedure is similar to that in|Sirignano and Spiliopoulos
(2018).

The market order arrival intensity function is given by A(8) := Ae™*® and the liquidity penalty
function I(q) := ag®?. We assume all market makers start at 0 inventory and 0 trading volume. The
benchmark data used are S = 20, hourly volatility ¢ = 0.01, v = 1, T" = 10 hours, capacity Q = 1,
Umaz = 10, k=2, a=2, A=0.5, and R = 2.

There are two typical schemes of trading volume rewards in most of exchanges’ incentive programs.
One is the rank based trading volume reward as in , the other is the linear trading volume reward,
defined by

RL(UT) =R ur

(3.6)

Umax
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Since Ry (vr) is independent of the mean field of state, the FBODE system for the value function and
the probability of mean field of state is decoupled and can be solved numerically with a standard Euler
scheme. We next do numerical tests and compare the value functions, optimal bid/ask spreads and
probability distributions of trading volumes under three different trading volume reward schemes: 1.
no trading volume reward (R = 0, benchmark case), 2. linear trading volume reward (R in ),
and 3. rank based trading volume reward (R in ) The rank based reward introduces competition
between market makers whereas the linear reward does not. The training result is satisfactory and the
average loss is less than 0.003.

v=4Ln

0

4 —.- v=8Lin v=4ln
- v= —- v=8Lin

8

0

0
4

e v=38 & Benchmark
=0

v

* v
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v

Lin

Value Function Path for different v

30
- - e
25 T. ‘.“-\“. “11 "_ﬁ-_\.““?_
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T~ . R T :
E 1044 ‘:“\-.‘\ — E 05 he - \r *
* ¢ T . 2 M
05 * . :\-,_\\ 00 - \\.t‘\
* 3 ~—— _ us . \\‘
00 $ T B
Q 1 L) o ® Q 1 B © ?
Timi Time
Figure 1: 0(t,0,v) Path for two schemes Figure 2: 6(t,1,v) Path for two schemes

Figures andshow the value functions 6(t, ¢, v) for fixed ¢ = 0, 1 and varied v with the 'Benchmark’
representing no trading volume reward, ‘v = 0 lin’ path the linear reward and initial trading volume
v =0, and ‘v = 0’ the rank based reward, etc. It is clear that the introduction of market incentive R
increases the value functions for market makers, and the higher the initial trading volume v, the higher
the value function 6. Even for market makers with initial trading volume v = 0, the value functions are
still higher than the benchmark one as they benefit from their potential market incentive gains, which
explains the convergence of the curves for v = 0 to the benchmark one as ¢ tends to T'. The value
functions for linear and rank awards are largely the same.

4 Proofs

4.1 Proof of Theorem

Proof. According to Theorem there exists unique solution (6, p) to ODE system ({2.2)), which is also
the unique minimal point for ¥ such that

U (4,p) =0.

We use (v, 1)’ to denote the first order derivative of v, ! for i = 1,2. From 1D we know 6 is bounded
by Cgp. Hence %Gz (t) is also bounded uniformly for ¢ and z. Moreover, p(t) € P(X) for any ¢ € [0,T]
and hence is also bounded. From the assumption on vy, v, we know

0.(t) < sup |1,
inf vy < p,(t) < suprvs.

It means 6.’s image is bounded and a strict subset of v~ 1’5 domain. Similar for p, and Vy ! Combining
with the continuously differentialability of v, and v !, we know vy 1(0,(t)), (v; 1) (0:(t)), vy ' (p.(t))
and (v5 ') (p.(t)) are bounded by some constant C' uniformly for ¢ and z. (1;)’ and (v;)" are Lipschitz

11



continuous on [—2C,2C] with coefficient L for i = 1,2. Define CV(v) := {¢
N

([0,T] = Ry ((t) =
> imq Biv(ait + ¢;)}. According to the proof of Theorem 7.1 in |Sirignano and Spiliopoulos| (2018)), for

any 0 < ¢ < C, there exists N > 0 and y, € C(v) such that

2 2
l-(8) — o @O+ ) — o NI+ () — S @)l <o (D)

Hence we have

[1(y= (1) = 0= ()| < Clly=(t) — i (8:(1))|| < Ce.
On the other hand,

S((0) = 50:00) = S (5:(0)) — T 07 0(0)

= (1) (=) = (t) = (1) (v (0= () v (6: (1))

= () () 50-(0) — S 0 (0)]
d

prie v (0= (0) (1) (y=(8)) = (1) (771 (0:(1)))]-
As y.(t) € [—

[—2C, 2C, there exists constant Cy such that (v1)'(y.(t)) is bounded by it uniformly. More-
over, we have

| O] < w7 0= 0-(0)] < 2

Hence we have

|5 =) — 0.0 < | 59(0) — S @) A ()]

+ I (y=(1) = v (e OO ) (Hz(t))HH%ez(t)H

< il Se(0) — S 0:(0)

+C?Lly:(t) — v (0:(1))| < (C1 + C°L)e.

The first inequality above comes from the boundness and Lipshitz continuity of v}, as well as the
boundness of (v; ') (.(t)). Moreover, for second order derivatives, we have

d2 —]. —1\7 d —1y/ d 2
I vr (=) = () (0=(8)) 0= (2) + (v17) (0:(2)) (. 602(8))7]l-
As0.(t) and 46, (t) are bounded and (v;!) is twice continuously differentiable, 4 dt2 v 1(6.(t)) is bounded

To estimate the difference of second order derivatives between approximation function and true function
we have

2 2
Lo =0) ~ 0.0 = ()00 + A 0-0)
d

2
i HO(0))2 01 (v 1 (0:(8))) — v (7 1(9z(t)))%%—1(9z(t))'
Define

@ = ) — (v (0(0) o)1

— I (8) = A 6

d? d?

S (0:(0))
= I ye(t) — 0!

i <z<t>>u||u1<yz<t>>u
= WA (0) — v O g 001

12



and we have
2 2

d d
| S =) = G500l Sa+b+c+a

As y.(t) and Lv;1(0.(t)) are bounded from previous proof, and v is triple continuously diferentiable
function by definition, v} (y.(t)), v} (y-(t)), (Lv; ' (0:()))? and %ufl(ﬁz(t)) are also bounded. More-
over, || 4y.(t)|| < ||§ltyl_1( .(t))|| + &, hence bounded. According to the Lipschitz continuity of v and

v{, as well as (4.1), we know there exists constants Cs, such that

d? d2
|57 Ws(0) — S50-(8)] S @+ b+ et+d < Cae.

By making transformation on ¢ in above proof, we know for any 0 < ¢ < C, there exists N > 0 and
y. € CN(v) such that

2 2
A (w=(6) = =0l + o (y(0) — -0+ [ g (w=(6)) — 50(0)] <

Hence we know there exists N > 0 and y, € C™ () such that

d2 2
|- < & + 1500 < £+ oo < B,

Similarly, we know H%zjg(yz(t))ﬂ < Cpar < Byp. Then we get

(Bo — max |20 -~ (B, — max |20

=0
te[0,T) dt tejo, 7] dt )

If we define

~

ON (v, v) =={¢:[0,T] = RY; ((t) =

N n
(Vl(z Brav(ait +c14))), -, Vl(z Briv(akit + cxi)))}

i=1 i=1
Then from proof above we know for any 0 < & < C, there exists N > 0 and (™) € ©N (1, v) such that

- d
165 (2) — ()H+H (N)()—%9 @ <e.
On the other hand, notice that any function fy € é)N(I/l, v), there should exists fxy € ®@KY (vy,v) such
that fxn = fn, by letting some §;; = 0. It means G:)N(Vl, v) € O8N (v, v), and o) ¢ QXN (v, v).
For p and P" (v, v), we can have similar argument. Hence we conclude that for any 0 < ¢ < C, there
exists N > 0 and 00) € ®N (v, v), pV) € PN (v, ) such that

I8V ~ 0. 0] + 11560 0) — Se (o) < e
50 - -0l +11 5 ~<N><t>—%pz<t>||ga.

Then similar to the proof for Theorem 7.1 in [Sirignano and Spiliopoulos| (2018), we know there exists
a uniform constant M which only depends on boundedness of #, A* and Lipshcitz coefficient of \* and
H, such that

TN, Ny < Me.

It concludes the proof.
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4.2 Proof of Theorem

Proof. Since for different t(, the following proof is the same, we assume ty = 0 for the ease of notation.
We first focus on proving the first inequality in (2.12f). Define

e(t,z) == deczlt(t) + H(z,A%0(1)).

2
As ¥ < ¢, from the definition of ¥ we know %Zz(t) is uniform bounded on [0,7]. Furthermore, H is
Lipshitz continuous, and 6 has bounded first order derivative to t. Hence e(¢, z) is a Lipschitz continuous

function on [0, T]. Denote its Lipschitz coefficient as L. There exists ¢ € [0, T] such that

le(f,2)| = sup_le(t, 2)].
te[0,7

For any At such that

eli.2)] _ o, _ leli.2)]

(4.2)
16L 2L

From Lipschitz continuity of e, we have
lle(t + At 2)| — |e(t, 2)|| < |e(t + At, 2) —e(t, 2)| < LAL.

It means
le(t, 2)| — LAt < |e(t £ At, 2)| < |e(t, 2)| + LA

From , we know LAt < ﬂf)', therefore,
e(f, )| — LAt > %]e(f, 2> 0.
Combining the above two inequalities, we know for any t € [t — At, t+ At],
2(t,2) > (le(f, 2)| = LAL? > i\e(f, DR

We can have the following estimation. Without loss of generality, we can assume T — £ > % (otherwise
we can use the other side [f — At,ﬂ as the limit of integration on the second inequality in the following),
t+AL . . .
v > / e2(t, z)dt > min(At(|e(f, 2)| — LAt)%, (T — )(|e(t, z)| — LAt)?)
i

le(t, 2)* e, 2)I?
64L ' 8

7),

> min(

which implies that for any ¢ € [0, T7,

There exists ¥ such that for all ¥ < Wy, AL3 U3 > 2V2T 53 Hence there exists constant C such that
le(t,2)| < AL3 W5 < Ces.

Using the similar arguments, the third inequality in (2.12]) can be proved. The second and fourth
inequalities are trivial. ]
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4.3 Proof of Theorem

The general structure of the proof is similar to those in |Cecchin and Pelino (2019) with one key
difference: in Cecchin and Pelino| (2019)), p satisfies a non-perturbed Kolmogorov forward equation and
has initial value in P(X) with nonnegative components, whereas p satisfies a perturbed Kolmogorov
forward equation and its initial value is not necessarily in P(X) and may be negative, which
makes some prior estimations in |Cecchin and Pelino (2019) not applicable for our case. We need to
provide extra modifications by adding and subtracting an extra term M;j such that p(t) + M; is non-
negative, and need to modify every step in the proof to estimate the extra terms introduced by M;.
For the completeness, we give the whole proof.

Note that the solution pair (0~, p) to is determined only by initial time ty and initial value
p(to). We first prove that 6 is well defined (Proposition , continuous at p(tg) (Proposition, and
continuously differentiable at p(tp) (Theorem by discussing the linearized system , we then
prove that 6 satisfies a PDE similar to the master equation in |Cecchin and Pelino| (2019) (Theorem
and that the master equation on some discrete grids of P(X) can be approximated by a backward
ODE with extra error terms (Proposition , and we finally estimate the difference between 6 and 0
by comparing the two backward ODE systems and conclude the proof.

Denote by ||z| := maxj<,<k |7.|, the norm of x in RX and ||f| := maxye(o, 7] Maxi <<k | f=(t)],
the norm of f in C°([0, T]; R). Due to the introduction of perturbation terms in ODE system ,
the existence and uniqueness of its solution can no longer be guaranteed for every initial value p(tp).
However, under certain conditions on , we can have the existence and prior bound estimation of
solution to ([2.13)).

Proposition 4.1. Given constant M > 0, define I, s = [-M, 1+ M]|¥ and
Ca(M) = ey |G (2, p)] + lles|| + 2llex [T + 2 max H (2, 0)T,
AG(M) = [-2C6(M). 2060, AQD) = _max NG
If functions €;,1 = 2,4 satisfy
Jeol + lleall < 5 (43)
where Nio 1= 2 MeMMT " Then for any initial time ty € [0,T] and p(to) € B(P(Z), Nio), ODE system

has solution (0,p), where

_ 1 1
B(P(E),—)={peRX, st min |p—p|<-—1
(P(%) No) {p i 1P —pll < No}
Moreover, (0,p) satisfy following on [to, T] uniformly for any initial time to € [0,T] and initial value
p(to)-

Hz(t) € [—Cg(M),Cg(M)], ﬁz(t) € [_M7 1+ M]

Proof. Given a prior p such that p(t) € [-M,1 + M]¥ for all ¢ € [to, T], Lipschitz continuous with
Lipschitz coefficient bounded by L(M), where

dp 1

— || < L(M)=K2M+1)A(M) + —

101 < L) = KM+ DAG) +

and starts with the same p(tg) = p(tg) € B(P(%), Nio), with which we solve the backward ODE in
@-13):

do.(t) — _H(z, Azé(t)) +e1(t, 2), éz(T) = G(z,p(T)) + e3(2).
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We know function é(t) is bounded by constant C(M) following a similar proof as (Gomes et al., 2013}
Proposition 2). Note that Cg(M) is monotonically non-decreasing w.r.t M, hence A(M) is also non-
decreasing w.r.t M. Since p(ty) € B(P(X), NLO), there exists pg € P(X) such that p(tg) — po = €4 where
llea]| < Nio Consider two functions p and p satisfying

dp, ~
p Zpy Ty, AYO() + ea(t, 2),  Pa(to) = pso + €a(2),

d zy:py ON:(y, AYO(t)),  ps(to) = pao

Integrating both side and subtracting p and p, we get

1p(t) = p(B)[ < AM) [ [5(s) = p(s)llds + ezl + [lea]]-

to

By Gronwall inequality, we have

15(8) = p()I| < (llezll + lleal)e* ™ < M.

As p is the solution to a Kolmogorov equation, p(t) € P(X). Hence the solution p(t) € [-M, 1+ M]¥
for all t € [tp,T], and p is also Lipshitz continuous with Lipshitz coefficient bounded by L(M), as
12 < L(M).

Let F([to,T]) be the set of Lipshitz continuous functions defined on [to, T'|, with Lipshitz coefficient
bounded by L(M), taking values in [—M, 1+ M]¥ and starting at the same initial value p(to) at to. We
can define mapping ¢ : F([to,T]) — F([to, T]) in the following way: given € F([to,T]), let 6 be the
solution of terminal value problem in . Then A(t) is bounded by C(M). Let £(p) be the solution
to the initial value problem in (2.13)). £(p) € F([to, T]) from the above argument. Following the proof
of (Gomes et al., |2013| Proposition 4), F([to,T]) is a set of uniformly bounded and equicontinuous
functions. Thus, by Arzela-Ascoli theorem, it is a relatively compact set. It is also clear that it is a
convex set. Hence, by Brouwer fixed point Theorem, we know there exists fixed point for &, which
proves the existence of solution to (2.13)). O

We next prove that under certain condition, (9~, p) is unique and continuous w.r.t initial condition.

Proposition 4.2. There exist positive constants Ny and C, such that if we have condition ,
then for any to € [0,T] and initial condition p(ty) € B(P(X), ), the solution to is unique.
Moreover, let (0,5) and (,p) be two solutions to ODE system with different initial conditions

p(to), p(to) € B(P(D), NLO)’ then
16 — 611 + 15 — BIl < ClIB(to) — Hlto)|| (4.4)

Proof. Start with any M and the corresponding Ny defined in Proposition Then both 6 and 6
uniform bounded by Cq(M). Let’s first assume p,(t),p,(t) > —M; uniformly, and we will decide later
the value for M; and prove the condition for it. Similarly to the proof for (Cecchin and Pelino| 2019,
Proposition 5), we first try to obtain estimation on LHS of given later. Define ¢ := 6 — 0 and
7 :=p — p. Then the couple (¢, ) solves

W) — (e, 8%00)) + H(z A%00), 6-(T) = Gz 5(T)) — Gz (D),
a N A (4.5)
T = TGO 0 A400) B ON 0 O, 7(00) = ) )
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Integrating 4 = ZzEE ¢.(t)m.(t) over the interval [tg, T], using the product rule and 1) also noting
that 3, A5 (y, AY0(t))p, (t) = 0, after some simple calculus, we have

S 6. (to)m (f0) / H(z, AT(t)) — H(z, A0()) — A%(#) - A*(2, AB()] (5. (£) + M )dt
z€X to zeE
T
+ / > [H(z, A%0(t)) — H(z, A%0(t)) + A*(t) - X* (2, A*0(1))](B=(t) + My)dt + Y _ ¢.(T)m(T)
o ey zEX
—|—M1/ STATG(E) - [N (2 A%(1) — X (2, A1)t
to exm

(4.6)
As X\*(z, 1) = Dy H (2, 1), by Taylor theorem, there exists point a on the line between A#0(t) and AZ6(t)
such that

H(z, A*0(t)) — H(z, A%0(t)) — AZp(t) - X*(2, A%0(t)) = —A%¢(t) - DiuH(z,a) - AFP(t).
Then from assumption , and do above similar on another way round, we have following estimations:
H(z, A%0(1)) — H(z, A%0(t)) — A%¢(t) - X" (2, A%0(1)) < ~C™H[[A%(1)]*.
Similarly, we have
H(z, A%0(t)) — H(z,A%0(t)) + A*6(t) - X (2, A%0(t)) < —C 71| A%6(1)]*.

Since ), o5 ¢.(T)m.(T) < 0 by (2.6 . P-(t),p-(t) > —M; by the choice of M, using (4.6) and the
inequalities above, we have

é(to) - w(to) + C Z IAZG() 12 (B2 (t) + Do (t) + 2My )dt
0 ey
/ SATG(E) [N (2, A%(E) — X (2, AT0(1))]dt.
o yex
By Lipschitz continuity of A*, there exists C' such that
/t D A% (5= () + p=(1) + 2M)dt] < C(||w(to) |9l + Mi[o]?).- (4.7)
0 zexm

Note that unlike the proof for (Cecchin and Pelino, 2019, Proposition 5), both p, and p, can be
negative in our setting. If they were nonnegative, then we could choose M; = 0, the same technique in
(Cecchin and Pelino, 2019, Proposition 5) would work. In the case here, we have to introduce M; that
requires us to do many more prior estimations.

We next derive the bound for 7. Integrating the second equation in over [to,t], we have

(t0) / S0 AL = B 0 AP
As A* is both bounded and Lipschiz continuous, there exists C' such that

max\ﬂz( )| <max]7rz(t0 ]—i—C’/ max\ﬂz( )\ds—i—C’/ ZHAZ¢ s)||1p=(s)|ds

0 2ex

< max | (to |+c/ max | (s |ds+C/ > lIA%(s)]I(p ()+M1)ds+MlC/ > lIA%¢(s)]|ds,

0 2ex 0 2ex
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where the second line holds because p.(s) + M; > 0. Moreover, we have

/ S 11A%6(8))| (5. (s) + My)ds < / S 18262 (6) + Mi)ds, | [ S(5u(5) + Ay

0 zex 0 zex to zeE

Applying Gronwall inequality, as p,(s) € [-M, 1+ M], there exists C such that

[7ll < Cllm (o) || + C /ZIAZ O (p=(t) + My)dt + My C| 9]

t Len

(4.8)

< Clir(to)| + CV/lIm(to) o] + Mul|gl|* + CMy|l¢)]

1,1
< Cllw(to) | + Clim(to) |12 |9]|2 + C(My + /M) 9],
where C also only depends on M in Proposition

We next derive the bound for ¢. Integrating the first equation in (4.5)) over [to, t], from the Lipschitz
continuity of G, H, there exists C such that

T
max ¢, (t) < Cmax |m,(T)| + C/ max | ¢, (s)|ds.
z€Y z€X ¢t 2€X

Applying Gronwall inequality, there exists constant C such that
[l < Clix|| (4.9)
By combining 1) and 1 , using AB < A% + %BQ for A, B > 0, there exists C' such that
1
Il < Clim (o)l + [ + C*(My + v/ M)]||= |

As C only depend on the boundedness and Lipschitz coefficient of H, G, \* and the bound of D2
0 0 which depend on the M in Proposition u We only need to select M such that

C%(My + /M) < 1,

and we can have (4.4). Then it remains to decide the new Ny such that we have p.(t),p(t) > —M;

uniformly as we assumed. From Proposition H, Ny = %ﬁh) and we can simply define our new Ny
as max Ny, N1. On the other hand, the uniqueness of solution comes directly from (4.4)). O

According to Proposition and E take any t € [to,T] and py € B(P(%), Nio) as the initial
value for ODE system , there exists an unique solution (6(s),p(s)) on [t,T]. Note that 6(s)
might not equal A(s) stated as the solution to in Theorem since @ depends on the values of
initial time ¢ and initial condition py chosen above. And we can define a function U on t € [to, T] and
Po € B(P(X), Nio) by the corresponding f(t) explained above.

Ul(t, z,po) == 0(t, 2). (4.10)

According to Proposition 4.1 and U is well defined and continuous w.r.t o. Moreover, for (é, D),
the solution to (2.13)) in Theorem on [tg, T], which is the approximated solution we got from DNN
and want to estimate error on, we have for all ¢ € [to, 7] that:

Ult, 2, p(t)) == 0(t, 2).
It suggests U has all information of . If we can compare U with the U defined similar in |Cecchin and
Pelino (2019)) corresponding to the true solution to , we can estimate the error of 8. To compare U
with the U, we need to prove that U also satisfy the master equation similar to U in|Cecchin and Pelino
(2019). To achieve this goal, we are to prove the continuously differentiability of U in the following
steps. We first define the derivative of U w.r.t vector jo in a similar way to in (Cecchin and Pelino
(2019), Define operator Dj as following.
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Definition 4.3. Define operator of a function U : RK — R as DYU : REK = RX fory € 3.

[DYU (p)]. := lim Ulp+5(d: = dy)) = U(p),

s—0 S

where DYU (p) = ([DYU(p))1,--- ,[DYU(p)|k), and 6, € RE such that all elements are 0 except the z
element is 1.

By noticing that = 3", ; p-(6.—61)+ (25:1 112)01, if U is differentiable, we have following lemma
from the linearity of directional derivative.

Lemma 4.4. Define the derivative of function U(p) along the direction p € RX as a map a%U (RE

R,
iU(p) -~ lim U(PJFSI;) Ulp)
It satisfies
2 U(p) = D) -+ 8U(p)(§:uz)
A 96, ’

where 8%1 is in fact the first component of the gradient of U, and DU(p) := DU(p) for notation
simplicity. When Zﬁil 1y =0, for any y € X, we have

DYU(p) - n=DU(p) - n= 5-Up).
In order to characterize the directional derivative of U w.r.t po, given 6 and P, let’s define a linear

system of ODE for (u, p) similar to (Cecchin and Pelino, 2019, Equation (80)), which will be used quite
a few times in the following.

du;t( Do X a%0) - A%u(t) ~ bt
dp;t(t) =y (N (Y, AYO(E) + D By(8) Dui(y, AYO(E)) - AVult) + e(t, 2)
, v (4.11)
ux(T) = 8?)(6;)(2,]5@)) +ur, = VG(2,p(T)) - p(T) + ur,.
pz(to) = Pz,0-

Similar to (Cecchin and Pelino, 2019, Equation (80)), D, \:(y, A¥6(t)) is the gradient of A} w.r.t its
second variable in RX. The unknowns are u and p, while b, ¢, ur, po are given measurable functions, with
¢ satisfying Zle c(t,z) = 0. In fact, is generalization of (Cecchin and Pelino, 2019, Equation
(80)). In (4.11)), it is a general directional derivatives of any direction in the terminal condition of u.(T),
while in (Cecchin and Pelino, 2019, Equation (80)), it is directional derivatives of specific directions.

We first prove in following Proposition that the linear system has a unique solution, which
is linear bounded by its initial and boundary conditions.

Proposition 4.5. There exist positive constants Ny and C, such that if we have and p(ty) €

B(P(%), N%))’ then for any measurable function b, ¢ and vector ur, the linear system has a

unique solution (u, p). Moreover it satisfies

lull + 1ol < Cllluzll + [lpoll + 110l + {le]- (4.12)
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Proof. We only discuss the case when ¢ty = 0, as it can be extended to any ¢y € [0,7] by the same
argument.

We first let Ny bigger than the one in Proposition[d.2] And similar to the proof for Proposition .2} to
cope with the potential negativeness, we first assume p,(t) > —M; uniformly and M; < M, and we will
decide later the value for M; small enough and find the Ny such that it holds. As > Ai(y, AYO(t)) =
0, we have 3 s y(t) DuA%(y, AY0(t)) - AYu(t) = 0, and Y ew dpét(t) = 0. Hence for any ¢ € [0,T], we

have
ni=>»_p:(t) =D peo (4.13)

z€EX z€EX

Define set P,(X) as
K
Py(X):={peRE, st sz =n}.
z=1

We define map ¢ from C°([0,T7]; P,(X)) to itself as following: for a fixed p € C°([0,T]; P,(X)), we
consider the solution u = u(p) to the backward ODE for u in (4.11)), and define £(p) to be the solution
to the forward ODE for p in (4.11) with u = u(p). From (4.13)), {(p) is well defined as £(p)(t) € P,(X)

for any t¢.

Similar to the proof for (Cecchin and Pelino, 2019, Proposition 6), the solution to is the
fixed point of mapping &, and we prove its existence by Schaefer’s Fixed Point Theorem, which asserts
that a continuous and compact mapping £ of a Banach space X into itself has fixed point if the set
{pe X :p=uwlp),w e [0,1]} is bounded. Firstly, £ is continuous as the system is linear
in w and p. C°([0,T); P,(¥)) is a convex subset of Banach space C°([0,T];RE). Moreover, from the
linearity and bounded coefficients of system , ¢ maps any bounded set of C°([0,T]; P,(%)) into
set of bounded and Lipshitz continuous functions with uniform Lipshitz coefficient in C!([0,77; P, (%)),
which by ArzelaAscoli theorem, is relatively compact. By compact map definition, £ is a compact
map. Hence to apply Schaefer’s Fixed Point Theorem, it remains to prove that the set {p: p = w&(p)}
is uniform bounded for Vw € [0,1]. We can restrict to w > 0 since otherwise p = 0. Fix a p such
that p = w&(p), which means the couple (u(p),&(p)) solves (for notation simplicity we neglect their
dependency on p)

d”;t(t) = Mz, A1) - Au(t) — bit, )

S = SN AO0) + SR ODN A0 S et
uy(T) =VG(z,p(T)) - w&(T) + ur,,

&-(to) = p20-

We need to prove the solution (u, ) if existed, are bounded uniformly for any w € (0, 1]. For notation
simplicity, we omit the dependence of \* on the second variable. From (4.14]),

Z%(uz(t)fz(t)) == D EMNE (1) —u() + Y EOAL(Y)us(t)

ZEX Z,YyeX Z,yeX
+ ) u(OFy ()DL (Y) - AVu(t) + Y elt, 2)us(t) = Y E&(1)b(E,2).
Z,YEX z€X z€Y

The first line is 0 by exchanging z and y in the second double sum and using (2.3)). Integrating over
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[0,T] and using the expression of u,(7") we have

3 E(T)VG(z, B(T)) - wE(T) + ur,:] — u(0) ,oo—/ D et 2)usl(t dt—/ > &b(t, 2)d

z€Y IS Z€X

/ S7 By (DN () - Au()(us(t) — uy (£))dt

2Z,YEX

Reorganize the terms and we get

[ 3 A0 A0 ~ )i 0 3 €TV ) - €T

ERT z€X
/Zgz tzdt/ > et 2uz(t)dt+ Y &(T)ur. —u(0) - po.
z€EY zZEX zZ€X

From assumption on G in (2.6 and definition of directional derivative, we have
—w Y &(T)VG(2,H(T)) - &(T) = —w Y &(T) 2, 5(T)) > 0.
z€¥ z€¥
Moreover, as A\*(y) = D, H(y) (we also neglect the dependence of H on the second variable),
/ 7 By DAL y) - AVu(t) (us(t) — iy (£))dt = / S5y (A H(y) - Avu(t)dt.
FRIIDY yeX

Since p and p can be negative, the same step in (Cecchin and Pelino, 2019, Proposition 6) to obtain
estimation on RHS of above is not applicable. However, as p,(t) + M; > 0 for all y € ¥, from (2.4]), we
can rewrite the RHS of the equation and get following estimation instead.

/ > byt AV H(y) - AYu(t)dt = / > (By(t) + My)AYu(t) - D7, H(y) - AVu(t)dt—
yeX yex
/ > AVt H(y) - AVu(t)dt > C~ / > (By(t) + My)|| A%u(t)|*dt — MlC/ > 1A% ()| *dt.

yex z€X z€X
So there exists constant C' and C; (C7 only depends on the dimension of u) such that

[ >

zZ€EX
+ 1€ [urll + [[w(0) [l poll + MiCh|ul?),

where b(t) := (b(t,1),--- ,b(t, K)), and ¢(t) is defined similarly. As A* and D,A* is bounded by constant
C, from ODE for ¢ in (4.14) we have

T T
0+ M)A it < O [ lelt)-uiolar+ [0 bl )

€=()] < |p0z|+0/ > 1&y(s !d8+0/ s) + My)[|A%u(s)[| + |e(s, 2)[1ds
yEE

yeY

+CM1/ S 1Avu(s) | ds.

yeY

So that by Gronwall’s inequality, there exists constant C' such that

1€l < Cllpoll + llell) +C/ > (y(t) + M) | AVu(t )Hdt+CM1/ > l1AYu(t)|dt,

yeD yeD
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where there exists C' such that }_, s, (Py(t) + M1) < C? and

[ mute) + A = /Zm )+ M1\ 7, (0) + M| Avu(o) e

yeY

/ D Byt + M) > (By(t) + My)||Avult) \th<0/ > " (By(t) + My)|| Avu(t)||2dt

yeY yeD yeD

<C /Z 1) + My)|| Avu(t)|2dt.

yeD

From (4.15)), there exist different constants C' at each line such that

€1l < Cllpoll + llell) +0/ > (By (1) + M) \Ayu()lldt+CM1/ D IAYu(t)at

yex YyeS
1 1 1 1 1 1 1 1
< C(llpoll + llell) + C(My + /M) [Jull + C(llell = [[ull> + €l [16l]2 + €)= [[url[> + [u(0)]|= ool ),

Moreover, using Gronwall inequality on the backward ODE in (4.14]) for function u, there exists C' such
that
[ull < Cllluzr|l + 1€ + [o]]-

Then there exists C' such that
1 1
Il < Cllpoll + llell) + C (M1 + M) (lur || + 1ET) + N16]) + Cllell 2 (lur || + 1ET] + (lol]) 2
1.1 1 1 1 1 1 1
+C(llEl= o1z + 1€ ur = + (lurll> + 1ET> + l16]]2)llpoll>)

As [|€(T)|| < |[€]], using the inequality AB < A? + L B? for A, B > 0, there exists C' such that

€< CCllell + NIl + Nlpoll + luzll) + (C(My + /M H&H

Note that the constant C' only depends on the boundedness of 9~, which depends on M in Proposition

41l 1f .
C(M;+ M SZ

Then we have
€[] < 2C(|[e]l + [[o]] + lpoll + [[url]),

Hence the solution pair (u,&) are bounded for all w € [0,1], which means p = w&(p) are also uniform
bounded, and hence proves the existence of solution to (| - Meanwhile, let w = 1 leads to the
uniform bound estimation for solution (u, p) to , and the uniqueness of it comes directly from

4.12). If Ny > 361]\\(41;[1) from Proposition we have Py(t) > —M; uniformly, which concludes our

proof. Hence we can just update our Ny set before to satisfy the inequality. O
Then we can prove the differentiablity of U w.r.t fy in Proposition

Proposition 4.6. Let (6,5) and (0, ) be the solutions to ODE system respectively starting
from (to,p(to)) and (to,p(to)), and (v,() be the solution to starting from po = p(to) — p(to).
There exist positive constants Ny and C, such that if we have , then for any to € [0,T] and
p(to), p(to) € B(P(D), NLO), we have

16 =6 — vl + [Ip — 5 ¢l < Cllp(to) — Blto) |
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Proof. Without loss of generality, we assume tg = 0. Similar to the proof of (Cecchin and Pelino, 2019,
Theorem 7), we can use results from Proposition to prove our conclusion. Define Ny as the one in
Proposition Then py(t), py(t) > —M; uniformly on (¢,y) € [0,7] x 3. Define linearized system
with w := p(0) — p(0):

dvz(t) N * z0 z
= A (2 A%6(1) - ATu(h)
dcz ch AL (y, AYG(t +Zpy £) DN (y, AYO(t)) - AV (t)
i} (4.16)
A1) = e (45(T) = DG, A(T)) - C(T) + 5 (7)) 2
C:(0) = w,.

From condition in Theorem the sum of every component of p equals 1 for all ¢ € [0,T]. Hence we
know ) s €2(t,2) = 0, and define

S(B,) == D> (9:(0) = 5=(0)) = > _(9:(T) — p=(T))

z€X z€X

We know there exists C' such that [S(p,p)| < C||p(T) — B(T)|. Set u:=0 —0 —v and p:=p—p—(,
they solve (4.11]), where

b(t, Z) = H(z, A%0(t)) — H(z, A%0(t)) — X*(z, A’35( t)) - (A*0(t) — A*0(t))

t2) i S 0D 0 000) — 5l AO0)] = 3 By M40 - (8600) — °00)
oG
01
From (2.3)), > .csc(t,2) = 0. The existence and uniqueness of solution to (4.16) is guaranteed by
Proposition We can simplify b and c as

ur,s = G(z,p(T)) = G2, (1)) — D'G (2, B(T))(B(T) — B(T)) — ——(2,6(T))S (B, p).

1
b(t, z) = / (D, H (2, A%0(t) + s(A*0(t) — A*0(t))) — D, H(z, A*0(1))] - (A*0(t) — A*6(t))ds
Zpy / (DX (y, AY0(E) + s(0(t) — AY6(t))) — DpAi(y, AY6(H))] - (A*0(t) — A*0(1))ds

+ Z Pyt )DL (y, AY0(1)) - (AY(t) — AY6(1))).

Moreover, since

Gz () m=[ 5 = (1) + s(O(T) — p(T)))ds
1
= | DG )+ sGT) = HT)) - (G(T) ~ H(T)))ds

1
* /o gg(z’ﬁm +s(B(T) — p(T)))S (b, p)ds

we have
1
ur,, = /0 (D'G(2,5(T) + s(p(T) = H(T))) = D'G(2,5(T))) - (B(T) = B(T))))ds

1
+ [ G o) + () = B — 5 )56 s
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From Proposition é, P, 6 and p are bounded. From the Assumption namely the Lipschitz
continuity of D, H, D, \*, % and D'G in their second variable, there exists constant C' such that

bl < €116 — 6]
lur.2 |l < ClB(T) = p(T)|1”
el < C(116 = 017 + 116 — 0] - |15 — BlI)-
Applying Proposition and then Proposition [£.2] we have there exists C such that

lull + [lp]l < Cll5(0) = B(0)]1%,
which concludes the proof. O

As (4.16)) is a linear system. v and ¢ in (4.16]) can be viewed as a linear map of w. Hence Proposition
suggests that U is differntiable w.r.t pg and the directional derivative %U(t, z,p) is the solution to

ODE system (4.16), with 6.(t) = U(t, z, p(t)).

Theorem 4.7. There exist positive constants Ny and C, such that if we have , U is differntiable on
B(P(%), ]\}0), and for any vector w, awU(t z,p(t)) exists and is Lipschitz continuous w.r.t p, uniformly

int, z. %U(t z,p(t)) is also continuous w.r.t t.

Proof. Define Ny as the one in Proposition Let (0,p) and (0, p) be two solutions to , with

initial conditions p(to), p(to) € B(P(X), NLO) Let also (#,¢) and (¢, ) characterize 55 9 17 (to, = p(to)) and
%ﬁ(to, z,p(to)) respectively. Then (7,¢) satisfies following.

dis(t) . -
=5 = N (2, A%() - A%
dcz ZQ/ DAL (y, AYO(8) + > By (H) DuXi(y, AYO(E)) - AVi(z)
y (4.17)
06
0:(T) = aE(T)( ,p(T))
Ez(to) = We.

From Proposition we know the uniform bound of both ¢ and C depend hnearly on norm of w.
Similar is for (9, (), except for replacing (6,5) by (,p). Set u := o — 0, p := ¢ — (. They solve the

linear system with p(tp) = 0 and
b(t z) = (A\"(z Azé( t)) — N (2, A%0(1))) - A*0(t)
=) GOy, AY6(t)) — Ny, AY6(¢)))

yeY
+ D[y () Dui(y, AY6(t)) — by (£) DAL (y, AY0(1))] - A%6(1)
yeY
oG oG
UZC:A72,~T —Aiz,AT
T, 8§(T)( p(T)) 8C(T)( p(T))

Using the Lipschitz continuity of A*, D, A* and directional derivatives of G, applying the bounds (4.12)
to © and ¢, and the estimation on ||§ — ||, ||p — p|| from Proposition there exists C' such that

Io]| < €116 = B][[|2]] < Cl(to) — H(to)ll||wl]

llell < €116 = 8lllIcll + C16 - Blllja]l + Cll5 — B2
< Cllp(to) — pto)[[|wl]

lurll < Cll5 = BlIICI| < CliB(to) — B(to) | w]
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From Proposition 4.5, we have
[[ull < CIb] + llell + lluzll) < Clip(to) — p(to)l]lw]-
From Proposition we have

(1) = 90 (t0,2,7(00)),  5(t0) = S0, 2. lt).

Therefore, ‘g—g is Lipschitz continuous, uniform w.r.t ¢t and z.

On the other hand, for another initial time ¢; > tg, we first compare a%ﬁ(to, z,p(tp)) and a%U(tl, z,p(t1)),
where (¢1,p(t1)) is on the path (¢,p(t)) start from ¢y to T. They are both characterized by system like
1) though we need to replace ty with ¢; for %U’(tl,z,ﬁ(tl)). Let (9,() satisfy 1) Then we

know

Ulty, z,p(t1)).

. 0 - . . 0
o(to) = %U(tojz,p(to)), o(ty) = 85(151)

%U(tl, z,p(t1)) is also characterized by (4.17)), except that o and initial value need to be replaced
1

by t; and ((¢1). It means %f](tl,z,ﬁ(h)) - %U(tl,z,ﬁ(tl)) can also be characterized by (4.17

except that ¢y and initial value need to be replaced by ¢; and 5 (t1) — w. From Proposition we have
there exists constant C' such that

00,2, 5(02)) = 50,2, 5(02)| < €)= .

0
()

As \*, D, A" and the directional derivative of G are Lipschitz continuous and uniform bounded, as well

as that both ¥ and ¢ are uniformly bounded, we know hence both dﬁgt(t) and d%t(t) are also uniformly
bounded by some constant C. We have
1<(t1) = w]l = 1I<(t1) = (o)l < Clt1 — tol,
Ulto, 2,p(to)) — —=—U (t1, 2, B(t1))| = [(t0) — 0-(t1)| < Clts — to|-

5w oe(t)

Combine above, we know there exists constant C' such that
| 0 U(to, 2, p(to)) 0 Ut z,p(t1))| < Clty — to
— z - — z — to].
ow 0,2, P\lo Ow 1,2, P11 > 1 0

Then by the continuity of %U w.r.t its third argument, as well as the continuity of p, we can also
conclude that 8%U is continuous w.r.t ¢, its first argument. O

From Proposition and~ Theorem U is C' on compact set B(P(X), Nio) Hence both DU and
the directional derivative of U along any direction are well-defined, bounded, and Lipschitz continuous,
uniformly for ¢t € [0,7]. Theorem m also suggests that the directional derivative of U along any
direction is continuous w.r.t . Thanks to these properties, we can use similar idea of the proof for
existence of solution to the master equation in (Cecchin and Pelino| 2019, Section 5.3.1), to show that
U also satisfies the master equation with some extra error terms.

Theorem 4.8. Let (é,ﬁ) be the solution to ODE system . Define U as . There exist positive
constants Ny and C, such that if we have condition in Theorem then U satisfies following
master equation along the path (t,p(t)) on [to,T], as long as p(t) € B(P(X), Nio)

oU (t,z,p(t))

P + H(z, A°U) + ) py()A (y, AYU) - DU(t, 2,(t)) = €(t, 2)

e (4.18)
U(T,z,5(T)) = G(z,5(T)) + e3(2),
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where A0 = (U(1,1,5(t)) — U(t, 2, 5(8)), - U(t, K, 5()) — U(t, %, 5(0))) and [le] < SEL, where N >
Ny and C comes from the uniform bound coefficient in Proposition [{.3.

Proof. From condition in Theorem ., p(t) € B(P(%), 5 ) for every t € [tog,T] where B(P(X), ]\1[ )
being the open neighbourhood of P(X%). Hence from Prop031t10n u . and Theorem [4.7, U, DU and
8%10 are well-defined on (¢, p(t)). Take t as initial time and p(¢) as initial value, there exists an unique
solution to , and we can always choose h small enough such that this solution taking value on
t+ h,ie p(t+h) € B(P(X), Nio) Note that as )y, e2(t, 2) = 0 for all ¢ € [to, T], we have

Zﬁz(t) = Zﬁz(t + h)
z€Y z€EX
Let’s first compute limit of following when h tends to 0.

Ot + hy2,i(t) — Ut 2,5(1) _

i h ~ ~ (4.19)
U(t+h,z,p(t)) —U(t+h,z,p(t + h)) N U(t+h,zpt+h)—U(tzpt)
h h

For the first term in (4.19)), we first define

W(s) :=U(t+ h,zp(t) + s(p(t + h) — p(t))).

By definition, we derive the derivative of W as

0
O(p(t + h) — p(t))

Then the first term in (4.19) can be reformulated as

W'(s) = U(t +h, 2, 5(t) + s(B(t + ) — B(t)))

U(t+ h,z,p(t) — Ut + h,z,p(t+h))  W(0)—W(1) I
; = —/ W'(s)ds

From Lemma 4.4 and c¢(h) = S5 (5.(t + h) — p.(t)) = 0. We know
W'(s) = DU(t + h, z,5(t) + s(B(t + h) = B(1))) - (B(t + h) — B(1))
Substitute above to the first term in (4.19)), we get

Ut + h,z,p(t)) — Ut + h, z,p(t + h))
h

1
:_ill/o DU(t + h, 2, p(t) + s(p(t +h) — p(t))) - (B(t + h) — H(t))ds

1t t+h )
Z—h/o U(t+h,z,ﬁ(t)+s(z5(t+h)—ﬁ(t)))ds-/t (3 By (WA (y, AY3(w)) + () du,

Y

where €3(t) := (e2(t,1),- -+ ,€a(t, 2)). From Theorem we know for any y € ¥,

}{gr(l)[DU(t +hy 2, B(t) + (Bt + h) — B(t)))]y = [DU(L, 2,5(1))]y-

As DU is uniform bounded, we have following with dominated convergence theorem:
1

lim i DU(t + h,z,p(t) + s(p(t + h) — p(t)))ds = DU(t, z, p(t)).
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On the other hand, dividing h and letting h — 0, we have following:

T, By ()N (g, AYB(w)) + ea(u
Jim, : h = Zpy

—Zpy “(y, AY0) + ea(1).

“(y, AYO(1)) + ex(t)

The last equation comes from Definition of U, which suggests AYU = Ayé(t).
For the second term in (4.19), from definition of U, we know

3 . do.(t
O(t+ ozt + )~ Ot 2,5) = 22D h 4 ofn),
and hence
lim U(t+h7zap(t+h)) U(t z p( )) — d@z(t) — —H(Z,AZU) +€1(t, Z).
h—0 h dt

Combining both the results from first and second term in (4.19)), taking h — 0, we have

oU(t,z,p(t)) _

o H(z, A°U) = DU(t, 2, 5(t)) - O By ()X* (y, AYT) + ea(t)) + en(t, 2),

yeY

As |DU(t, z,p(t))|| < C uniformly and ||ea(t)] < +, we know

DU (t, 2, (t)) - e2(t)| <

2lQ

Hence defining €(t, z) 1= € (t, 2) — DU(t, z, p(t)) - €2(t) concludes the proof. O

Then the DNN approximation (6, p) is characterized by , while the true solution (6, p) of the
MFG is characterized by similar one, except € and e3 are 0. Although the two master equations are
now backward PDE, it is still difficult to directly compare their solutions. Hence we would like to
approximate the two PDEs by two ODE systems on some discrete grids of P(X).

Define PV(2) = {(%,---, %), YK n,=N,n, € Z+}. Then PN(X) is a discrete grid of P(X).
For any p"¥ € PN(%), deﬁne operators:

N

AN (pN) = { PN+ 5 —8) pY >0,p) <1
P else

- - - - 4.20
ANIT (L, 2,p") = (U (t, 2,00 (V) = U(t, 2, ™), Ut 2, ™ E (pN)) = U(t, 2,p™)) 20

ANEEO (8, 2,pN) = (U 1,2 () = Ut 2,0™), - Ut K, oM E () = Ut 2,p")).

With the discrete grid and discrete operators defined above, we next show in Proposition [£.9] that
the master equation can be approximate by a backward ODE system.

Proposition 4.9. There exists Ny such that for N > Ny, every p’¥ € PN(X) and z € %, U solves

80 € 2,277

5 (62 ,p™) :eN(t 2, pN) — H(z, AN=2T (¢, 2, p"))

= () = )Ny, ANVIT(t,y,pN)) - ANVT (8, 2,pV) (4.21)
yeY

U(T,zp") = G(z,pN) + e3(2),

where €V € CO([0,T] x ¥ x PN(X)), |EV| < C

27



Proof. From Theorem there exists constant Ny, such that when N > Ny and 1 , U satisfies
(4.18) when taking value on point (¢, z, p').

oU(t,z,p™)

_ 2 N yx 3 2 N
5 =—H(z,A U)—Zpy)\ (y, AYU) - DU (t, z,p" ) + €(t, 2).

yeD

It looks similar to (4.21]), except for the discrete operator AV and the differential operator DY. Hence
we next compare the two operators similar to (Cecchin and Pelino, 2019, Proposition 3). We first
discuss the first component §; — 8§, of ANYU (¢, z,pV) defined in (4.20)),

1

- 1 - ~ -
Otz + 501 = 8,) = Ot2™) = [ V100 (020" + 5061 =6

1

= (D0t [ (DDt + 551 = 3~ (DY 2™ s
= (DY (t,2,p™ ) + Ol3)

where the last equality is derived by the Lipschitz continuity in p? € P(X) of DYU. As above can be
applied to every component in AN v (t, z, pv ), we conclude that there exists Ny such that for N > N,

ANYT (¢, 2,pN) = DVU (t, 2,p™ ) + V¥ (L, 2, pV),

< C

where V¥ € CO([0,T] x & x PV (Z);RE), MY < %=

Hence we have

Ty, - -
W 120M) = = 00N — 2N, AV (1, ™) - AV (1,2,
yeD
4
— H(z, AN’Z’ZU(t, z,p™)) + Zei(t, z),
=1

where

ei(t, z) := H(z, AN**U(t, z,p")) — H(z, A*U)
ex(t,2) = 3 pYANVE (1,2, pY) - (X (g, AT (2, , p)) — Ny, AVE))

yeED
es(t.z) = ) py (ANVO(t, 2,p™) = DU(t 2,p")) - N (y, AU)
YES
Ty - N
ealt, 2) 1= === N (y, ANPVU (t,y, V) - ATVU(t, 2,p7) + €t 2).

From the Lipschitz continuity of H and A*, as well as that U is bounded, there exists constant C' such

that - -
lei(t, 2)| < C||AN’Z’ZU(t,Z,pN) — AU

lea(t, z)| < C’meaéc |AN=2T (¢, 2, p™) — A*U||.

From Proposition we know there exists constant C' such that

C
et 9] + lea(t. )] < -
From Lemma 4.4/ and 3y \:(y, AYU) = 0 for every y € %, we have

DY (t,2,p")) - N (y, AYT) = DU (8, 2,p™)) - A" (3, AVD).
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It follows that
eslt,2) = S0 pN ANV (L, 2,pN) — DY (L, 2,pV)) - X (y, AVD).
yeD
From the boundedness of A* and ¢, there is constant C' such that

es(t,2)] < Yon) () < 1

yeD 1€X

ea(t,2)| < 1o

We can conclude the proof by defining

/o

eN(t,z,pN) = Z ei(t,z) <

i=1

O]

Finally we can proceed to the proof of our main result. The main idea of the proof is to characterize

both the DNN approximation (5, p) and the true solution (6, p) by their corresponding master equations,

which are further approximated by two backward ODE systems on certain discrete grid points. Then

the error of the two can be directly estimated on these grid points using Gronwall inequality. As both

(é,ﬁ) and (6, p) are uniformly Lipschitz continuous with respect to their initial conditions, the error

between the grid points can also be estimated.

Completion of proof of Theorem Since ODE system ([2.2) admits a solution to any initial

value pg € P(X), we can define
Ul(t,z,p) :=0(t, 2).

From (Cecchin and Pelino| (2019)), U satisfy the master equation for any p € P(X):

oU(t, z,p)

9 +H(Z,AZU)+ZpyDU(t,Z,p)')\*(y,AyU):07

YyeED

Similar to the proof of Proposition we know U(t, z,p") satisfy ODE:
oUu

E(tz,pN) =eN(t,z,pN) — H(z, AN=*U(t, z,p™))

1,
=D () = =N (g AV (8 y,p™)) - ANYO (2, p7),
yeY

U(T,zp") = G(z,p"),

(4.22)

where eV € CO([0,T] x & x PN (%)), ||eV|| < §. From (4.21)) and (4.22)), there exists Ny such that when

N > Ny and (4.3)) holds, we have
Iy—.
N

U(t,z,pN) = Ut z,p") = es(z) +e+ A+ > (o) —
yeD

)(By + Cy),

T
e = / (gN(s,z,pN) - EN(SaZ’pN))dS’
t

T
A= / (H (2, AN70 (s, 2, pV)) — H(z, AN#2U (s, 2,p)))ds,
t
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From Proposition both U and U are bounded. Hence H and \* are Lipschitz continuous w.r.t their
second variable. Define

d(t) := Ut,z,p") = Utz p")|.
(t) ZGE,pI]IVlg}IgN(Z)| (t,z,p") = Ut z,p)

There exists a constant C' such that
T
AL+ 1B+ 6, <€ [ dls)ds.
t

As py € PN(X), there exists constant C' such that

T T T
d(t) < max (2){/ |EN(5, z,pN) - EN(S, z,pN)]dS +e3(2)} + C/ d(s)ds < % + C’/ d(s)ds.
t t t

zex,pNepPN

By applying Gronwall inequality, there is constant C such that for every ¢t € [0,T], z € ¥ and pV €

PN (X) we have
-~ C
\U(t,z,pN) = U(t, z,p™)| < N (4.23)
For N > 2N, where Nj is defined in Proposition [4.9] above, if € B(P(X), &), there is p € P(X)

such that p =p + €4 and €4 < % And there exists p?¥ € PY(X) such that

1
N
—_ <7
lp—p™| N
15— <15 —pl+lp— 2V <21
= N TN,

From Proposition U (t,z,p) is well defined, and from Proposition there exists constant C'
independent of N and p, such that for every ¢ € [0,7] and z € 3,

C ~ N ~ 2C
|U(t,z,p) - U(ta Z)pN)| < Na ‘U(tvzvp) - U(t,z,pN)| < W

Combining the above inequalities with 1) we have |U(t, z,p) — U(t, z,p)| < % for some constant C
independent to N and p, which is equivalent to

_ C
_ < .
16 -0l < =

By using the uniform boundedness and Lipschitz continuity of A*, we can prove p and p are Lipschitz
continuous w.r.t # and 6 respectively, with the help of Gronwall inequality and technique similar to
the proof of Proposition [£.2] Note also that the Lipschitz coefficient only depends on the the uniform
bound and Lipschitz continuous coefficient of A*, which again only depend on the preliminary M given
in Proposition Hence we know there exists a uniform constant C' independent on N such that

C
5—pl < =.
6 —pl| < N

This concludes the proof. O

4.4 Proof of Proposition

Proof. The proof is divided to several steps to prove the conditions for H and G respectively.
Step 1: proof of \* for Assumption
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Let’s first write out the Hamilton operator H for G.gr. Define A as the admissible control set for
all A that satisfy 1} Define 6% := A~ (Aga(» (¢, 2)) and 6 = A_l()\ﬁb(z)(t, z)), then we have
1

H(Z> :u) = igg{g(A_l()‘B“(z) (tv Z))v Mﬁa(z)) + g(A_l()‘Bb(z) (tv Z)): Mﬁb(z)) - 5’702Z1_1(Z)2}

= sup {(6°, 13n(2))} + 50D (900", o))} — 590725 (=)
§*€R SbeR

where g(d, p) := A(6)(6 —c+ ). From and according to the proof of Lemma 3.1 in|Guéant| (2017)),
C(p) := sups{g(d, )} is increasing w.r.t p. Moreover, the optimal ¢* exists and is unique, which is a
continuously differentiable function of u.

Step 2: proof of H satisfying Assumption [2.1

We only need to prove that the second order derivative ¢”(u) is positive. From the proof of Lemma
3.1 in|Guéant, (2017), ¢ is C2, ¢'(u) = A(6*), and §* is strictly decreasing w.r.t u. Hence A(5*) is strictly
increasing w.r.t u, which implies ¢”(u) > 0. Then there exists constant C' such that ¢”(u) > C when pu
is bounded.

Step 3: proof of G satisfying Assumption [2.1]

From , the differentiablity and of GG are trivial. We then only need to prove . Note
that

Vmaz @  VUmas
Z€X v=0 ¢g=—Q i=v

Umax Umazx

=3 @(Ti) — p(T,0) (p(T,v) — BT, v))R

v=0 i=v
R Umazx - 2 Umax B 5
- _5 Z (p(T,'U) —p(T,'U)) + Z (p(T,v) —p(T,’U)) )
v=0 v=0
which is nonpositive, this concludes the proof. ]

5 Conclusions

In this paper we have solved the finite state mean field games problem by the deep neural network
method. By transforming the fully-coupled FBODE system to the master equation, we have proved
that the error between the true solution and the approximate solution is linear to the square root of
DNN loss function. We have also applied the DNN method to solve the optimal market making problem
with terminal rank based trading volume reward which is shown to perform better in liquidity provision
and trading cost reduction than the linear trading volume reward. There remain many open questions
such as general heterogeneous interaction structure, infinite state MFG, etc. We leave these and other
questions for future research.

Acknowledgments. The authors are grateful to the anonymous reviewers whose constructive com-
ments and suggestions have helped improve the paper of the previous version.
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