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ABSTRACT. In this article, we establish the validity of the Donsker invariance
principle for weak convergence of the optimal utility-downside-risk portfolio
payoff. Thus, the optimal solution is robust to changes in the market model via
the pricing kernel. The convergence result is valid for all feasible combinations
of utility functions satisfying the Inada conditions, convex downside deviation
risk measures, and pricing kernels satisfying integrability conditions. Thus, our
results provide a unified framework to understand whether utility-downside-
risk solutions are stable under mild misspecifications of asset price processes.
As another application, we further obtain a result that the optimal utility-risk
values and policies driven by discrete-time binomial models converge weakly
to those of the limiting continuous-time Black-Scholes model. We demonstrate
the convergence result using numerical examples and find that the optimal
utility-risk value converges as the time interval of the binomial model gets
smaller.

1. Introduction. Since the celebrated work of Markowitz [30], the portfolio se-
lection problem has become one of the most important research topics in finance
and economics. Expected utility and mean-variance are two common criteria for
assessing portfolio performance. Merton [32] and Samuelson [36] investigate utility
maximisation problems in continuous-time and multi-period settings, respectively,
by considering them as stochastic control problems. The advantage of formulating
the stochastic control problems allows a direct application of the dynamic program-
ming principle (DPP) to get the Hamilton-Jacobi-Bellman (HJB) equation, leading
to a non-linear partial differential equation (PDE) by invoking the inherent tower
property; see, for examples, [5, 8, 32, 37] for a detailed introduction. Without as-
suming a specific form of utility functions, such as hyperbolic or constant absolute
risk aversion, the solvability of non-linear PDEs is barely discussed in general. Ben-
soussan et al. [5] established a special transformation to linearise the primal HIB
equation into a semi-linear PDE, which can be solved via the weak solution ap-
proach in a weighted Sobolev space. This novel method is further applied to resolve
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more advanced optimisation problems with general utility functions and model set-
tings, like [29]. Alternatively, the martingale method can be applied to solve utility
maximisation problems in a complete market, where the existence of the optimal
terminal payoff can be shown by convex analysis and that of the optimal trading
strategy by the Martingale Representation Theorem; see [12, 23, 27, 34] for details.

As an aftermath of several major financial crises in the last two decades, tighter
government regulations, including adequate liquidity requirements, have been en-
forced to cope with the possibility of extreme losses in the market. As a conse-
quence, there is a trend towards incorporating enterprise risk management practice
into portfolio selection problems. Value-at-Risk (V@R) constraints have been im-
plemented into portfolio optimisation in light of the prevailing regulation using
V@R as the method of risk assessment; see [3, 13, 40, 41]. Furthermore, more
general goal-reaching criteria, such as concerning whether or not the terminal cash
flow exceeds a certain benchmark, have also been applied to portfolio selection;
see [14, 16, 23, 28]. Apart from the quantile-based risk measures, another more
commonly used risk measure is the deviation risk measure, which measures the de-
viation of the random return from its own mean. Variance is a special example
of the deviation risk measure. Markowitz [30] adopted the mean-variance criteria
for evaluating portfolio performance. Li and Ng [26] and Richardson [35] extended
the mean-variance problem into dynamic Black-Scholes models. From that point
on, more sophisticated mean-variance frameworks have also been investigated, such
as [1, 9, 10, 11]. In particular, Bensoussan et al. [10] established a time-consistent
mean-variance equilibrium portfolio under short-selling prohibition in both discrete
and continuous models and showed that discrete-time equilibrium portfolios con-
verge to the continuous-time counterpart in a linear order. Apart from the usual
dynamic programming approach or martingale approach, Bensoussan and his collab-
orators innovated a novel mean-field technique to solve the classical continuous-time
mean-variance problem [9] and a mean-variance capital investment optimisation [7],
which cannot be solved by the classical stochastic control methods.

A main criticism against variance as a risk measure is that the variance incurs
penalty on the upside profitable return. In contrast, the downside-risk measures,
which penalise only when the return is below its expectation, can remedy the com-
mon criticism against variance, thus Markowitz [31] also claimed that semivariance,
an example of downside risk measures, could be a more sensible risk measure than
variance. However, the continuous-time mean-downside-risk problem under the
Black-Scholes model was shown to have no optimal solution in Jin et al. [20], as the
optimal value function is unattainable by any of the admissible portfolios.

Wong et al. [39] first proposed applying the deviation-risk measure to the utility-
risk! portfolio selection framework, in which the objective function is the difference
of the deviation risk from the utility function, under the continuous-time Black-
Scholes market. Wong et al. [39] showed the existence of the optimal solutions
for various utility-risk problems, including the utility-semivariance problem, which
is in sharp contrast to the non-existence for continuous-time mean-downside-risk
problem in [20]. The obtained existence result in [39] suggests the revival of using
semivariance as a proper risk measure in the portfolio management paradigm. The
general utility-deviation-risk framework in Wong et al. [39] is developed into more

1Jin et al. [20] called their problem formulation mean-risk problem, though they only considered
deviation risk measure in their work, so to avoid ambiguity, we use a single word “risk” to stand
for the deviation risk measure in the rest of this article.
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interesting studies, like time-consistent strategies in Gu et al. [18] and consump-
tion and investment settings in Bensoussan et al. [6]. In particular, Bensoussan
et al. [6] converted the utility-variance problem with consideration of intermediate
consumption into a mean field-type control problem, which can be tackled using
the Hamilton-Jacobi-Bellman and Fokker-Planck equations framework.

To bring the dynamic utility-semivariance framework to use in practice, we could
calibrate the model in [39] using past market data, yet the estimated parameters
may be different from their actual values during the investment horizon due to
the limitation of estimation from past data on future predictions. This deviation
could be a subtle issue because most theoretical claims in portfolio selection are
mostly model-dependent, and so any tiny deviations in the parameters could lead to
substantial inaccuracy in the optimal solution if it is sensitive. However, the lack of
explicit forms of the optimal solutions in [39] to study their functional dependence
on parameters leads to an extra hurdle to the investigation of the robustness of
optimal utility-risk solutions.

To address the foregoing issue, we shall establish the weak convergence of optimal
utility-risk payoffs, each corresponding to an approximating market such that the
sequence of the corresponding pricing kernels converges to a limiting one. This
convergence result implies that the optimal solution is insensitive to changes in
the underlying market parameter values. In other words, if we slightly perturb the
market model, the projections on the average generated by the model do not change
drastically.

In comparison with some existing results of weak convergence in the literature,
the convergence of optimal payoff for utility maximisation (without other risk mea-
sures) was studied by He [19] for complete market setups and then by Larsen and
Zitkovic [25] for incomplete market setups. In particular, Larsen and Zitkovic [25]
investigated the stability of the utility maximisation, which is how small perturba-
tions of the market coefficient processes can cause a change in the optimal solution.
More research studies regarding the convergence and stability of utility maximisa-
tion in incomplete markets have been done; to name a few, see [4, 22, 24, 33]. As
the utility-deviation-risk setting is recently established in [39], its convergence and
stability have not been studied.

As an application of the weak convergence theorem established in this article, we
shall verify that the conditions for the theorem are satisfied by the pricing kernels
in connection with the discrete binomial tree model. Hence, the corresponding
optimal terminal payoffs converge in distribution to that under the continuous-
time Black-Scholes setting. This convergence result will be further illustrated by
numerical examples, in which the optimal values converge in a linear order as the
time interval of the binomial model gets smaller — the same convergence order found
n [10]. Furthermore, under some regularity assumptions, we can further establish
the weak convergence of the optimal portfolio and the wealth process by using a
similar argument as in [19].

The rest of the paper is organised as follows. In Section 2, we first introduce
the problem formulation and some assumptions on the market model. Then, we
establish the unique existence of the optimal solution for the utility-downside-risk
framework. Section 3 lists certain conditions on a sequence of pricing kernels under
which the optimal terminal payoffs converge in distribution. In Section 4, we shall
demonstrate the verification of the aforementioned conditions by the binomial tree
models. Hence, with our main claim, we can conclude that the optimal terminal
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wealth for utility-risk problems under the Black-Scholes model can be approximated
by that under binomial tree models. Furthermore, under some mild regularity
assumptions, we further establish weak convergence of the optimal portfolio weight
and wealth processes. Section 5 demonstrates our established convergence results.
The technical proofs will be provided in the Appendix.

2. Problem setting and preliminaries.

1. Utility-risk portfolio selection. Let (2, F,P) be a fixed complete proba-
bility space. Suppose that the market has m + 1 assets with the joint price process
(S())e=0 with S(t) := (So(t),...,Sm(t))"; here M* denotes the transpose of a ma-
trix M. Define the information filtration up to time ¢ as F; := o(S(s) : s < 1),
satisfying the usual conditions.

Let m(t) := (m1(t), ..., mm(t))", where 7 (t) is the money amount invested in the
k-th risky asset of the portfolio at time . The dynamics of controlled wealth process
(X7 (t))t>0 is given by

dX™(t) = (X™(t) _W(t)tlm)dio(ié) +Zﬂ_k(t)dsk(t) 1)

and X™(0) = z¢ > 0, where 1,, is an m-dimensional vector with all components 1.
Let U be a utility function satisfying the following property:

Property 2.1. The utility function U : (0,00) — R is strictly increasing, strictly
concave, continuously differentiable and U’(0) := lim, o U’ (x) = oo and U’'(c0) :=
limgtoo U'(x) = 0, i.e. the Inada condition holds.

For the ease of discussion, we extend the domain of U from R4 to R so that
U(0) :=limg o U(x) and U(x) := —oo for z < 0.

The deviation risk function D is used to measure the difference of the random
portfolio return and its own expected value. In the present article, we focus on
downside risk functions defined as follows:

Definition 2.2. D : R — Ry is said to be a downside risk function if it is positive,
strictly increasing, strictly convex, and continuously differentiable on (0,00) and
D(z) =0 for z < 0 such that D’(c0) = oo and D’(0) = 0.

The objective functional is given by
J(m(-)) == E[UX™(T))] = ~E[D (E[X™(T)] = X™(T))], (2)

where the terminal time 7" < oo and v > 0 denotes the risk aversion coefficient.
From that point on, we denote the process (X(t))¢cjo,r] in short as X(-) unless
otherwise specified.

The investor aims to simultaneously maximize the expected value of the utility
and minimize the deviation risk. For example, if the utility function is U(z) = %xp
while the downside risk function is D(x) = 2% , then our problem becomes the power-
utility-semivariance problem. Given p > 1, let LV := {Z||Z], := (E[|Z|p])% < o0}
Define #? to be the class of all Fi-adapted processes equipped with the norm
[l () lxz := ( fo (t)dt])? < co. As a mild technical requirement, we require
the terminal wealth of every admissible control to satisfy the following conditions:

X>0as; UX)ecL'; D(EX]-X)ecLl (3)
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The non-negativity of terminal wealth X ensures that U(X) can be properly eval-
uated. The integrability of both U(X) and D(E[X] — X) guarantees both terms in
the objective functional (2) take finite values. With these conditions on the terminal
wealth, we consider the class of all admissible controls

A= {n(-) € H*|X™(T) € L2 N Fr and X7 (T) satisfies (3)}.
Our utility risk problem can then be formulated as follows:

Problem 1. Mazximize J(n(+)), subject to n(-) € A and (X7(-),n(-)) follows (1)
with an initial wealth xq.

We impose further assumptions in the market:

Assumption 2.3 (Pricing kernel). There exists a pricing kernel £(+) € H2, £(0) =1
and £(t) € Ry a.s. for all ¢t € [0,7T], such that £(T) € £2 and (£(£) X™ (¢ ))te[o 7] is a
martingale for all w(-) € A.

Assumption 2.4 (Market completeness). For every X € £2N Fr, there exists a
self-financing strategy m(-) € H? such that X™(T) = X.

Moreover, we assume the following on the utility function which has also been
adopted in [39].

Assumption 2.5. There exists kg > 0 so that the inverse of the first-order deriv-
ative of U, (U’)~1, satisfies (U’)~1(ko&(T)) € L2

2.1.1. Examples of market models.

Example 2.6 (Continuous-time Black-Scholes model). Suppose that the market
has one bond and one stock, we consider the bond price and stock price satisfying
the following:

dB(t) =rB(t)dt, B(0)=by >0,
dS(t) = pS(t)dt+oS(t)dW (L), S(0) = so >0,

where W (-) is the standard Brownian motion. Let 7(¢) be the money amount of
risky investment at time ¢, so that the dynamics of the wealth process become:

AX™(t) = (rX"(t)+an(t))dt +on(t)dW(t), X™(0) =g >0,

where « := p — r. The continuous-time pricing kernel is a process £*(-) such that:

% a2 [e%
§ (t) = exp —rt — @t - ;Wt . (4)

Clearly, £*(-) satisfies Assumption 2.3. Assumption 2.4 can be validated by an
application of the Martingale Representation Theorem. Note that all assumptions
are satisfied even when the market parameters are Fy-adapted processes in general.

Example 2.7 (Binomial tree model). We next consider a N-period discrete time
framework with time interval At := L. The price processes of bond B(N)(.) and

stock S(N)() are given by BIN)(t) := Bft/AtJ and SN (t) .= Sft]\/])m] respectively,

ZH

where BSY) and &) have the following dynamics:
B, = (+ranBM, B = by
s = (1 At 4 a\/Ktzﬁfi)l) S gV g
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where Z,(LN)’S are iid Bernoulli random varibles for n = 1,..., N, with probability:
JP’[ZT(LN) =1] = IP[Z,SN) =—1] = 5. Let 7N be the money amount invested in the
risky asset over the n'” period the corresponding wealth process X (V)7 7(-) with

XN (1) = Xfi\;)AtJ has the following dynamics:

X7 = (14 ran) XM 4 (adt+ oVAEZY) ) 7Y, (5)
XéN)’ﬂ = x0, where a =y — .

In this binomial tree model, the pricing kernel process £(N)(-) is given by ¢V (t) :=
(N) . .
& such that:

[t/At]
mo (11— 2y/ArzY
¢V =11 (W for n=1,...,N. (6)
k=1

Hence, Assumption 2.3 is obviously satisfied.
For Assumption 2.4, given a Fr-measurable X € £2, the corresponding attain-

able wealth process can be obtained by
N1 avAizY
I {—a )|
14+ rAt

k=n-+1

=E

XN :E[

§(N)

and the underlying trading strategy can be obtained in accordance with (5).

Example 2.8 (Stochastic interest rate model). Adopting the market setting as
specified in [2], suppose that the market has one riskless money account, one stock,
and one zero coupon bond fund; their prices at ¢ are denoted by Sy(¢), Si(t), and
Sa(t), respectively. The asset prices satisfy the following:

dSy(t) r(t)So(t)dt, So(t) = so >0,
a5 (1)
dSs(t) = (r(t) + ag) So(t) dt + g2152(t)dW1(t), S2(0) = s9 > 0,
where Wy (:) and Wa(:) are two independent standard Brownian motions, and the
er

interest rate r(-) follows an Ornstein-Uhlenbeck process with constant parameters
given by

dr(t) = a, (b, — r(t)) dt — o.dWi(t), r(0)=rp.
Let 7(-) := (mi(t), m2(t))icjo,r) and 71(t) and 7(t) be the respective money
amount invested in the stock and the bond at time ¢, so that the dynamics of
wealth process becomes:

dX7(t) = (X™(t) — mi(t) — ma(t)) BoE + my (1) S8 4 ma (1) G52

= (’I"(t)XTr(t> + a7 (t) + Oégﬂ'g(t)) dt + <0'117T1 (t) + 0'217T2(t>) dWi (t) + 01271 (t)dWQ(t),

XW(O) =x0>0

The pricing kernel for the market setting becomes the following:

aq g 1L

&(t) :=exp _/o r(s)ds — =

2 2
2 011 o5

1 021 012

(§(t)X™(t))telo,r is a martingale in light of an application of Ité’s lemma, and so
Assumption 2.3 follows.

(T(t) + 041) S (t) dt + 01151 (t)dWl (t) + 01251 (t)de(t), St (0) =351 >0,

2
+ 2 t—%Wl(t)—i‘mW() ’
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Both Brownian noises Wi (-) and Wa(+) can be hedged out perfectly through trad-
ing the stock and the zero-coupon bond simultaneously, so the market is complete
and Assumption 2.4 is satisfied.

2.2. Unique existence of optimal solution. In this subsection, we state the
existence results of present utility-risk problems. Though our present setting is
more general than the one in [39], all results in this subsection can be established
using the same arguments. Our Problem 1 can be converted into the following static
one:

Problem 2.
Magzimize U(X), subject to X € X and E[{(T)X] = =0,

where ¥ : X — R is defined by ¥(X) := E[U(X)] — vE[D(E[X] — X)] and X :=
{X € £2|X € Fr and X satisfies (3)}.

Under Assumptions 2.3 and 2.4, each feasible solution to Problem 2 is attainable
by an admissible control with the initial wealth zy, so it can be shown that the
optimal solution of Problem 2 is the optimal terminal wealth of Problem 1:

Theorem 2.9. If n(-) € A is optimal for Problem 1, then X™(T') is optimal for
Problem 2. Conwversely, if X € X is optimal for Problem 2, there exists () € A
such that X™(T) = X and w(-) is optimal for Problem 1.

Note that the maximisation in Problem 2 is confined to the set X, so that the
solution obtained in Problem 2 is an admissible terminal wealth in Problem 1. Since
Theorem 2.9 provides the equivalence between Problems 1 and 2, our present paper
now aims to establish an admissible terminal wealth X € X’ that maximizes U (X).

Theorem 2.10. Under AAssumption 2.5 so that U satisfies Property 2.1 and D 1is
given by Definition 2.2, X = I (M,vyR+YE(T)) is the unique optimal terminal
wealth of the utility-downside-risk problem where I is an implicit function I : R X
(0,00) = (0,00) satisfying:

U'(I(m,y)) +yD'(m — I(m,y)) —y =0,  for any (m,y) € R x (0,00), (7

and (Y, M, R) € R? is the unique solution to the system of nonlinear equations

BE(T) I (M,~vR+Y¢(T))] = o, (8)

E[I (M yR+YE(T))] = M, (9)

E[D'(M —I(M,yR+YE(T)))] = R (10)

Proof. The outline of the proof is given in Appendix A. O

3. Main result: weak convergence of optimal payoffs. In this section, we
first establish the convergence of optimal terminal payoffs for a sequence of utility-
risk problems, namely, if a sequence of pricing kernels converges weakly to a limit,
then the respective optimal terminal payoffs will converge in distribution to that
under the limiting pricing kernel.

We consider a sequence of markets, each of which satisfies Assumptions 2.3 and
2.4; denote them by {II™)} yen, and each market Iy has its own unique pricing
kernel ¢(V)(.). Meanwhile, we have a sequence of the random terminal values of pric-
ing kernels (or simply call it the terminal pricing kernel for convenience), namely,
{EMNY vy with €)= ¢(N)(T). By Theorem 2.10, we know that each market
possesses a unique optimal terminal wealth for the utility risk problem, denoted by
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XM € £2. We aim to show that if this sequence of terminal pricing kernels con-
verges in distribution to a terminal pricing kernel £* € £2 corresponding to a market
IT*, then this limiting optimal terminal wealth solves for the utility-downside-risk
problem under the market II*.

Theorem 3.1. Given that U and D respectively satisfy Property 2.1 and Definition
2.2. Under all markets TIN) and TI* satisfying Assumptions 2.3, 2./, and 2.5
with their corresponding unique terminal pricing kernels €N and € € £2, and
optimal terminal wealths are given by XW) and X* in Theorem 2.10. Suppose
that a sequence of their terminal pricing kernels {E(N)}NeN satisfy the following
conditions:

(i) {€M) Y nen converges in distribution to € as N — oc.

(ii) For any K > 0, {E(N) (U~ (W) + K)}NGN is uniformly integrable.

Then the sequence { XN} nen converges in distribution to X*. Hence, B(X(N)) —
U(X™*), i.e., the sequence of optimal value functions of the utility-risk problem under
IN) converges to that under IT*.

Proof. By Theorem 2.10, the unique optimal terminal wealth for the utility-downside-
risk problem under II®Y) is given by X(V) = I(M®™) yRWN) 4y (NN - wwhere
the function I is given in (7) and the triple (Y (™), M(N) RIV)) satisfies the system
of equations in (8)-(10) under &(T) = ¢). Similarly, the unique optimal terminal
wealth under IT* is given by X* = I(M* yR* 4+ Y*¢*). Note that the choice of I
in (7) is independent of the choice of pricing kernel &.

By Skorokhod’s representation theorem and condition (i), there exists a sequence
of random variables {C(N)}NeN in which ¢(™) has the same distribution as £V) such
that {¢ & )} ~Nen almost surely converges to a random variable (* which has the same
distribution as £*. To simplify the notation, we denote

XM .= (M(N),WR(N) + Y(N)C(N)) and X* := I (M*,~R* +Y*¢"). (11)

The following proposition shows that the sequence of {(Y(N), M@, R(N))}NeN
converges to (Y*, M* R*); its technical proof is postponed to Appendix B.

Proposition 3.2. limy_, . (Y(N),M(N),R(N)) = (Y*, M*, R*).

By Proposition 3.2, the regularity of I ensures that XWN) 5 X* as.; together
with the fact that X)) and X) (including N = ) have the same distribution,
XN) — X* in distribution. Since for each m, I(m,y) is decreasing in y and so, for
each N,

X _ 1 (M(N)’WR(N) +y(N)<(N)) <7 (M(N),WR(N)).

By Proposition 3.2, I(M(N),'VR(N)) — I (M*,vR*) < oo, so we have XM <
I (M*,vR*) 4+ 1 a.s., for all large enough N. A simple application of the domi-
nated convergence theorem, (X)) — W(X*). Together with the fact that X V)
and X (including N = ) have the same distribution, the convergence of value
functions follows. O

Theorem 3.1 implies that the optimal solution for the utility-downside-risk prob-
lem is robust with respect to the change in pricing kernel. If the “change” in pricing
kernel is small enough, the optimal terminal wealth does not deviate much, and so
does the change in value function.
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4. Applications: convergence from discrete to continuous setting. In this
section, we shall show that the sequence of terminal pricing kernels in the binomial
tree models satisfies the conditions stated in Theorem 3.1, with the limit of the
sequence of terminal pricing kernels being that under the Black-Scholes model. We
first recall the celebrated martingale central limit theorem, which is vital to our
main results in this section.

Theorem 4.1 (Theorem 7.4.1 of [15]). Assume that b,o : R — R are continuous
functions such that the following SDE

dX(t) = b(X(8)) dt + o (X(£))dW (1), X(0) = a0,

admits a unique weak solution X*(-). Suppose that XN (.) is a sequence of Markov
processes with sample path in DI[0,T], which is the space of functions from [0,T]
to R that are right continuous with left limits under the Skorokhod’s topology. If
there exist processes LN (-) and AN (-) with sample paths in D[0,T], such that the
following conditions hold:

1. {XWN)(0)}nen converges to xq in distribution;

2. AN(t) is non-decreasing in t a.s.;

3 MM () = (XN — LY () and (MWN))2 — AN () are martingales;

4. for all ¢ > 0,

R

lim E | sup ’X(N)(t)fX(N)(tf)‘ — 0
N—oco tSTéN) |
,

lim E | sup ‘L(N)(t) —L(N)(t—)‘ — 0

N—oo (™)

t<tq |

lim E | sup [AM(@) - AN -] = o,
N—o0 tSTém |

where TéN) =inf{t <T: |X(N)(t)| >q or |X(N)(tf)| >q} AT;
5. for all ¢ > 0, the following two expressions:
i) SUP, ., () ‘L(N)(t) — fotb (X(N)(s)) ds|,
. 2
ii) SUp, (%) ‘A(N)(t) — fot (o (X(N)(s))) ds’
both converge to 0 in probability as N — oo.

Then the process {XN) ()} yen converges weakly to X*(-) in the sense that, for
any bounded continuous mapping h in D([0,T]) to R, we have E [h (XN (1))] —
E[h(X*(-)] as N = co.

To have the main result of this section, the next assumption stronger than As-
sumption 2.5, which has been adopted in Remark 4.4 in [21], is required:

Assumption 4.2. There exist n € (0,1) and § > 1 such that for any y > 0,
U'(By) < nU'(y)-

Theorem 4.3. Given that Assumption /.2 holds, U satisfies Property 2.1 and D
is given by Definition 2.2, and &(IN) is given in (6). The sequence of the terminal
pricing kernels {fg(VN)}NeN satisfies the conditions stated in Theorem 3.1 with &* (T')
where £* (t) is defined in (/). Hence, the optimal terminal wealths corresponding

to the sequence of binomial tree models converge in distribution to that under the
Black-Scholes model.
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Before we proceed to the proof, we first need the following two technical lemmas
for verifying the conditions specified in Theorem 4.3.
—x o2 o — _
Lemma 4.4. Define € (t) := e 227"V ® gpg f(N) t) = f(@;)mj for0<t<T,
where E;N) = [, (1 — %\/AtZ,gN)). The sequence of processes {ET_{\;)AtJ}NeN

converges weakly to E*()

Proof. We first note that £ (-) satisfies the following SDE:
— % QL —x* —%
@ (1) = -2 0w, T =1

and so, £ (0) = E(N)(O) = EéN) = 1, and hence Condition 1 is fulfilled.
By the very definition, £¥)(-) is a martingale. We then set L(V)(¢) := 0 and
AW (1) = A(Li\;)mj where A,EN) is defined recursively via the relation:

2

(N)) LA, AN =o.
g

N N
ALY = A+ (&

Clearly, AN (¢ )( ) is non-decreasing, and Condition 2 is satisfied. Besides,
(N) N) | #(N) (N
|:<£k+1) - Al(e—i-)l fk Afc )]
(V)2 N N (N) (V) 2 N
— (&) e[ (- 2vaiE) ] - Al - (67) G- (67) - A

which implies that the process ((E(N))2 — AM))(.) is a martingale, and thus Condi-
tion 3 is validated too.
)

For any N € N and ¢ > 0, since (E(N)(t—)) < P14 2VAL? <2421+
by the definitions of E(N) (t) and T(EN) we have

2

IE
2/~

Z(N) (N ‘2<‘ ™), ‘ <282 o? T a*T
ORI SVA <270+ 505
for anythéN),thus
. Eenf] < g 2 s STET _
JéznwE[ju};))ﬁ - ]—1&5202‘1 oy ey’

Since | AN (1)~ AN (t—)| < (E(N) (t—))2‘;—zAt, similar derivations give limy o E[sup, .« |A
—='q
AW (t—)|] = 0 which justify the validity of Condition 4. Finally, for any ¢ > 0,

A () / (js““(s)fds’ = sugv(éiv/kuf(tutj At)

202 , a?T 20?2
< P04 =)A= P14 —
- Su}?v) qu<+02N) ¢72q(+

sup
tSTéN)

as N — oo. Thus, Condition 5 is also fulfilled.

Therefore, we can now apply Theorem 4.1 to conclude that {E(N) (*)} Nen converge

weakly to € (+) as N — c.
O

Lemma 4.5. (i) E[(ngN))‘l] < e&T where K is a constant independent of N;

(N (t)—
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(ii) For everyn € N, there ezists a finite constant M,, > 0 such that E[( ](VN))*”] <
M, for all N € N.

(N)
Proof. Define R,(CN) =2y AtZ,gN), we then rewrite §§VN) = Hijﬂ %.
Thus, provided that N is large enough, for each k,

4 2 3 3
E {(1 +R) ] E [1 —42VAIZN 1655t - a5 (a0 (7)) + a(At)ﬂ
g (2 g g

a? ot
1 6— + — | At.
Therefore,

E {( (N>>4] <E ﬁ (1 +R(N))4 < (1 + <6a2 + a4> At)N < (05 50)T
N = P k = o2 ot - ’

for all N. Hence, the claim (i) follows. Fix n € N, by direct computations with an
application of Taylor series expansions, we have:

i) = 3 (0-5v) e (g )

IN

(n+1)

= 1+ At+O(At2)

Then, there exists a constant K,, independent of N such that

_ N (N)\ ~™ N

MY L+ Ry _ (n+ na 3

]E{(N) } = E E(urmt) —<1+<rn+ s ) At+O(A)
< 6K"T.

O
Proof of Theorem 4.3.
By Lemma 4.4, ey = €WV — E* T) in distribution as N — oo. Since
N e -
limy o0 (1+7A)YN = e we also have §§VN) =(1 +rAt)_N(§§V )) — e "TE(T) =
&*(T) in distribution as N — oco. Hence, Condition (i) in Theorem 3.1 follows.

By Assumption 4.2, its inverse function (U’)~! satisfies the property: (U’)~!(nz) <
B(U")~(x) for all z > 0. Further, (U")"L(n¥z) < BYTH(U")~!(z) for all z,y > 0
and we also have (U’)~(n¥z) < gv+L(U")~1(z) + (U')"Y(z) for all y € R,z > 0;
therefore, we have

(U H(z) < Bz%(U')_l(l) +(U")71(1) for any z > 0.

Then, by Minkowski inequality, we have

el ()] <o () ] )

According to Lemma 4.5(ii), we now have E[((U")~ (§(N)) ] < My for some constant
My € (0,400) independent of N. Consider that, for any K > 0,

[ @) m)] = =[G s @r @) w))]

A
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< E

Then, by a simple application of Minkowski inequality together with Lemma 4.5(i),
we can see that E[(g(N)((U')_l(éz(vN)) + K))?] < M for some constant M € (0, +00)
independent of N. Hence, Condition (ii) in Theorem 3.1 follows by page 127 to 128
in [38]. By Theorem 3.1, the desired convergence result for the optimal terminal
wealth follows.
O
Furthermore, a similar approximation result for the optimal value function can
be obtained:

Corollary 4.6. Under Assumption J.2, the optimal value functions for the utility-
downside-risk problem corresponding to the sequence of binomial tree models as in
Example 2.7 converges to that under the continuous-time Black-Scholes model as in
Ezample 2.6 as the time interval mesh size decreases to 0 (i.e. N — 00).

4.1. Weak convergence of optimal wealth and investment processes. In
this subsection, we establish the weak convergence of the optimal wealth processes
and the corresponding investment strategies of a sequence of binomial tree models
to those under the Black-Scholes model in (2.6), provided that some regularity
conditions are satisfied. More precisely, if we consider the optimal wealth at ¢,
X*(t), under the Black-Scholes model to be a function in terms of both the current
time ¢ and the time-t pricing kernel £*(¢), and such a function is a third-order
continuously differentiable one, and all derivatives are of polynomial growth, then
the weak convergence of both wealth processes and optimal investment strategies
follows.

Indeed, under the Black-Scholes model in Example 2.6, the optimal terminal
wealth is given by X* = I(M*,vR* + Y*¢*(T)), where I is given in (7), and
(Y™, M*, R*) is the solution of the system of nonlinear equations of (8)-(10) under
& =&*(T). Then, the corresponding wealth process X*() that attains X* at T is
given by

X (1)

(€ (1) R (D) I(M*,yR* + Y*¢*(T))|€" (t)]
ert (E*(t)) g [eTTg*(T)I (M*, AR* 4+ Y e ' TE" (T))
= WO (L8 (1) (12)

% o2 o
where recall € (t) := e 227" ® and

A (18) = e | TE D (MR + Y TE (D) 10 =¢]
(13)
By an application of Ito’s Lemma, we can obtain the investment strategy:
O —x* 0 * * px —*
N O L (v*,M*,R*)
w0 =~ 5E () gz (L€w). (14)

Similarly, under the binomial tree model specified in Example 2.7, the optimal
wealth process is given by

X(N)(t)

(5 (&) 2 (@ (7)) +2K2)>21 |
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(€89@) B [6(0) (MO, 4RO 4 YOI (1)) |61

L] (#(V) —N =(N) N N N)=rTE (N) (N)
(1+rAt)ld (g ,J) E[(l—i—rAt) 3% I(M( ) ARN) 4 y(N)g )"ftmd
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where (YY), M) R()) is the solution of (8)-(10) under ¢ = ¢N)(T), Effi’l =

(I—2v Athfii)ELN), € =1, and

(N)

ROVYMR) (4 €)= (14 rAL) B ET'R [(1 +ra) N E T (M R+ Ve TEy ’g

For simplicity, we denote RN 0 M0, RO by h(N) unless otherwise specified. By
considering the dynamics (5), the investment strategy for the binomial tree model
is given by

A1) = 20\1/E< AN (£+ ALE (A (1—3\/&)) (16)
— ) <t+At gww (1+%\/A7))).

Theorem 4.7. Suppose that the optimal wealth process X*(-) and portfolio 7*(-)
under the Black-Scholes model are given by (12) and (14) respectively, while the
optimal wealth process X NV)(-) and portfolio 7N (-) under the binomial tree model
are given by (15) and (16) respectively. If h(Y-MR) ¢ C323([0,T] x Ry) as defined
in (13), i.e. h is differentiable with respect to both arguments up to the third order,
and all of these derivatives up to the third order are continuous and satisfy the
following polynomial growth condition:
There exist A > 0 and ¢ > 1 such that

RO (L E) < A+ [E]), ¥ (5E Y M, R) € [0,7] x RY.

Further suppose that h@ is Lipchitz continuous with respect to €. Then the processes
(XN (N yen and {7 ()} nen converge weakly to X*(-) and 7*(-) as N — co.

Proof. See Appendix C. O

The polynomial growth condition can be guaranteed if I in (7) is differentiable
with respect to the second argument up to the sixth order, and all of these deriva-
tives are continuous and satisfy the polynomial growth condition; indeed, by this
time, h is continuously differentiable with respect to the argument & up to the sixth
order by Theorem 5.5 in [17]. Then, as h satisfies the following boundary value
problem by Kolmogorov’s forward equation:

_ 9 Z0 282
{rh—h 525 h+252§ (17)

RYMB) (T, &) =T (M,yR + Y&) :

we can then deduce the continuous dlfferentlablhty with respect to the argument ¢
up to the third order by expressing g?, %tg, and ‘g tg in terms of the special partial
derivatives of h up to the sixth order. The idea of proof of the weak convergence in

Theorem 4.7 is based on the arguments proposed in [19]. We first consider:

X(N)(t)
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N Y™ [TM®™ TR T2 [u™ [sv@ [ @) Change
25 1.2547 | 3.9077 | 1.5571 | 2.3042 3.4072 | 2.2446 | 3.182717
50 1.2561 | 3.8816 | 1.5456 | 2.2517 3.3959 | 2.2093 | 3.174965 | -0.007752
100 1.2570 | 3.8666 | 1.5428 | 2.2262 3.3902 | 2.1905 | 3.171126 | -0.003839
200 1.2573 | 3.8607 | 1.5394 | 2.2135 3.3874 | 2.1823 | 3.169219 | -0.001908
400 1.2575 | 3.8573 | 1.5383 | 2.2073 3.3861 | 2.1779 | 3.168274 | -0.000945
800 1.2575 | 3.8557 | 1.5375 | 2.2041 3.3854 | 2.1758 | 3.167795 | -0.000479
1600 | 1.2576 | 3.8550 | 1.5371 | 2.2025 3.3850 | 2.1748 | 3.167557 | -0.000238
3200 | 1.2576 | 3.8546 | 1.5369 | 2.2018 3.3849 | 2.1742 | 3.167439 | -0.000118
6400 | 1.2576 | 3.8544 | 1.5368 | 2.2014 3.3848 | 2.1740 | 3.167379 | -0.000060
TABLE 1. Convergence of optimal solutions under the case of

utility-semivariance.

(N) ap(N) p(N) t —(N)
R MR )({NJ Atv&\_t/AtJ) (18)

YN A (V) R(N) t —(N) N t —(N)
e () - [ oee)]

The first term in (18) can be shown to converge weakly to X*(-) by establishing that

—(N —*
the sequence of process {£ ( )()} Nen converges weakly to € () and then applying
the continuous mapping theorem. The second term in (18) converges weakly to the
zero process via an application of the martingale central limit theorem (Theorem
4.1).

5. Numerical example. In this section, we shall numerically illustrate Corollary
4.6 that the sequence of optimal utility risk terminal wealths and value functions
under binomial tree models converge as the number of period N increases to infinity,
or equivalently, A = % — 0. To be realistic in any modest economic condition,
we set the parameters to be: r = 0.03,a = 0.07,0 = 02,7 = 8,29 = 1 and
v = 0.1. Besides, we set the utility function to be a power function: U(z) =

242, and so U’'(z) = 22, and the risk function adopted is semivariance (D(z) =
2

%), We compute each solution of the nonlinear system in (8)-(10) (Y™, MV,
RW)) for every N, optimal control at t = 0 (7()(0)), and then determine the
optimal expected utility (UY)), the semivariance (SV¥)), the optimal objective
value (J v )), and the sequential change in optimal objective value for different
values of N.

According to the numerical results as quoted in Table 1, whenever we double the
number of periods IV, the change in value function is approximately halved. This
result suggests that the convergence of the value function is in the linear order of
the time interval of the binomial model. Following this trend pattern, the result
N =50 could serve as a good approximation to the optimal solution for the utility
risk problem under the continuous-time Black-Scholes model since the possible error
is less than 0.25% in terms of the optimal objective value.

Appendix A. Outline of Proof of Theorem 2.10. We outline the main idea
of the proof, all the claims in this section can be established using the same idea in
[39].
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First, we recall Theorem 4.2 in [39], which derive a static problem, called Non-
linear Moment Problem, and the corresponding verification theorem to characterize
the optimal solution for Problem 2:

Theorem A.1. Suppose that there exists X € X satisfying U'(X) € L% and
D'(E[X] — X) € L2 and there exist constants Y, M, R € R so that the quadruple
(X,Y, M, R) solves for the Nonliear Moment Problem, NMP((T)), involving

YET) = U'(X) —yR +~D' (M - X) a.s., (19)
subject to the nonlinear moment constraints
EE(T)X] = o, (20)
E[X] = M, (21)
E [D’ (M - Xﬂ - R (22)

Then, X s the unique optimal solution for Problem 2, and it is also the unique
optimal terminal wealth of Problem 1.

Note that we denote (19)-(22) as NMP(£(T)) since its solution depends on the
choice of the terminal random variable of the pricing kernel, £(T"). With Theorem
A1, it is sufficient for us to solve NMP. To this end, we eliminate (19) with the
following result:

Proposition A.2. There exists an implicit function I : R x (0,00) — (0,00) sat-
isfying (7). Moreover, this function I possesses the following reqularities:
(a) For each y € (0,00),
(1) I(m,y) <m forallme{meR:y>U'(m)}
(ii) I(m,y) = (U")"Yy) € (0,00) for allm € {m e R:y <U'(m)}
(b) (i) For each m € R, I(m,y) is strictly decreasing in y on (0,00);
(ii) For each y € (0,00), I(m,y) is strictly increasing in m on {m € R|y >
U'(m)}.

(c) I(m,y) is jointly continuous in (m,y) on R x (0, 00).

Proof. We only show the assertion (a)(i) as other assertions have been established
in Proposition 4.5 in [39]. Assume a contrary that the assertion (a)(i) does not
hold, i.e. I(m,y) > m. We have

U'(I(m,y)) < U'(I(m,y)) +yD'(m — I(m,y)) =y <U'(m) <U'(I(m,y)),
which is absurd. O

With the implicit function I, Nonlinear Moment Problem (19)-(22) is further
reduced into the nonlinear programming problem (8)-(10).

Define k :=esssup (7). Now, we shall solve for roots Y, M and R for (8)-(10) one
by one via applying the intermediate value theorem successively as in Proposition
4.6 in [39]:

Lemma A.3. Given Y € (0,00), we consider two exclusive cases: (i) M €
(U)X (Yk),00) and (i) M € (0,(U")"*(Yk)).
(i) there exists a unique R = Ry p; € (0, D'(M)) satisfying

E[D' (M — I (M,yR+Y&(T))] = R (23)
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or equivalently by (7):
E[U' (I (M,yR+Y¢(T)))] = YE[E(T)]. (24)

Furthermore, for every fixed Y, Ry, 1s strictly increasing in M, and it is
also strictly increasing in'Y for each fized M .
(ii) R = Ry, = 0 uniquely solves (23).

Lemma A.4. Given Y € (0,00) and Ry, as specified for each M € (0,00) in
Lemma A.3, there exists a unique M = My € ((U')"'(Yk),00) such that

E[I (M,yRy,m +YE(T))] = M; (25)
furthermore, My 1is strictly decreasing in Y .

Lemma A.5. Given Ry and My as specified in Lemmas A.3 and A.4 respectively
for each Y, M € (0,00), there exists a Y* € (0,00) such that

E[E(T)I (My,vRy,m, + YE(T))] = 0. (26)

According to lemmas A.3, A.4 and A.5, the triple (Y*, My, Ry« ar,.) solves the
system of nonlinear equations in (8)-(10). Thus, the quadruple, (X', Y*, My+, Ry« )
with

X :=1(My-, YRy~ . +Y"¢(T))
solves the Nonlinear Moment Problem (19)-(22). Next, it is clear that

0< X =I(My+«,yRy+ary. +Y*E(T)) < I(My+, YRy~ ar,.) < 0. (27)

With the uniform boundedness of X in (27), we can verify U’(X), D'(E(X) — X) €
£2 and X € X. Then, by Theorem A.1, X is the unique optimal solution for
Problem 2.

Since X is the unique solution and Y = E[U’(X)]/E[£(T)] by (24), Y obtained in
Lemma A.5 is unique. Hence, only a unique set of triple (Y, M, R) solves (8)-(10).
Finally, by Theorem 2.9, X is an optimal terminal wealth of utility-downside-risk
problem.

Appendix B. Proof of Proposition 3.2. Clearly, for each N, (™) has the same
distribution as €V)| the respective systems of nonlinear equations in (8)-(10) with
E(T) = ¢™) and &(T) = ¢WY) share the same set of solution (YN AM(N) R(N))
ie. (YN, M) RIN)Y satisfy:

E[D’ (M(N)_[<M(N),,YR(N)_|_y(N)<(N)>>} = RW), (28)
E [I (M(N),'yR(N) n y(N)<(N))} Vi (29)
E [<<N>I (M<N>, YR 4 Y(N)C(N)ﬂ = . (30)

Given the terminal pricing kernel {(T") = £*, we can define Ry, ), and My from
Lemmas A.3 and A.4. With the fact that £* and ¢* have the same distribution, We
know that (Y*, M., R§*7M;*) solves the system of nonlinear equations of (8)-(10)
with £(T) = &€* and &(T") = ¢*. Since the solution of the system is unique, we have
(Y*,M*,R*) = (Y*,M§*,R§/*7M}t*).

Note that the following simplified notation in (11) applies in this section:

XMV . (M<N>, yRW) 4 Y<N><<N>) . (31)
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We first consider the next three lemmas which establish the convergences of R(N), M ()
and YY),

Lemma B.1. Suppose there is a subsequence {(MWN:) Y Ne))Vy oy and My, Yy €
(0, 00) such that My = limy_, oo MN%) and Yy = limg_, 00 Y V)| then limy,_, oo RVK) =
Ry, v, where Ry is defined in Lemma A.3 corresponding to £&(T) = ¢* and
(YN M) RN satisfy system of equations (28)-(30).

Proof. By Bolzano-Weierstrass theorem, there exists a subsequence {Ng,}ieny C
{Ni}ren such that Ry := lim; oo RWV%:) € [0, D'(Mp)] exists. To facilitate the
proof, without loss of generality, we just assume {N;};cn to be the notation of a
particular chosen subsequence of {Nj}ren. Since I and D’ are continuous, thus
lim D' (M(Ni) - X<Nfﬁ>) = D' (My — I (My,vRo + YoC")) as.
1— 00
Then, by the dominated convergence theorem and (28),
E[D' (Mo — I (Mo, 7Ry + Yo¢*))] = lim E [D’ (M(Ni) _ )”(<Ni>)} — lim R — R,
71— 00 1—> 00
Since Lemma A.3 with {(T) = (* is uniquely solved by Ry, /., we have Ry =
Ry, - Since every subsequential limit of each subsequence {RWNK)Y, oy agrees

with Ry, /. the result follows.
a

Lemma B.2. Suppose that there is a subsequence {Y V¥l oy and Yy € (0,00)
such that Yy = limy_oo YV%) | then limy_,oo M%) = My, where My is defined in
Lemma A.J corresponding to £(T) = ¢* and (Y(N), MN) RIN)) satisfy system of
equations (28)-(30).

Proof. By Bolzano-Weierstrass theorem, there is a subsequence { N, } C {Ny} such
that My := lim;_yoo MVr:) € [0,00] exists. To facilitate the proof, without loss
of generality, we just assume {N;};en to be the notation of a particular chosen
subsequence of { Ni}ren.

We first show that My € (0,00) by following the next 4 steps:

Step 1: Prove if My = 0, then lim; s XN > a.s.; note that XN g
given by (31);

Step 2: Check that My > 0;

Step 3: Show that if My = oo, then lim;_,oo RPV) = oo;

Step 4: Establish that My < oo.

e Step 1: Assume the contrary that there exists a sample w € {w € Q : (*(w) <
esssup ("} and a subsequence {N;. }jen C {N;}ien such that lim;_, X(Nij)(w) =
0. To facilitate the proof, without loss of generality, we just assume {N;};en
to be the notation of a particular chosen subsequence of {N;};en. Then
lim; oo D' (M) — X (Vi) (w)) = D' (M) = D' (0) and lim;_, o, U"(X N3 (w))) =
oo. But by the fact that I satisfies (7) with m = MWi) and y = yRW3) +
Y N ¢ (w) and the fact that RN3) < D'(MWN3)) from (28), we have:

oo = lim U’ ()N((Nf)(w))

J]—00
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= lim Y)W () 4+ 4 lim (R(Nj) - D (M(Nj) _X'(Nj)(w))>
j—o0

j—o0

< (W)Yo +y .li\m (D'(M(Nf)) - D (M(Nj) — X(Nj)(w)))
< W)Yo+ (D'(0) = D'(0) < o0,

which leads to a contradiction. Hence, lim;_,oo X > 0 a.s. }
Step 2: Assume a contrary that My = 0 By Step 1, we have lim;_, .. XVé) >0
a.s. By the Fatou’s lemma and (29), we have

0= My = liminf MM — liminfE [X(Nﬂ} >E {hm inff(“vi)} >0,

i—00 i—00 i—00

which leads to a contradiction. Hence My > 0.
Step 3: By (7) with m = M) and y = yRWN:) 4 Y (N ¢(No) | e first have

U’ (X(Na) —y W) — 4 gD _ o pr (Muvi) _ X(Ni)) . (32)

When the left hand side of (32) is positive infinite as taking limit infimum
with ¢ — oo, we have lim;_, RWi) = o0 since the second term of the right
hand side is always negative, therefore, the claim follows immediately. On
the other hand, when the left hand side of (32) is almost surely finite as
taking limit infimum with ¢ — oo, we further assume a contrary that there
exists a subsequence {N,}jen C {NV;};en such that lim;_, RWi) < o, then,
due to My = lim;_, MWi) = 0o, we have lim; o0 XWi) = 50 a.s. Thus,
lim;j oo (U (X N)) — YN CND)) = — V(" as.
Then, by (28), the reverse Fatou’s lemma, and (32), we further obtain:

0 > -YE[(]=E [lim sup (U7 (X)) — Y(Nj)g(Nf)ﬂ
j—o0
> 1iﬁs;}p[€ {U’ (X'(NJ)) — Y(Nj)c(Nj)}
= 1imsupIE {WR(NJ) — D' (M(Nj) _ X(Nj))} =0,
j—o0

which is a contradiction, therefore, lim;_, RWi) = .
Step 4: Assume that My = oo, we aim to show that

Zlg& (M(Ni) - X(Ni)> = 00, a.8. (33)
Indeed, given a sample w € € , assume the contrary that there exists a sub-
sequence {N;, }jen C {N;}ien such that 1imj_>oo(M(Nij) - XWi) (W) < .
To facilitate the proof, without loss of generality, we just assume {N,};en to
be the notation of a particular chosen subsequence of {N;};en. Then clearly
lim; oo D'(MWNi) — X(N3)()) < o0o. Since lim;_, o, R™3) = oo by Step 3 and
I satisfies (7), we have lim;_,o, U/ (XN (w)) = oo, thus lim; ., X N9 (w) =
0, and hence lim;_, o (M) — X(Ni) () = oo, which contradicts to the as-
sumption on its finiteness a priori. Hence, (33) holds.

By (29), the Fatou’s lemma, and then (33), we now have

0 = liminf E [M®) —X“Vi)} > E [hminf (M(Ni) —X“Vi)ﬂ =00, (34)

1—00 11— 00

which leads to a contradiction.
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In conclusion, by Steps 2 and 4, we have My € (0, 00). By Lemma B.1, lim; RWNi) =
R§07M0, thus

lim 1 (MO, y RO 4y (NOCND) = [ (Mo, yRy, g, +YoC")

—00

By the dominated convergence theorem and (29),

1—00

E[1 (Mo, 7Ry a1, +Yo¢")] = Jim E[1 (MO, 4RO 4 y (Vo)
= lim MW =

1—00

M.

By the uniqueness of Lemma A.4 with {(T) = (*, we have My = My, . Since
every subsequential limit of {My, }ren agrees with My = lim; o MW = My, ,
the claim follows. O

Lemma B.3. limy_,. YV = Y*.

Proof. By Bolzano-Weierstrass theorem, there exists a subsequence { Ny }ren such
that Yj := limg_,0o YVE) € [0, 00] exists.
We will prove Yy € (0, 00) by using following 4 steps:

Step 1: Prove if Yy = 0, Pllimg_ 0 X(Nv) — oo] > 0, note that XMV g
given by (31);

Step 2: Check that Yy > 0.

Step 3: Show that if Yy = oo, limy_,eo MVF) < o0,

Step 4: Establish that Yy < oc.

e Step 1: Assume the contrary that there exists an arbitrary a sample wg €
{w e Q: *(w) < esssup ¢*} and a sequence {Ng, }ien C {Ng}ren such that
lim; oo X Ve (wg) < c0. To facilitate the proof, without loss of generality,
we just assume {V; };en to be the notation of a particular chosen subsequence
of {Ni}ren. For any sample w € {w € Q : (*(w) > (*(wo)}, we have
¢ (w ) > (Vi) (wo) for large enough i, hence, by the fact that X(Ni) =
I(M(N , YR 4y (Vi) ¢(Ns) ) is strictly decreasing in Vi) according to Prop
A2 (b)(i), we have U'(X N (w)) > U (X N9 (wy)).

Therefore, for any w € {w € Q:&* (w) > £* (wo)},

liminf U/(XP)(w)) > lim U'/(X®(wg)) > 0.
i—00 1—00

Fufilling Condition (ii) in Theorem 3.1 implies that E[¢(V)] is uniformly
bounded from above, then, by (7) with m = M®i) and y = yRW) +
Yy (Ni) (Vi) - (28), and the Fatou’s lemma,

0 = 1i_mian(Ni)]E[§(N"'}—hmme[U’( )>]Z]E[1i_minfU’ (X<Ni>)]

11— 00 1—> 00

> lim U’( (Vo) () ))P[C*>C*(wo)]>0.

1—00

which results in a contradiction, hence limy_, X(Nk)(wo) = oo for all wy €
{w e Q: (*(w) < esssup ¢*}.
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e Step 2: Assume the contrary that Yo = 0, by Step 1, we further have
Pllimy o0 ((VE) X(VK)) = 00] > 0. By (30) and the Fatou’s lemma, we have

xozlikminf]E{((N’“)X(Nk)] > ]E{limme(Nk)X(Nk) — 0,
—0o0 —00

which is impossible and thus Yy > 0.

e Step 3: Assume that limy_, MWVE) = co. Following the similar argument as
Step 4 of the proof of Lemma B.2, we can derive the same absurd inequality
as (34).

e Step 4: Assume Yy = oco. We claim that limg_ XNe) = 0 a.s. Assume
the contrary that there exists a sample wy € © and a sequence { Ny, }ien C
{Ni}ren with Y(Ve) - 00 such that lim,_,o X Vi) (wg) > 0. To facilitate
the proof, without loss of generality, we just assume {N; };cn to be the notation
of a particular chosen subsequence of { Ny }ren. By (7) with m = M) and
y = yRW) 4 Yy N ¢(No) (), we first have

U’ (X(Ni)(wo)> — YNNG ()
= yRW) 4D (M(Ni) - X<Nt‘>(w0)) S (M“Vf)) .

Taking limit to the both sides of above with the fact that limy_, o, M Vk) < oo
from Step 3, we have

—oo = lim (U’ (X(Ni)(wo)> —Y(Ni)g(Ni)(wg)) > —v lim D’ (M(N’i)) > —00,

1—+o00 i—+o0

which is absurd. Therefore, we have

lim XWVe) =0 as. (35)

k—o0

By Prop A.2 (a), we have

XMW — g (M(Nk)’Y(Nk)C(Nk) _|_7R(Nk)) < M Nk) + (U’)*l (Y(Nk)C(Nk) + fYR(Nk))

< 2 lim MW 4 (U)~H (¢,
k—o00

for large enough k. Due to Condition (i) in Theorem 3.1, {¢V¥) X(Ve)},
is uniformly integrable. By the dominated convergence theorem under the
uniform integrability assumption, (30), and (35),

o = limE [de)X(Nk)} :]E[hm C(Nk)X(Nk)] =0,
k—oo k—o0

which is absurd, and hence Y{ < oco.

In conclusion, by Steps 2 and 4, we have Y; € (0,00). By Lemmas B.1 and B.2,
limy,_y o0 (YNR), M(VK) RINE)) = (Y, My, Ry, M ), therefore, we have
’ 0

lim (VXN = 1 (M5, YRy, gy + Yot®)

k—o0

Due to Condition (ii) in Theorem 3.1, we have {¢(V¥) X(Ne) 1, ¢ uniformly inte-
grable, and by dominated convergence theorem and (30),

7o = lim E [g(NHX(Nk)} ) [5*1 (M;O,VR;OM% + Yog*)]



10
11

12
13
14

15

16

17
18
19
20

21

22

23

24

25
26

27
28
29

30
31

WEAK CONVERGENCE OF UTILITY-RISK PORTFOLIOS 21

Together with the fact that Ry, and My solve (23) and (25) with § = (7,
(Yo, My, Ry, M ) solving for the system of equations (8)-(10) with £ = ¢*. Since
Yo
the solution of the system is unique, so we have (Yp, My, , Ry, M )= (Y*, M*,R").
Yo

Since every subsequential limit of {Y (M)} ycy agrees with Yy = limy,_, o0 Y(N6) = Y*,
therefore, Y* = limy_ oo Yy, O

By Lemmas B.1 and B.2, we have
lim (Y(N),M(N)7R(N)) - (Y*7M§*,R*Y*’M;*) = (Y*,M*,R*),

N—oc0

consequently, the proposition follows.

Appendix C. Proof of Theorem 4.7. To facilitate the proof, different constants
C which appear throughout the following proof may be different line by line. First
recall that the following version of Continuous Mapping Theorem will be used to
prove this theorem:

Proposition C.1 (Lemma 1 of [19]). Assume that the sequence of processes in
R™, { XM ()}nen, converges weakly to X*(-). Suppose that h(x) is a continuous
mapping from R™ to R. Then {h(X™)(-))}nen converges weakly to h(X*(-))).

First, we telescope the following expression:

(N) Af(N) p(N) t —(N)
X0 = w0 (| L ang g ) - m, o)

where we define such truncation errors: ¢(N)(t) := 5([Jt\;)m | and

S R (N Al (A
— h (k—At,E,ﬁN)) — ) (k—At,E,ﬁN)) :
where for simplicity, we denote RO M RED) g (VY MO RED) respec-
tively by h and h"); same type of simplification will be adopted for their deriva-
tives.

By Lemma 4.4, the sequence of processes {E(LA;)M |} ven converges weakly to (),

thus the sequence of processes {(LEJAt,Ew)&J YO M) R v in R® con-

verges weakly to (,E*(), Y*, M*, R*). Then, by Proposition C.1, RO, M ROD) (L&) At,g(ﬁ\/[)mj)

converges weakly to h(Y MR (,E*()) Thus, we only need to prove that the pro-
cess {e™)(-)}ven converges weakly to a zero process as N goes to co. To this end,
we need the following lemmas regarding the boundedness of €](€N) (
be postponed to Subsections C.1 and C.2):

their proofs will

Lemma C.2. There exist C' > 0 and a positive integer p such that for any k and N,
there are § and M, which are independent of k and N, such that |O(At)] < MAt
when 0 < At < §, and we also have

’sg\’)‘ <cC (1 + ‘Z,(CN)’Z)) (\/E+ 0 (At)) .

Lemma C.3. For anyp € N, there exists a My, > 0 such that E[sup, <, < |g§€N)|p] <
M, for all N € N.
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Now, we are going to show that {¢(™)(-)} yen converges weakly to 0 by applying
martingale central limit theorem as stated in Theorem4.1.
By Lemma C.2, there exist C' > 0 and a positive integer p such that

™)@ =[] < o (1+]&" \p) (VAL +0(an) =20 (VAL +0 (A1) -0

as N — oo, and so Condition 1 in Theorem 4.1 is fulfilled.

By setting LV (t) := e (1), AMN(t) := 0, and MM (t) := e () — LOV(t) =
0, and obviously, Conditions 2 and 3 in Theorem 4.1 are both satisfied.

By Lemma C.2, for any k, we have

]g,ng < g (1 (g + g 2p) (at+0(ath) +o(ar)) <cC <1 + |6 ] ) (at+0 (at?)),

for some C > 0. By Lemma C.3, we have

E LSSEEN \5;N>ﬂ <C <1 +E LSSEEN ‘g‘N) D (At+0 (At%)) <M (At+0 (At%)) :

Therefore, for any t, we have
2
QE{sup(‘ (N (¢ ‘ +‘ M (t )’ ﬂ
t

2
E {stzp ’L(N) (t) — L(N)(t—)‘ ]
4E LSSEEN =] } <anm(at+o(at)) o,

IN

IN

as N — oo. Thus, Condition 4 in Theorem 4.1 is satisfied.
By Lemmas C.2 and C.3, we have

[sup]LW) )] E[ sup ‘E,(CN)H §C<1+E[ sup ‘g,ﬁN)\pD (VKHO(M))

1<k<N 1<k<N
< M (\/At +0 (At)) =0

as N — oo. Thus, sup, |L(N)(t)‘ — 0 in probability as N — oo. Hence, Condition
5 in Theorem 4.1 is again fulfilled. Hence, by Theorem 4.1, we have {e(™) ()} yen
converges weakly to zero. Now, we have already shown that the first term in the
right hand side of (36) converges weakly to the process h(Y -M"E") (. €"(.)), which
is exactly the X*(), and the second term on the right hand side of (36) converges
weakly to zero, and hence X V) (-) converges weakly to X*(-).

For the convergence of investment policy, by (16), we have

e (1 (A (1- VD))

_p@) (t + At,g(é\;)mj (1 + g@)»

N)+ (N)— (N)+ (N)—
2o—r (th/AtJ( )= Fleyaey (D) = €le/at 11 +€Lt/AtJ+1)’ (37)

IN

W(N)(t)

where we set
SRR (1——ft) e, e = (1+ SVAL)E e,
éNH() = h((k+7)At,§k (fk-;-l fk ))7
170 = h(krnang 7 (60 -8Y)),
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et (k:At 3 N”) B (kAt g(N”) ,
et = (kAt,Ek ‘) Ay (kAt,Ek ‘) .

Since h is continuously differentiable in both ¢ and £ up to the third order, fa (N)+

and fk ~ admit the following Taylor expansions:
N N 0 (N 10* (ny+
VW) = KO+ BT O S OB (38)
()~ ()~ 0 -y o L% - (V)
D) = 0 A0 4 e O Y, (39)
where
1 3
N 1 0° (N
P,S - 6/O (1—3)3ﬁ ,5 H(s)ds, (40)
1 3
N 1 0 N)—
(N 6/0 (l—s)3ﬁ,§ )= (s)ds. (41)

A direct calculation through an application of the law of total derivatives gives the
following:

9 (N =(N a—=(N

S IO = e+ (0 &) he = heat = SE VAL (42)
0 _ —(N N N

IO = st (0 &) he = st + 56 he VAL (1)
> Nyt Q—(N) 3 —(N)

5.2 L) = hu(A)* = 28, htgAtur—(fk ) hegAt, (44)
02 _

92 MT0) = ha(an? 2= é“k )htEAt + = (gk ) hgz At (45)

where all partial derivatives of h are evaluated at the point (k:At,EiN)) while all
of these functions and derivatives are indexed with superscripts (Y(N ), M(N) RN ))
and we suppress these notations for the sake of convenience. Using these expressions
from (38) (45), we obtain:

= (R = 15, )

. Z(V) 1 P [t (N)-
= *ﬁﬁtt/mﬂlg* 75Lt/AtJht§At+ 6 /0 (1- 5)3% (f[t/AtJ (8) = fleyae (s )) ds.

Thus, (37) can be rewritten as

M) = f[t/Atj (Lt/AtJAt §Lt/mj) + e(Lt/)AtJ, (46)
where
I ok _
M 2,5“” At 6/ (1= 5 (A% (5) = 17 (s)) ds
0 T
(N)+ (N)—
_20\/E <5k+1 —€nt1 ) . (47)
By Theorem C.1, the first term in (46) converges weakly to the process (—%7* () 3

which is exactly the optimal investment process 7*(-). Hence, we only need to show
that the process {e(ﬁ\;)m | }nen converges weakly to zero. To this end, we need the

POV MELRT)
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following lemma regarding the boundedness of e,gN) (its proof will be postponed to
the next subsection C.3):

Lemma C.4. There exist C' > 0 and a positive integer p such that for any k and N,
there are § and M, which are independent of k and N, such that |O(At)] < MAt
when 0 < At < §, and we also have

e < (1+[87]") (VAi+ o).

Then, with an application of the martingale central limit theorem (Theorem 4.1)
with the same procedure as in the case of e(N) (), which solely depends on the bound-
edness property but not the expression, one can deduce the process {e(L]‘\/f)A . j} NEN
converges weakly to the process of identically zero; and so the weak convergence of
optimal investment process also follows.

C.1. Proof of Lemma C.2. We proceed the proof by splitting into 3 steps as
follows:

e Step 1: To establish that

)
- (N) 1 (N
= EW (nat&,") AL)? 44 3
(;ﬁ nALE ) WA A A ) S ||
(#8)
where E?V) is the expectation with respect to the probability measure so
that Pz = 1] = ZZ5YAL anq pzV) = —1) = HEEVAL 51 ¢) =
(htt(t,€)+2%§§hts(t£)) 4~ . (1—2VAHY PN (142 VAHQLN)
- 2(1+rAl) and 7, © = o 2(1+rAL) :

e Step 2: Then we aim to show that
N—1
ST E™ [ (nar g6V @02 < a(1+[g7)an @)
n==k

for some A > 0, which is independent of k£ and N, and a positive integer

p-
e Step 3: Finally, as stated in the lemma, there are § and M, which are

independent of k£ and N, such that |O(At)| < M At when 0 < At < 0, we
need to have

N-1
(N | ()] |2 —(N)|P
2B (W] [e] < a(1+[gX]) (VAE+o @)

for some A > 0 and a positive integer p.

e Step 1: In order to derive the expression of 62]\[)

items, namely, EM)[A((k + 1)At,Z,(fi)1)\§,(cN)} and h(N)(kAt,E,(QN)). Using the

expressions as obtained in (38) — (45) with f,iN)i(O) = h(kAt,g,(CN)), which is
clear from the definitions, we first have

sﬁf”}

, we should first calculate two

1 V)
™)
E [1 —h (ke Dangl)
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_ 11— ff(NH() 11+ 2VAE (- "
2 1+rAt 7F 2 1+rAt 'k
_ 1-gvAt
 2(L4rAY)
'<h+htAt 26 hev/nt+ htt(At) f(N) e(An)? + 5% (§/(CN)> At+PJ§N)>
1+ 2VAt
2(1 + rAt)
e ! 24 CEM) apd 4 L0 -
.(h—l—htAt—i—G{k heV/AE+ Sha(At) + 28" 57( ) heeht 4 Q
1 Oé27(N) 1 2 (N) *(N) 2
- 1+7At(h+htAt+02€k helt+ Shit(At)? + O (A 5*(@ ) hgeht
1= GVAL Ly | L+ GVAL )
2(1+rAt) "k 2(1+ rAt) °F
o (N) _a (N) @ (N)
— (mtguv)) htt+22§k hz (At)2+(1 J\/E)Pk +<1+g\/E> ; 0

where we use the PDE (17) satisfied by h.
Next, consider the recursive relation for X ,EN)

B(V) (k:At 5(N))
= (1+rApk (EQN))AE [+ ran Ve (MyR+ve TER7) 6]

_ <1‘§\/K( gt (€007) 1 E[(+ran Ve T (MR +ve T TER) [EN)T]

, by Tower property, we have:

2(1 + rAt)
14+ 2VA¢
2(1 4 rAt)
1-— g\/ At (N)+

_ z ™)
= it (e +DALENT) +

- EWN) |-
1+ rAt

(14 rat+ (€07) [Hmy W (at s v T 18]

1+ 2VA BV
(1+ At)

EEJV’] ‘ (51)

(e + 1At g

B ((k+ 1288

Note that E(N)

eM = (kAt g(m) — M (kAt g,(CN))
1

_ (N) (N)

= E [1 + N <(k + 1AL £k+1>

_g() [7

1+ rAt

- g [ ™
1+ rAL k1

= 0, combining (50) and (51), we have

z(N)

&k

N

} +8 (kat,€) (an? +

z;&“]

& } +8 (k&) (a6 +

R(N) ((k +1)At, ng)

(N)
PR

Then we can prove (48) by backward induction.
e Step 2: Since, for any ¢ > 1,

s [N Y] = A (- avan ) YA (1 v e

(142505200 (a7
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by Tower property, for any n > k, we have, by a simple application of Markovian property,

e [EVF M) = (14O o (a)) T R

KT (E,(CN)‘ , (52)

for some K > 0. Since h¢t and htZ satisfy the polynomial growth condition, 3 also satisfies
the polynomial growth condition of the same power as well, and thus we have, for any
p € ZT,

0 o 6] < (e [ ) <41 )

for some A > 0, which confirms the claim as in Step 2.
Step 3: First, differentiate f,iNH'(T) up to the third order, we have, for s € (0, 1),

%fliNH(s) — (g(’“) heee ((k +5)ALEN 15 (g,ﬁ’fﬁ g““)) At3

IN

325 (6) e (+ 98 8 45 (87 -EY)) A
=328 hy ((k+s)At gV +s (80 -8")) ac

+hiet ((k + S)Atvgk (gl(c]i)ﬁ g(N))) At

Under the polynomial growth condition on the partial derivatives of h up to the third
order, we have, for s € (0,1),

A () ([ 1 @3 -80)) (a0 + 0 (0)
(1+‘§(N) ) (1+ [ (1= Zsvar)”) (add + 0 (ar?))

(1 + (5““ ) (Aﬁ 10 (At2)) , (53)
for some positive integer p. As a result, for any N and k, we have

M| < é/oluf) 2 )

Similar estimate for \Q( >| can be obtained via the same approach, and thus we have, for

any p € ZT, |’y(N>| <A1+ |§(N)\p)(At% + O(At?)), for some A > 0. Then, by using the
estimate (52), we attain

0 7] < a1 ) (a0 o),

which confirms the validity of Step 3.

IN

(N)+ 8)‘

IN

ds<a(1+ 87" (at +0(a?)).

And hence we conclude with the claim of the lemma.

C.2. Proof of Lemma C.3. We first define S,SN’ = *ZZ=1 ZIEN) and SiN) =

maxi<np<n S,(LN), and aim to establish the following lemma beforehand:

Lemma C.5. For any N € N, either one of the followings is true:

1.

2.

if N is odd, P2k — 3 < S < 2k + 3) = 2P(SY) = 2k + 1) for any
non-negative integer k;

if N is even, P(2k—3 < SV < 2k+1) = 2]P(SI(VN) = 2k) for any non-negative
integer k.

Proof. Define a stopping time 7, = inf{n € N| S > a}. We here only show that
the case of odd value of N; the case for even value of N is similar, and we therefore
omit the details. For any non-negative integer k,

1
P(S}vN) >2k—2> =P (S 22k +1) =P (5{) 2 2%+ 1,70 < N)
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P (S0 = SO > 1mp < N) =P (507 = 20 > 1 ) ok < N) P(rap < N)

T2k
1 (N) 1
=P (S 2k — =
5P (5> 2 - 3)

where the first equality follows because S](VN) can only be equal to an odd number,
the third equality holds because Sg\,? = 2k by the definition of 75;. For the last
equality, note that ]P(SJ(VN) ngk) > 1|7k < N) and IP’(S](VN) S%Nk) > 0|7k < N)

are equivalent since S](v ) is odd and S%\,i) is even, while ]P’(S(N > S&sz) | 7o <

N)

% because of the future independent increments after 7o, and the symmetry

of binomial tree model.
Besides, for any odd number N,

P(s{) =2k+1) =P (S(N) > 2% — 2) —P <S(N> > 2% + 2)

1 (N) 1 (N) 3\ _1 (N)
2IP’<S > 2k — 2) 2IE”(S* >21<:+2 _21P 2k — 2<S <2k+2

for every non-negative integer k, therefore the claim follows. O

Upon the event {S£N) =k}, for any integer 1 <n < N

&

have

i)

N ﬁ (1 B %/EZ;N))

k=1
k a b
= (1 + g\/At) (1 + g\/ At) (1 - g\/At> for some integers a < b
o o o
k
< (1 n g\/At)
o
Thus, suplSnSN(E;N))p < (14 2V/At)P* upon the event {SiN) = k}. Then, we
E[ sup ( (N>) } Z]P’(S(N) _k:) (1+ CVA )
1<n<N
For if N is odd, there is an integer m such that N = 2m + 1, then, by Lemma
C.5, we have
N
Sp(sN =k) (14 %\/E)pk
k=0

IN

IN

IN

Ms

" 2K . (2k+1)
P (s~ 28) (14 VALY ™ 4 35 (s gk 1) (14 2V

£
Il
o

Ms

(Séi:':;l) — 2%+ 1) (1 + gx/ﬁ)p(%) n i 2P (sgfﬁ;“ — %+ 1) (1 n %@)pm“)

2m+1

2k+1
kL () %@)“ -

22m+1

N
e (e ) 2 (e 2 )

bl

v I
bl
ANER

Q

p(2m+1-2k)

S (14 2 V)’

22m+1

1+ 2VAt

2 . N
4(1 +p2a—2At+O(At%)) < 4eKT,
ag

for some K > 0.
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ii) The case for even value of N can be resolved similarly.

C.3. Proof of Lemma C.4. On the one hand, the polynomial growth condition
on hz implies that for any p € Z7,

for some C' > 0. On the other hand, by (53), we have

for some C' > 0 and positive integer p. According to the definition of e,(fN)
showed the boundness of the first two terms in (47).

o <0 (14 8] A

Lo

83
3
~ s

(7% () = 17 (9)) ds

< C (1 + \zfj“\p) (At% +0 (At"’)) ,

lemma can be accomplished if we can show that

1
20V At

(0

-)

(54)

(55)

, we have

Therefore, the proof of this

< C(1+ ‘g(N) ) (@+O(At>),

for some C' > 0 and positive integer p. To this end, we use the expression (48), and
then we have

‘ ! (€I(c+1
20V At

N-1

2

where §(t,&) == —
To bound the first term on the right hand side of (56), by (49), for any p € Z+

(e [s(r

IN

IA

IN

<

N-1

20'\/7

1
Z 20VAt

n=k+1

20\1/7 <A (1

i 20V A

N)

(N)—

~ k11 )‘

B [ E] -2 [ ]|

(het (£,6)+225 Ehee (1,£))

(2 o (o227

+‘E

(N)+
k41

2(14+rAt)

AQ ™ (-2 varf
<1+‘§(N> )<F+O(At))

for some A > 0.
To bound the second term on the right hand side of (56), we first fix any n and k with n > k,

At giM) |£<N)+] BN [5(

()AHA(H]g

and vy,

(N)—
k+1

(N) .

7))

_a

(‘]E N) [ ( At g(N)) |5(N)+} ~EW [5( At §(N)> & ”W

1

—2VAHPN +(1+ 2 VAR

Y 1+ 2vE) ) A

nAt, €,

2(14+rAt)

z(N)

)I¢

] ¢ [ [5 (rae82) )] can?

at the same, for the sake of notation, we suppress the indices by taking E,EN)
s € (0,1), by the Lipschitz continuity and the polynomial growth of h@, for any p € Z7,

‘W) {(E&N))
g [(

hege

(N)

En

)

((s + n)At, &,

hege

(N)

((s + n)At, Y

+5 (&

(N)

(N+)

n+1

(¢

_ E(N))) &)

(N+)
§n+1

(N)

) I€

-

(N)
k+1 =

z(fpf] ‘ m(

= ¢ > 0. For any

1—;\/&)}
(1+ xﬁ)”

1

1+ rAt)mk1> ’

At)2)

(57)

(At)?

(56)
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< o [(E) (e m v ne (e mmne (1 2van) B (1 v
< [ i) ) e ermanem Vs g
N, s EM N
—EM) [((LN) (g (1 - —\/At)) ((s L n)ALE (1 +2VA ) 5 (1 - sx/At)):| |
Ert1 7 Ert1 7
2N\ ® f (V)
e Kﬁ{%) (g (1 - %x/At))‘* ((s +n)ALE (1 +2VA ) 6:1 (1 - fS\/ )ﬂ

( )

o e )

k+1

< 2| (& 3(5(1“5)) Fﬁ;m (1-2svae)
< ) €0 Sl
£ Y a , ™ N a
LEM) |:((7LN)) z (60\/E+O(At2)>A<1+ E(1+2 W) v (1—55\/5) )}
k+1 Ert1
&n

g\’ e\ ik
< cE (VAL+oan)EM || 22 +CE (VAL+0(a))EM | | 22 1+ |20

I Ert1 k+1
<

c (1 +?) (\/E+ O(At)) ,

z(N)

1 for some C > 0, where the last inequality follows since IE(N)[(;"T))‘?} < My for some My > 0 by
k41

2 (52). Note that similar approaches can be applied to other terms in 3 f (N)+ , therefore we have

A | )

< (o [ {(E ) e (s man gl 4 s (6017 - 5““)) &0 =g (1- 2var)]
Y [(g ) e (G5 man &) 0 (647 - €)) [eh =€ (1.4 2vm0)|
(a2 [E™ [3 [ - (gfgw) h@_gEE;N)httE\/XHhmm eh=e(1- %m)}

— W) [ i( (N)>2h _3% g(N)h VAL + hy At
< A (1 +E”) (At2 o (Atz))
3 for some A > 0. Then,
) 63 (s - )] 500 412+ 230
é/ol(l_ 8 [ {%fﬁv” JIEY, — (1‘;‘/&”
o 2o £

< é/ola —924(1+8) (a2 +0 (At%)) as <A (1+8) (a2 + 0 (ae?)).
4 The same approach can be applied to QSLN), and thus we finally have
[ [56 [800 =% (1 - 2VAT)] - 5O [/ |8 =2 (1+ 2vad))|
o logvar
~ 2(14rAv)

ol = (1‘*‘%\/&)”

ttE

IN
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1+ 2VAL

2 oan [2 [ 180 =€ (1= DVAD] M [ |6 =€ (1+ VAT
< A (1 +E”> ((At)2 +0 ((At)%))
Therefore,
S (N) [(V) (N)+ E) [, (V) 28— 1
%1 20'\/7 (‘E [ }é ] - [7” ‘£k+1 ” m)
< a1+ (&) (var+o(an), (58)

and so substituting (57) and (58) into (56), we obtain that for any p € Z™,

(0 =) < e (1+[&7)) (VAT +o(an)

k+1 T Skt

1
20V At

for some C' > 0. Together with (54) and (55), the claim of this lemma is concluded.
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