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Abstract

In this paper, we study a constrained utility maximization problem following
the convex duality approach. After formulating the primal and dual problems,
we construct the necessary and sufficient conditions for both the primal and dual
problems in terms of forward and backward stochastic differential equations (FBS-
DEs) plus some additional conditions. Such formulation then allows us to explicitly
characterize the primal optimal control as a function of the adjoint process coming
from the dual FBSDEs in a dynamic fashion and vice versa. We also find that
the optimal wealth process coincides with the adjoint process of the dual problem
and vice versa. Finally we solve three constrained utility maximization problems,
which contrasts the simplicity of the duality approach we propose and the technical
complexity of solving the primal problem directly.
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folio constraints

AMS MSC2010: 91GS80, 93E20, 49N05, 49N15

1 Introduction

One of the most commonly studied problems in mathematical economics is the optimal
investment problem. Such problems have their goal of constructing the investment strat-
egy that maximizes the agent’s expected utility of the wealth at the end of the planning
horizon. Here we assume that trading strategies take values in a closed convex set which
is general enough to include short selling, borrowing, and other trading restrictions, see
[13].

There has been extensive research in dynamic portfolio optimization. The stochastic
control approach was first introduced in the two landmark papers of Merton [17, 18], which
was wedded to the Hamilton-Jacobi-Bellman equation and the requirement of an under-
lying Markov state process. The optimal investment problem in a non-Markov setting
was solved using the martingale method by, among others, Pliska [21], Cox and Huang
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[4, 5], Karatzas et al. [11]. The stochastic duality theory of Bismut [1] was first employed
to study the constrained (no-short-selling) optimal investment problem in Shreve and Xu
[25]. The effectiveness of the convex duality method was later adopted to tackle more
general incomplete market models in the works of, among others, Karatzas et al. [12],
Pearson and He [7, 8], Cvitani¢ and Karatzas [6]. The spirit of this approach is to suit-
ably embed the constrained problem in an appropriate family of unconstrained ones and
find a member of this family for which the corresponding optimal policy satisfies the con-
straints. However, despite the evident power of this approach, it is nevertheless true that
obtaining the corresponding dual problem remains a challenge as it often involves clever
experimentation and subsequently show to work as desired. To bring some transparency
to the dual problem, Labbé and Heunis [16] established a simple synthetic method of
arriving at a dual functional, bypassing the need to formulate a fictitious market. It
often happens that the dual problem is much nicer than the primal problem in the sense
that it is easier to show the existence of a solution and in some cases explicitly obtain a
solution to the dual problem than it is to do likewise for the primal problem.

In this paper, we first follow [14] to convert the original primal problem into an
equivalent dual problem by the supermartingale approach, then progress, following the
approach in [9, 22], to simultaneously characterise the necessary and sufficient optimality
conditions for both the primal and dual problems as systems of forward and backward
stochastic differential equations (FBSDEs) coupled with additional optimality conditions.
Such formulation allows us to characterize the primal optimal control as a function of
the adjoint process coming from the dual FBSDEs in a dynamic fashion and vice versa.
Moreover, we also find that the optimal wealth process coincides with the adjoint process
of the dual problem and vice versa. To the best of our knowledge, this is the first time
the dynamic relations of the primal and dual problems have been explicitly established
for constrained utility maximization problems under a non-Markov setting. After estab-
lishing the optimality conditions and the relations for the primal and dual problems, we
solve three constrained utility maximization problems with both Markov and non-Markov
setups. Instead of tackling the primal problem directly, we start from the dual problem
and then construct the optimal solution to the primal problem from that to the dual
problem. All examples contrast the simplicity of the duality approach we propose and
the technical complexity of solving the primal problem directly.

The rest of the paper is organised as follows. In Section 2 we set up the market model
and formulate the primal and dual problems following the approach in [14]. In Section 3
we state and prove the main results of necessary and sufficient optimality conditions for
the primal and dual problems and their connections in a dynamic fashion. In Section 4
we give three examples to demonstrate the effectiveness of the dynamic duality approach
in solving constrained utility maximization problems. Section 5 concludes the paper.

2 Market Model and Primal and Dual Problems

Let (2, F,P) be a complete probability space on which is defined a R¥-valued standard
Brownian motion {W(¢),t € [0,7]} with T" > 0 denoting a fixed terminal time. Let



{Fi,t € [0,T]} be the standard filtration induced by W, where
Fi 2 a{W(s),s € 0.4} \/ N(P), t € [0, 7],

in which N (P) denotes the collection of all P-null events in (€2, F,P). Denote by F* the
o-algebra of F; progressively measurable sets on €2 x [0,7]. For any stochastic process
v:Qx[0,T] = R™ m € Nt we write v € F* to indicate v is F* measurable. We
introduce the following notation:

T
HP(0, T; R™) 2 {5 Q% [0,T] > R™ | £ € F*,E [/ \f(t)\pdt] < oo},
0

where p > 1.
Consider a market consisting of a bank account with price {Sy(¢)} given by

dSo(t) = r()So(t)dt, 0 <t < T, So(0) = 1, (1)

and N stocks with prices {S,(t)}, n=1,---, N, given by

dSu(t) = Su(O){ba()dt + " Cum()dWn (1)}, 0 <t < T, 5,(0) > 0. 2)

m=1

Throughout the paper we assume that the interest rate {r(¢)}, the appreciation rates
on stocks denoted by entries of the R¥-valued process {b(t)} and the volatility rates
denoted by entries of the N x N matrix valued process {o(¢)} are uniformly bounded
{F:}-progressively measurable scalar processes on € x [0, T]. We also assume that there
exists a positive constant k such that

To(t)oT(t)z > k|z|?

for all (z,w,t) € RY x Q x [0, T], where 2T is the transpose of z. According to [25, (2.4)
and (2.5)], the strong non-degeneracy condition above ensures that matrices o(t), o7(¢)
are invertible and uniformly bounded.

Consider a small investor with initial wealth xy > 0 and a self-financing strategy.
Define the set of admissible portfolio strategies by

A= {1 e H*0,T;R") : n(t) € K fort €[0,T) a.e.},

where K C R¥ is a closed convex set with 0 € K and 7 is a portfolio process with each
entry m,(t) defined as the fraction of the wealth invested in the stock n forn =1,..., N at
time ¢t. Given any 7 € A, the investor’s total wealth X™ satisfies the following dynamics

{ AX(1) = X7 (1) + 7 (o (0PW)de + 7T ()}, 0 EST, o

XF(O) = Xy,

where 0(t) := o=1(t) [b(t) — r(t)1] is the market price of risk at time ¢ and is uniformly
bounded and 1 € RY has all unit entries. A pair (X7, ) is admissible if 7 € A and X7
satisfies (3) with control process 7.



Remark 1. Here we define the nth entry of w(t) as the fraction of small investor’s wealth
wnvested in the stock n at time t. Such setup ensures the positivity of the wealth process
X7 but surrenders the Lipschitz property of the coefficients in both X and w. Hence, the
stochastic mazimum principle developed in [3, 19] are not directly applicable in our case.

Let U : [0,00) — R be a given utility function that is twice continuously differentiable,
strictly increasing, strictly concave and satisfies the following conditions:

A 1; _ 1 / — 1 / =
U(O)—glﬂl{f(l)U@)> oo,i{r(l)U(x) 0o, lim U'(xz) =0.

T—r00

Define the value of the expected utility maximization problem as

V£ sup BU (X7(T))]. (4)

To avoid trivialities, we assume that
—o00 < V < 4o00.

Any 7 € A satisfying E [U (X7(T))] = V is called the optimal control (portfolio), the
corresponding X7 is called the optimal state (wealth) process.

In the rest of this section, we formulate the dual problem following the approach in
[14]. Define the dual function of U by

Uly) £ sup(U(x) — zy).

x>0

It is clear that U(y) = oo if y < 0 and U is twice continuously differentiable, strictly
decreasing and strictly convex on (0,00). The dual process Y is a strictly positive process
and has the following semimartingale decomposition

{ dY (t) = Y (t){a(t)dt + T(t)dW (t)}, 0 <t < T, %)

Y(0) =y,

where processes a and [ are chosen such that X™Y is a supermartingale for all admissible
control processes m € A. Using [to’s lemma, we have

A(XT@)Y () = X7 ()Y (O{[r+7T()o(0)0(t)+at)+T () (t) B()]dt+ [T (t)o (t)+67()dW (1)}
To make X™Y a supermartingale, we must have
r+ 7o (t)0(t) + a(t) + 7To(t)B(E) < 0
for all m € K as. for a.e. t € [0,77], which is equivalent to
r+a(t) + ok (—o(t)(0(t) + B(1))) <0,
where 6 (-) is the support function of the set — K, defined by

6k (2) & sup{—7Tz}, 2 € RV,
TeK



Define v(t) £ —o(t)(0(t) + B(t)). We have
a(t) < —(r+0x(v(1).  Bt) = (7' (t)v(t) +0(t)). (6)
From the definition of the dual function, we have
E[U(X™(T))] < E[U(Y(T))] + EX™(T)Y/(T)] < E[U(Y(T))] + zoy.
The second inequality above is due to X™Y being a supermartingale. This leads to

sup E[U(X™(T))] < yilalfv(E[ﬁ(Y(T))] + Toy).
For any fixed y and v, the solution Y of the SDE (5) satisfying conditions (6) is bounded
above by the process Y ¥ satisfying the SDE

{ dY W) (t) = =Y @0 () {[r(t) + S (v(t))]dt + [0() + o~ (o)) dW ()}, 0 <t < T,
YO (0) =y,

~ )
that is, Y (t) < Y®)(¢) a.s. for 0 <t < T. Since U is a strictly decreasing function, we
have E[U(Y (T))] > E[U(Y®)(T))] for any fixed y and v, which implies the optimal o
is determined by a(t) = —(r + dx(v(t))). The process Y ¥ is a dual process and v € D
is a dual control process, where the set D is defined by

D2 {v 2 Qx[0,T] = Rjv € F* and /T [0k (v(t)) + [v(t)|*] dt < oo a.s.} :

If K is a closed convex cone, then dx(z) = 0 if z € K and oo otherwise, where K = {z :
2Tr > 0, Vr € K} is the positive polar cone of K. In that case, the dual process Y )
satisfies the SDE

dY @) () = =YW () {r(t)dt + [0(t) + o (O)o(t)]"dW ()}, 0<t < T, g
{ Yw(0) =y, ©

where v is square integrable and v(t) € K a.s. for a.e. t € [0, T].
The optimal value of the dual minimization problem is defined by

VA nf (on VB [U(y@w)(T))D . 9)

(y,v)€(0,00)xD
Any (¢,0) € (0,00) x D satisfying zoj + F [U(Y@’@) (T))] =V is called the optimal dual

control and the corresponding Y% is called the optimal dual process. Dual problem 9)
can be naturally solved in two steps: first, fix y and solve

ily) 2 inf B [0(y(1))]

veD

and, second, solve

V= inf (zoy +a(y)) -



If coefficients 7(t),b(t),o(t) in (1) and (2) are deterministic, then the wealth process X7
is a Markov controlled process and the stochastic optimal control theory may be used to
solve the first stage problem. We illustrate this approach with two examples in Section 4.

In this paper, instead of applying the convex duality method of [1], we use the ma-
chinery of the stochastic maximum principle and BSDEs to derive the necessary and
sufficient conditions of the primal and dual problems separately. After establishing the
optimality conditions as two systems of FBSDEs, we explicitly characterise the primal
optimal solution as a function of the adjoint process coming from the dual FBSDEs in a
dynamic fashion and vice versa.

Remark 2. We may also derive the dual process Y and the dual problem following the
approach in [16]. The key steps are to first transform the primal dynamic constrained
problem (4) into a static unconstrained optimization, then to use conver analysis to find
its static dual optimization, and finally to construct the dual dynamic constrained problem
(9). We briefly outline the first step to illustrate the idea.

Given any continuous {JF;} semimartingale process X, we write X € S & R x
HY0, T;R) x H2(0, T;RY) if

X(t):Xo+/tX(s)ds+/tA}<(s)dW(s), 0<t<T,

where (XO,X,AX) € S. Define the following penalty functions:

bo(2) a {0, if x = xo,

+ 00, otherwise,

(1>

() { —Ul(x), ifz € (0,00),

+ 00, otherwise,
0, if v > 0,v=ar(t)+£0(t) and v oT(t)] ¢ € K,

+ 00, otherwise.

L(t,r,v,6) = {

Then problem (4) is equivalent to

T
it (W(XO) + BE(X )]+ B[ [ 20 X0, X0 Ax0)). (10)
Penalty functions ly and L ensure only those X € S satisfying X(0) = xo and (3) are
used for optimization. Problem (10) is a static conver minimization problem in a Banach
space S. We can then use Fenchel conjugate functions of ly,lp, L to find its static dual
optimization and finally recover the dual process Y in (7) and the dual problem (9), see
[16] for details.

For utility mazximization with X™ being a wealth process, our way of deriwing the dual
problem is easier and more straightforward than the alternative method, however, the
approach of [16] is more general and may help derive dual problems for more complicated
problems.



3 Main Results

In this section, we derive the necessary and sufficient optimality conditions for the primal
and dual problems and show the dynamic connection between the optimal solutions
through their corresponding FBSDEs.

Given an admissible control m € A and a solution X™ of the SDE (3), the associated

adjoint equation is the following linear BSDE in the unknown processes p; € H2(0,7;R)
and ¢ € H*(0, T;RY):

{ dpy(t) = —{[r(t) + 77 ()o()0(8)] p1(t) + ¢l (t)o™ (t)m(t) } dt + i (£)dW (1),

(11)
pi(T) = =U(X™(T)).

Remark 3. The BSDE (11) is from the stochastic maximum principle (SMP). Since
coefficients of the SDE (3) are not Lipschitz continuous due to unboundedness of X and
7w and utility function U s not Lipschitz continuous and is only defined on the positive
real line, we cannot directly apply the standard SMP in [3, 19]. However, we can formally
apply the SMP to find the form of BSDE for adjoint processes and then prove it rigorously.
Define the Hamiltonian function

H(t,x,mp1,q1) = a[r(t) + 7To(t)0(t)]p1 + amTo(t)q.

Then the adjoint process is a pair of processes (pi1,q1) satisfying the following BSDE

Apr(8) = - (1 X7(0), 70, p (6, () + a7V (1)
with the terminal condition py(T) = —U'(X™(T")), which is the BSDE (11).
Assumption 4. The utility function U satisfies the following conditions:
(i) x — xU'(x) is non-decreasing on (0, 00).
(i) There exist € (0,1) and v € (1,00) such that BU'(x) > U'(yx) for all x € (0,00).

Moreover, for all m € A and corresponding X™ satisfying the SDE (3), E[|U(X™(T))|] <
oo and E [(U'(X™(T))X™(T))*] < oc.

Remark 5. Assumption 4 corresponds to [13, Remark 3.4.4]. Assumption 4 (i) implies
that the Arrow-Pratt measure of relative risk aversion R(x) = —xU"(x)/U'(x) does not
exceed 1 and z — U(e?) is convex when U is the dual function of U. Assumption 4(ii) is
equivalent to U'(By) > ~U'(y) for all y € (0,00).

Lemma 6. Let 7 € A and the strictly positive, adapted process X™ satisfy the SDE (3).
Then there ezists a unique solution (p1,q1) to the adjoint BSDE (11).

Proof. According to Assumption 4, the process defined as

a(t) £ E[-XT(T)U'(X™(T)|F], t€[0,T]



is square integrable. In addition, it is the unique solution of the BSDE
) ) T
a(t) = —X"(T)U'(X™(T)) —/ ATt)dw (t), t € [0,T], (12)
t

where f3 is an adapted, square integrable process with values in RY. Applying Ito’s lemma
to a(t)/ X7 (t), we have

o) B a() , , o
der(t) = Xﬁ( )dW(t) ~ X0 {[r(t) + 77 ()o()0(t)]dt + 7T (t)o (t)dW (t) — |77 (¢)o (¢)[*dt}
7T(t)o(t)B(t)
. —X S
= —{[r@) + 7T ®)0®)]p1(t) + ¢ ()oT ()7 (1)} dt + g7 (£)dW (t),
where .
put) & )?‘758) Qn(t) 2 )?52) B a(t); *((tt))ﬂ(t)' (13)
Hence, we conclude that (pi, ¢;) solves the adjoint BSDE (11). O

3.1 Necessary and sufficient conditions for primal problems

We now state the necessary and sufficient optimality conditions for the primal problem.

Theorem 7. (Primal problem and associated FBSDE) Let ® € A. Then 7 is optimal for
the primal problem if and only if the solution (X*,py,q1) of FBSDE

[ dX7(t) = XT(){[r(t) + 77 ()o(t)0(1)|dt + 7T(t)o(t)dW (1)},
X™(0) =

14
dpy(t) = {[ () + 7T ()a()0()] p1(t) + ¢i ()T ()7 (£) } dt + g1 (£)dW (¢), .
| P1(T) = =U'(X*(T))
satisfies the condition
—X"()o(t) [p1(t)0(t) + G1(t)] € Nk (7(t)), Yt € [0,T], P — a.s., (15)

where Ng(x) is the normal cone of the closed convex set K at x € K, defined as
Ng(x) & {y eRY :Vo* € K,yT(a* —z) < 0} :

L

Proof. Let ™ € A be an admissible control and p = 7 — 7. Let

7o = T Ainf {t >0, /Ot |p(s)a(s)]*ds > n or /Ot IpT(5)a(s)aT(s)7(s)[*ds > n}

Hence, lim,, o 7, = T almost surely. Define p,(t) = p(t)1g<ry for 0 <t < T and

on(e) £ U (X™H(T))



for 0 < e < 1. Setting G(v) = U(wpe®) and taking derivatives, we have

G'(z) = U'(zg€”)xoe” > 0,
G"(x) = xoe” (U'(x0e”) + U'(x0e")x0€") < 0,

by Assumption 4. Differentiating ¢,, on (0, 1), we have

Pn(€) =G'() UO (P7 (D)o ()0(t) — pr(t)a(t)aT(t) (7 (¢) +€pn(t)))dt+/0 pL(t)U(t)dW(t)l :

e =G"<->{O [ Gr00(000) = 5100000 G0+ zpui e + pﬁ(t)a(t)dW(t)]
e [ | otwoo@patiar <o

0

Hence we conclude that the function ®,(c) £ (¢n() — ¢(0))/e is a decreasing function
and we have

lim @, () = U'(X*(T) X*(T) H{(T),
where Hf(t) £ [ (p1(5)0(s)0(s) — pL(s)o(s)07(s)7(s)) ds + [y ph(s)o(s)dW (). More-
over, we obtain
E UU/(XW(T))XW(T)Hﬁ(T)H <E [(U/(Xﬁ(T))Xﬁ(T))ﬂ 2 E [Hﬁ(T)ﬂ% .

Note that for e € [0,1], ®,(¢) > ®,(1) = U(X*(T)) — U(X™(T)) with E [®,(1)] < cc.
Therefore the sequence @, (¢) is bounded from below. By the Monotone Convergence
Theorem, we have

fim E[U(X™ e (T))] — E [U(X*(T))]

e—0 £

— B [U/(X*(T)X"(D)HY(T))] .
In addition, since 7 is optimal, we conclude
E[U'(X™(T))X™(T)H}(T)] < 0. (16)

Let (o, B) be defined as in (12) and (p2), G2) be the adjoint process corresponding to 7.
Applying Ito’s lemma to —a(t)H?(t) and simplifying the terms using (12) and (13), we
obtain

—da(t)H}(t) = =X (t)p}(t)o () (1 (£)0(t) +au (8))dt+ BT () H (t) — a(t)pl (t)o ()] dW (2).
(17)
Next, we prove that the local martingale fg(ﬁT(s)HP(s) —a(s)pT(s)o(s))dW (s) is a true



martingale. We have

E | sup |H5(t)|2]

_te[O,T]

= E|sup /0(/)2(8)0(8)9(8)—pL(S)U(S)UT(S)ﬁ(S))dSJr/O/J‘IL(S)U(S)dW(S) ]

_te[O,T]
2]

C{E
/0 (PL(5)()6(s) — pL(8)0 ()™ (s)7(s)) ds

IN

/0 PL(5)(s)dW (s)

sup
te[0,7

2

+ E | sup

te[0,7

|

<

Here we have used the Burkholder-Davis-Gundy inequality in the second last inequality
above. In addition, we have

B[ [ laimirtsras] <o

Hence, (16) can be reduced to the following

E [ /0 "Xl (B (t) (ﬁl(t)e(t) + (jl(t)>dt} <0, Vn €N, (18)
Define the following sets:
B2 {(tw) € [0,T] x Q: (a7 — #7(8)) o (t) (Br(£)0(t) + @1 (1)) < 0, for ¥ € K},
and, for any 7 € K,
BT £ {(t,w) € [0,T) x Q: (a7 = &T(t)) o (t) (pr(1)0(t) + ¢ (t)) < 0} .

Obviously for each t € [0,T], Bff € F;. Consider the control 7 : [0,7] x @ — K, defined
by

A(tw) T, if (t,w) € B
7(t,w), otherwise.

Then 7 is adapted and there exists n* € N such that
B[ [ 70 70~ #70) ) 61 000) + (o) ] <0, 0>
0

contradicting (18), unless (Leb ® P){B™} = 0 for all 7 € K. Since RY is a separable
metric space, we can find a countable dense subset {m,} of K. Denote by B= Use ,B™.
Then (Leb ® P){B} = (Leb ® P){Uz,B™} < 3°°° (Leb ® P){B™} = 0. Hence, we

conclude that
—Xﬁ(t)a(t) p1(t)0(t) + ¢1(t)] € Nk (7(t)), Vt € [0,T], P— a.s.

10
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We have proved the necessary condition.
Now we prove the sufficient condition. Let (X7, p;,4;) be a solution to the FBSDE
(14) and satisfy condition (15). Applying Ito’s lemma, we have

(X7() = X7(1) D (2)

:/0 (X7(s) = X7(s)) {= [(r(s) + 7T(s)(s)0(s)) B1(s) + @i (t)o T (¢)m(t)] dt + g (t)dW (1)}
+/0 15{(5){ [X7(t) (r(s) + 77 (s)a(s)0(s)) — X7(s) (r(s) + 7T(s)o(s)0(s))] ds

+ [Xﬁ(s)frT(s)a(s) — Xﬁ(S)WT(S)U(S)} dW(S)}

+/0 (X7 (s)7T(s)o(s) — X7 (s)nT(s)o(s)] Gi(s)ds.
Rearranging the above equation, we have
(X7(t) = X7(8) pa()

- / (#7(s) — 77(5)) X*(3)0(s) [pr()0(s) + da(s)] ds
+ /0 [(Xﬁ(s) — X’T(s)) qT(s) + Xﬁ(s) (7T (t) — 77 (¢)) 0(5)] dW (s).

Hence, by condition (15) and the definition of a normal cone, taking expectation of the
above, we have

E[(X™(T) - X™(T)) p(T)] < 0.

Combining with the concavity of U gives us

E[U(X™T) - U(XYD))] < E[(X™(T)-X™(T)) U (X™(T))]
B [(X*(T) - X™(T)) pu(T)]

0.

IN

Hence 7 is indeed an optimal control. O

3.2 Necessary and sufficient conditions for dual problems

Next we address the dual problem. To ensure the existence of an optimal solution, we
impose the following condition:

Assumption 8. ([16, Condition 4.14]) For any (y,v) € (0,00) x D, we have
B0 (y)(1)°] < oo (19)
According to [16, Proposition 4.15], there exists some (g,0) € (0,00) x D such that

V = 29+ E[U (Y®)(T))]. Given an admissible dual control (§,9) € (0, 00) x D with the
dual process Y #?) that solves the SDE (7) and condition (19) holds with (y,v) = (3, 9),

11



the associated adjoint equation for the dual problem is the following linear BSDE in the
unknown processes Py € H2(0,T;R) and ¢, € H?(0,T;RY):

{ dpa(t) = {[r(t) + 0 (0())] P2(t) + @3 (¢) [0() + o~ (£)0(t)]} dt + g3 (t)dW (¢), (20)
pa(T) = =U'(Y#U(T)).
Since p,Y @) is a martingale, we can find py(t), 0 <t < T, from the relation

Pa(t)Y D0 (t) = Elpo(T)Y 0T F] = —E[U'(YO(T)Y ST F).  (21)

Lemma 9. Let (y,v) € (0,00) xD and Y ¥ be the corresponding state process satisfying
the SDE (7) and condition (19). Then the random variable Y W) (T)U'(YW*)(T)) is
square integrable and there exists a solution to the adjont BSDE (20).

Proof. From condition (19) and following similar arguments as in [13, page 290], we have
that since U is a decreasing function,

0(0) ~0(oe) = U~ U = | e > (3-n)1 (%) = 0o,

for 0 < n < oo, where 3 € (0,1) and v € (1, 00) are as in Condition 8. Since U (c0) = U(0)
is finite, we conclude that the random variable Y @9 (T)U"(Y 99 (T")) is square integrable.
Define the process

-

o(t) 2 E [—Y@@ (T)F (Y69 (7))

ft} , t€10,T].

By the martingale representation theorem, it is the unique solution to the BSDE

o(t) = —Y IO () (Y59 (7)) / T()dW (s),

where ¢ is a square integrable process with values in RY. Applying Ito’s lemma to
B(t) /Y @9 (1), we have

v = s [r0) + 6100 + 1600 + o~ D00 + o180 + o) o0 |

* {ygg)@) 000 + o (1) 0(0)]" + 52 }dW(t).

Rearranging the above equation, we have
dpa(t) = {[r(t) + 0w (0(1))] P2(t) + G3(t) [0(t) + o (t) "0 ()] } dt + g3 (£)dW (1),

where (P2, §2) are defined as

R A O(t) . A 15 e(t)
Hence, we conclude that (ps, g2) solves the BSDE (20). O
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Remark 10. Note that if U(z) = Inx then U(y) = — Iny—1. We have Y@O(T)U' (Y @O(T)) =
—1, obviously square integrable. The conclusion of Lemma 9 holds. However, in this case,

U(0) = —oo, not finite. So the requirement of U(0) being finite is only a sufficient con-
dition for Lemma 9, not a necessary condition. We can apply all the results in the paper

to log utility.

We now state the necessary and sufficient optimality conditions for the dual problem.

Theorem 11. (Dual problem and associated FBSDE) Let (§,0) € (0,00) x D. Then
(9,0) is optimal for the dual problem if and only if the solution (Y %) py. o) of FBSDE

(dY@O() = =Y @O () {[r(t) + 0 (0(t))]dt + [0(t) + oL (t)D(¢)]TdW (t)},
Y @2(0) = g,

22
dpa(t) = {[r(t) + o (0(0)]T Pa(t) + @3 (¢) [0(t) + o~ ()0 (8)]} dt + G5 (£)dW (2), 2
| 52(T) = =U'(Y)(T))
satisfies the following conditions
p2(0) = o,
pa(t) [T (1)] " a(t) € K, (23)
Pa(t)0r(0(t)) + G5 (H)o 1 () (t) =0, VL € [0,T] P — a.s.

Proof. Let (9, 0) be an optimal control of the dual problem and Y #? be the corresponding
state process. Define a function h(£) £ zo&g + E[U (Y @(T))]. Then infee(o,00) M(E) =
h(1). Following the argument in [12, Lemma 11.7] by the convexity of U, the dominated
convergence theorem and Lemma 9, we Conclude that h is continuously differentiable
at £ = 1 and the derivative h/(1) = zoj + E[Y@(T)U’ (Y@(T))] holds. Hence, we
conclude that

2(0) = —%E [y(?},@) (7T (Y(@,ﬁ)(T))] .

Let (9,0) be an admissible control and 7
781-782], define the stopping time

£ § — . Similar to the argument in [6, page

n & Tamt{e 1) [ (I5K(n(8))l2+|9T(S)0‘1(8)77(8)|2+|¢(8)77(8)|2
(o (T () )ds > m or‘/ ST (s)] = n}.

Define 7, (t) = 1(t)1;<,, for 0 <t < T and

Ou(e) 2 U (Y@=m)(T)) = U (exp [In (Y@F=m)(T))])

(e*) is a convex function that
In (Y @oFenm)( T)) is a concave
n and ¢

w(€) £ (0n(e) = 0u(0)) /2

for 0 < ¢ < 1. According to Assumption 4, g(z ) =N
is nonincreasing. Moreover, since d is convex, f(g) =
function of €. Hence ¢,(¢) = g(f(¢)) is a convex funct1o

13



is an increasing function. Define H™ (t) and H (t) as

HI"(t) é/o 0xc (0(s) + ena(s)) — 0k (0(s)) + €07 (s)o " (s)m(s) +07(s) [0 (5)]T0 ™ (5)ma(s)

F S0 (5)]T0 ™ (s)a(s)ds + el ).
i (t) £ / 10 (5)) + 07(8)0 ()1(5) + 67 (5) [0 () T ()11 ()i
4 / ()l ()W (s).

For ¢ € (0,1), we have

D, () =

)
£
_U (Y @otem)(T)) — U (Y@(T)) y @) (T) {y(ﬁ,@v“enn)(T) 1}
Y Given) (T) — Y 09)(T) e Y@/(T)
U (Y @dten) (7)) — U (Y@ (T)) y @0 (T
- y(g,@+snn(>(7)v)) _ Y(z(/,ﬁ)(T)( ) 5( ) e (— (D) ~ 1
U (Y(Q,ﬁJrsnn)(T)) — (y(ﬁﬁv) (T)) Y (8:2)(T)
- Y@ 1iJrEnn)(T) @0)(T) 15

Hence, taking lim sup on both sides, we have

lim sup @, (e) < .y (y(z},@) (T)) y (3.9) (T)]f]nn (T)

e—0

with

d

Moreover, note that as € € (0, 1) approaches zero, the sequence

((j (Y @aten)(T)) — O (Y @) (T)))
€€(0,1)

1 1
2

E [FI”” (T)Q] < .

o' (Y@ (T)) Y 05 (1) H(T) H <E {(U (Y1) YoO(T)) 2]

€

is bounded from above by |®,(1)| and E[|®,(1)]] < co. By the reverse Fatou lemma, we
have

0 < limsup [cﬁn(g)} <E [hm sup &)n(g)] <E [—U’ (Y@ (7)) y ) (T)EI”"(T)] .

e—0 e—0

14



Let (¢, ¢) be defined as in Lemma 9 and (ps, =) be the adjoint process corresponding
to (9,0). Applying Ito’s lemma to ¢(t)H!(t), we obtain

do(t)H™ (1)
= — QT (O H™ ()W (£) + ¢(t) (Ox (0 () + 07 (D)o~ ()na(t) + 0() [0 ()]0 (E)ma(1)) di
+ ot (O)]e™ (O] dW (t) + 0l ()™ ()] Te(t)dt
Y5 (8) [ (O)Palt) + o) O]t + (6Ol O = 7@V E (1)] W (o).
Following a similar approach as in the proof of necessary condition for the primal problem,

it can be shown that fo $)NI(s)[o~1(s)]T — @T(s)H™(s)]dW (s) is a true martingale.
Taking expectation of the above equation, we obtain

. Uo YOO E) [Bx (n(8))Pa(t) + da()o™ " (n(2))] dt] > 0. (24)

Note that py(t) = ¢(t)/Y @) (t) > 0, define the event B = {(w,t) : po(t) o (t)"'¢a(t) & K}.
According to [13, Lemma 5.4.2], there exists some R-valued progressively measurable
process 7 such that [n(t)| < 1 and |dx(n(t))| <1 a.e. and

S (n(t)) + pa(t) LGa(t)'o(t)™ < 0 a.e. on B,
S(n(t)) + p2(t) 'q(t)a(t) =0 a.e. on B

Let © £ © 4+ 1. We can easily verify that ¥ is progressively measurable and square
integrable. Hence, we obtain that

<0,

E UOTn YOO (1) [pa(t) (55 (7(6))) + da(t)Y o (8) 1 (8)] dt

contradicting with (24). Hence, by the P strict positivity of Y @%(¢)py(t), we conclude
that py(t)lo(t)"1G2(t) € K a.e. (this argument is essentially identical to the analysis in
the proof of Proposition 4.17 in [16]). Take © = 20, and we have

E {/OT" y(ﬂ,ﬁ)(t) [232(75) (0x(0(t))) + QQ(t)'U(t)_lf;(t)} dt} > 0.

Lastly, to prove the third condition, simply take v = 0 and by the same analysis, we
obtain

E [/OT" Y @) (1) [52(t) (6 (0(t))) + Go(t) o (t) "0 (t)] dt} <0.

On the other hand, by the definition of dx, we have dx (0(t)) + po(t) 1G5 (t)o = (t)o(t) > 0
a.e. Combining with the IP strict positivity of Y #%)(¢)py(t) gives the last condition. We
have proved the necessary condition.

Now we prove the sufficient condition. Let (Y( %), Po, qg) be a solution to the FBSDE
(22) and satisfy conditions (23). Let (y,0) € (0 o0) X D be an admissible control such
that Y@ solves the SDE (7) and E[U(Y#?(T))?] < co. By Lemma 9, there exists

15



adjoint process (P2, ¢2) that solves the BSDE with control (7, 9). Applying Ito’s lemma,
we have

(Y59 ) = Y5(0)) (1)
=50y + | {YOD(5) ) + BT = YOV (8) 1(5) + ()]} ol

t

+ [ {YED()[0(s) + 07 (5)0(s)]T = YO (5)[0(5) + 0" (5)8(5)]T} Pals)dW (s)

0

+
o\
o~
—
=
<
=
—~
Va)
N—
|
@
$
—
Va)
~
~—
=
=
—
Va)
~
_I_
=)
=
—~
=3
—
Va)
~
Pt
)
3>
no
—
[Va)
N—
+
)
N~
—
V)
N—
r
>
—
[Va)
N—
+
q\
—_
—
Va)
~
[o53
—
V)
SN—
| S—
—
QU
Va)

*/ (YU (5)[0(s) + 0™ (5)a(s)]T = YT s)[0(s) + 0™ (5)0 ()]} pa(s)dW (s)

+ /t (Y@ (s) — Y(g’f’)(s)) G3(s)dW (s).
0
By (23) and taking expectation, we have
E[(Y@NT) = YUT)) po(T)] Zypa(0)-
By the convexity of U we obtain
nof+ B |0(YOND)] —a0g = B[TVID))] =yl — 2(0)) = 0.

Hence, we conclude that (g, ?) is indeed an optimal control of the dual problem. O

3.3 Dynamic relations of primal and dual problems

We can now state the dynamic relations of the optimal portfolio and wealth processes of
the primal problem and the adjoint processes of the dual problem and vice versa.

Theorem 12. (From dual problem to primal problem) Suppose that (1,0) € (0,00) x D
1s optimal for the dual problem. Let (Y@’ﬁ),ﬁg,dg> be the associated process that solves
the FBSDE (22) and satisfies condition (23). Define

()] Go(t
ﬁ(t) A [U ( 2] QQ( )
p2(1)
Then 7 is the optimal control for the primal problem with initial wealth xo. The optimal
wealth process and associated adjoint process are given by

X7(t) = pa(t),
pi(t) = =Y@ (1), (26)
Gi(t) = YOI () [om ()0 (t) + 6()].

, te[0,77. (25)
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Proof. Suppose that (y,0) € (0.00) x D is optimal for the dual problem. By Theorem
11, the process (Y@’@),ﬁg,dg) solves the dual FBSDE (22) and satisfies condition (23).
Construct 7 and (X*,py,q1) as in (25) and (26), respectively. Substituting them back
into (14), we conclude that (X7, p, ;) solves the FBSDE for the primal problem. By
condition (23), it can be easily shown that 7 € A. Moreover, we have

X7 ()a(t) [p1(D)0(t) + @1 (1))
= pa(t)o(t) {=YTO)0(t) + YOO (1) [0 (1)o(t) + 6(1)] }
= Y00 (1)pa(t)0(2).
Combining with the third statement of (23) and the almost sure positivity of Y@ p,, we

claim that condition (15) holds. By Theorem 11 we conclude that 7 is indeed an optimal
control to the primal problem. O]

Theorem 13. (From primal problem to dual problem) Suppose that 7 € A is optimal for
the primal problem with initial wealth xo. Let (X™,py,q1) be the associated process that
satisfies the FBSDE (14) and conditions (15). Define

g é _ﬁl(o)a

b(t) 2 —o(t) Lq)ig)) +0(t )] .Vt e [0,T).

Then (9,0) is an optimal control for the dual problem. The optimal dual process and

(27)

~—

associated adjoint process are given by

YR (t) = —pi (1),

Pa(t) = X7(t), (28)

Go(t) = o7 ()7 (L) X (t).
Proof. Suppose that 7 € A is an optimal control for the primal problem. By Theorem 7,
the process (X7, p1, G1) solves the FBSDE (14) and satisfies conditions (15). Define (7, 9)
and (Y9 py Gy) as in (27) and (28), respectively. Substituting them back into (22),
we obtain that (Y #?) p, G,) solves the FBSDE for the dual problem. Moreover, by the
construction in (27) and (28), we have po(0) = x¢ and [07(¢)] " G(t) = 7#(H)X* (1) € K.
Substituting ¢ into (23), we can easily show that the third statement in (23) holds.
Hence, by Theorem 11, we conclude that (¢, 0) is indeed an optimal control to the dual
problem. O

4 Examples

In this section, we use the main results in the previous section to address several classical
constrained utility maximization problems.

4.1 Constrained power utility maximization

In this subsection, we assume U is a power utility function defined by U(z) T €

() a(t)

£ 1.
- B
(0,00), where 8 € (0, 1) is a constant. In addition, we assume that coefficients r(t),
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in (1) and (2) are deterministic and K C RY is a closed convex cone. In this case, the
dual problem can be written as

Minimize xoy + E [0 (Y(y’v) (T>)]

over (y,v) € (0,00) x D, where U(y) = %y%, y € (0,00), is the dual function of
U. We solve the above problem in two steps: first, fix y and solve a stochastic optimal
control problem

aly) £ inf B {U (v o) (T))} ,
where Y %) satisfies the SDE (8) and, second, solve a convex minimization problem
if;f(moy +a(y))-
Step 1: Define the dual value function
o(t,y) = inf B [0 (Y@ (7)) ‘Y@:v) (t) = y] ,

where the expectation above is the conditional expectation given Y (¢) = y. Using the
dynamic programming principle (DPP) (see [20]), we have v satisfies the following HJB
(Hamilton-Jacobi-Bellman) equation:

. (29)
u(T,y) = Uly),
for (t,y) € [0,7] x R. Let o(t) € K be the minimizer of inf,_z [0(t) + o~ '(t)v|* and
0(t) = o= (t)0(t) + (t). Note that the dual optimal control © is independent of y. Then
the HJB equation (29) becomes

{ 20(t,y) — r(D)yoy(t,y) + SO0 220, (ty) = 0
o(T,y) = Uly),

for (t,y) € [0, T]xR. Assume |4(t)| > ¢ > 0 for t € [0,T]. According to the Feynman-Kac
formula, we can represent v as

{ Su(t,y) — r(t)yv,(t,y) + $inf, z 0(t) + o (E)v]*yPvy,(t,y) = 0,

oity) = E[0M)|rt) =],
where the stochastic process Y follows a geometric Brownian motion
dY (s) = =Y (s){r(s)ds + 07 (s)dW(s)}, t < s < T

with Y'(t) = y. Simple calculation gives

ot = O ([ |5 - 520t as).

Step 2: Since @(y) = v(0,y), solving the following convex minimization problem

gﬁ%y+MQw%
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we find the minimum is achieved at point

T
o B e B
=1 exp(u—@) | L 0er - 52 as),
Solving the adjoint BSDE

(20
Balt) = 20 exp ( [ 25))2 |é(s)|2] ds + ﬁ /0 t éT(.s)dW(s)),
Pa(t)0(2).

Applying Theorem 12, we can construct the optimal solution to the primal problem

, we have

Ga(t) =

using the optimal solutions of the dual problem and hence arrive at the following closed
form solutions:

(1) = T=5lot)7 7000,
X7(t) = o exp (/Ot [r(s> + %m(s)ﬁ] ds + ﬁ /Ot éT(s)dW(s)>.

4.2 Constrained log utility maximization with random coeffi-

cients

In this section, we assume that U is a log utility defined by U(z) = logz for = > 0.
The dual function of U is given by U(y) = —(1 + logy), y > 0. Assume that K C RV
is a closed convex set and r,b, o are uniformly bounded {F;} progressively measurable
processes on 2 x [0, 7.

Step 1: We fix y and solve the dual optimal control problem. Note that the DPP
is not appropriate in this case due to the non-Markov nature of the problem. However,
following the approach in [6, Section 11] the problem can be solved explicitly due to the
special property of the logarithmic function.

Let v € D be a given dual admissible control and the dual objective function becomes

B[ (o)) = -1 togy =B | [ 10+ dwlole)) + 51600 + o 0yt Pet]

where Y satisfies the SDE (7). The dual optimization boils down to the following problem
of pointwise minimization of a convex function dx(v) + £|0(t) + o' (t)v|? over v € RY
for all ¢t € [0,T]. Applying the classical measurable selection theorem (see [23, 24]), we
conclude that the process defined by

o(t) £ arg min {5;((1)) + %|9(t) + J(t)_lv|2] (30)

veERN

is {F;} progressively measurable and therefore is the optimal control given y and is
independent of y.
Step 2: Solve the following static optimization problem

igﬂgxoy —1—-logy— E [/0 r(t) + 0k (0(t)) + %le(t) + al(t)ﬁ(t)\th} :
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We obtain § = 1/z,. Hence, the optimal state process for the dual problem is the
exponential process satisfying (7). Solving the adjoint BSDE (20), we have

Pa()Y V(1) = B —Uwy@@cm)y@waupﬂ._L

Hence, we have py(t) = Y@ ()71, Applying Ito’s lemma on p,, we get
(t) = YOO 1) [0(8) + o(0)0(0)], Vi € 0,T), ac.

Finally, according to Theorem 12, we construct the optimal control to the primal
problem explicitly form the optimal solution of the dual problem as

#(t) = [o(t)oT ()] [6(£) + b(t) — r(D)1], V¢ € [0,T], a.e. (31)

Remark 14. In the case where K is a closed convexr cone, it is trivial to see that
dk(0(t)) = 0 and 0(t) € K a.s for a.e. t € [0,T]. The pointwise minimization prob-
lem (30) becomes a simple constrained quadratic minimization problem

o(t) £ argmin |0(t) + o(t) 0|, YVt € [0,T).
veK

Furthermore, in the case where K = RN, the complete market case, then K = {0}
and © = 0, the optimal control (31) reduces to 7(t) = [o(t)oT(t)]7 [b(t) — r(¢)1] for all
t € [0,T], and we recover the unconstrained log utility mazximization problem discussed in

[10].

Remark 15. From the above two examples, we contrast our method to the approach in
[6, 12, 13], which rely on the introduction of a family of auziliary unconstrained problems
formulated in auxiliary markets parametrized by money market and stock mean return
rates [6, Section 8]. The existence of a solution to the original problem is then equivalent
to finding the fictitious market that provides the correct optimal solution to the primal
problem. On the other hand, we explicitly write out the dual problem to the original con-
strained problem only relying on the elementary convexr analysis results and characterize
its solution in terms of FBSDEs. The dynamic relationship between the primal and dual
FBSDEs then allows us to explicitly construct the optimal solution to the primal problem
from that to the dual problem.

4.3 Constrained non-HARA utility maximization

In this subsection, we assume U is a non-HARA utility function defined by
1
Ux) = gH(I)_?) + H(x)™' +2H(z)

1
for z > 0, where H(z) = V2 (—1 + /I +4z) . The dual function of U is given by

L _ _
Uly) =gy +y
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for y > 0. Assume that K C R" is a closed convex cone and r,b, o are constants. The
dual problem becomes

1 - _
Minimize zoy + E {g (Y(y,v)(T>) 3 n (Y(y’”)(T)) U over (y,v) € (0,00) x D.

We solve the above problem in two steps: first, fix y and find the optimal control o(y);
second, find the optimal . We can then construct the optimal solution explicitly.
Step 1: The DPP implies that the dual value function v(t,y) satisfies the following
HJB equation
vt y) = ryvy(ty) + 5inf e 10+ 07 0Py, (ty) = 0,
o(Tyy) = sy +y ",
for (t,y) € [0,T] x [0,00). Let © be the minimizer of inf,_z |0+ ¢ 'v|> and § £ 0+ o~ 10.

Assume ]é | > 0. Using the Feynman-Kac formula, we can easily find

3 Grrold -t L i)

1
v(t,y) = Y ,

Step 2: Consider the following scalar convex minimization problem
inf 0,v)).
inf (zoy + v(0,9))
The minimizer g satisfies the equation
zg — y—4€(3r+6|é|2)T _ g—Ze(r+|é|2)T —0.

Hence, we have

L [e(r+|é|2)T+ \/62(r+\@|2)T+4x0€3(7’+2|9|2)T ’

v= \/21]0

and the optimal state process for the dual problem is given by
}A/(t) _ Qe—(r-l—%léIQ)t—éTW(t). (32)
Using the martingale property of p,Y, see (21), we have

ROV () = B V(D) + V(@) 7|F,

~ 11912 AT 91012(T— ~ 11412 AT Lig12(r—
= 363(7"+2|6| )T630 W(t)62\9\ (T—-1) + g 1€(r+2\0| )T€9 W(t)62\6| (T t).

Substituting (32) back into the above equation and rearranging, we have
ﬁg(t) = alSl(t) + (IQSQ(t),

where a; = 97463(r+2|é\2)T7 ay = g72€(r+|é|2)T’ Si(t) = e(r74|é|2)t+4éTW(t)7 and S(t) =

ortH20TW () Applying Ito’s lemma, we have

dpa(t) = [rpa(t) + 63 (t)0)dt + g5 ()dW (t),
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where

Go(t) = (40151 (t) + 2a25,(t))0, t € [0,T).

Finally, according to Theorem 12, we can construct the optimal solution of the primal
problem explicitly as

{ﬁ(t)Z[UT] ' (t)py (1),
) =

Xﬁ(t) = Po(t g e3(r+2(01)T o (r—41012)t+40TW (¢) g 2 (r+012)T ort+20TW (1)

Remark 16. Suppose that after attaining the dual value function v, we try to recover
the optimal solution to the primal problem directly. By the duality relation between the
primal and dual value functions, see [2, Theorem 2.6/, the primal value function is given

by

[\]

ult, @) = v(t gt ) + v, (8,5t )it @) = 5 (30t 0) eI 420yt 7))

w

where §(t, z) is the solution of equation vy(t,y) +x =0 and is given by

N

1 ~ — _ )
g(t,x) = E [€(r+|9|2)(T—t) + \/62(r+|9\2)(T—t) + 4x63(r+2\6|2)(T—t)J

Hence, to find the optimal control 7w, we would need to solve the following optimization

1
sup (x (r +nTo0) u,(t, z) + §x27rTaaT7rum(t, x)>
TeK

to get an optimal feedback control 7 (t, ). To find the optimal wealth process X™, we would
need to substitute 7(t, x) into (3) and solve a highly complicated nonlinear SDE. However,
in the approach we proposed, the optimal adjoint process of the dual problem can be written
out explicitly as conditional expectations of the dual process. The optimal solution to the
primal problem can be constructed explicitly thanks to their dynamic relation as stated in
Theorem 12.

5 Conclusions

In this paper, we study the constrained utility maximization problem following the convex
duality approach. After formulating the primal and dual problems, we construct the
necessary and sufficient optimality conditions for both the primal and dual problems
in terms of FBSDEs plus some additional conditions. Such formulation allows us to
establish the explicit connection between the primal and dual optimal solutions in a
dynamic fashion. Finally we solve three constrained utility maximization problems to
illustrate our dynamic convex duality FBSDE approach.
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