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Chapter 1

Ultraproducts

I.1 General theory

Let N := {1,2,...} denote the natural numbers. Recall that a nonprincipal ultrafilter on N is a
collection, §, of subsets of N satisfying the following conditions:

1. § does not contain any finite sets.

2. fI,JegthenInNnJeg

3. If Te§Fand I CJ CN, then J € § as well.

4. If TUJ = N is a partition of N, then either I € § or J € §.

It is well known that such an § must exist, if one assumes the axiom of choice.

Note that these conditions imply the following: If Iy U ls Ll --- U I, = N is a partition of N, then
I; € § for exactly one i.

For the remainder of this appendix, we will fix a nonprincipal ultrafilter § on N.

For convenience, we will say that a property P(i) holds for §-many i if there is some I € § such
that P(7) is true for all ¢ € I. The four conditions above imply the following:

1. If P(i) holds for F-many 4, then it holds for infinitely many i.

2. If P(i) and Q(i) each hold for F-many ¢, then P(i) and Q(i) are simultaneously true for
F-many 1.

3. P(i) holds for §-many i if and only if the set {i|P(i) is true} is in §.

4. For any property P, either P(i) is true for F-many ¢, or it is false for F-many i.

If # = {M,}n>1 is any sequence of sets, we define an equivalence relation ~ on the set H M,
n>1
by (mi,ma,...) ~ (m},mh,...) if m; = m/} for F-many i (the above properties of ultrafilters imply
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6 CHAPTER I. ULTRAPRODUCTS

that this is an equivalence relation). We then define the ultraproduct of .4 to be

UMY = (H Mn) / ~

n>1

For any m = (my,ma,...) € H M,, we will denote the equivalence class of m in U () by [m;]; =
n>1

[m1,ma,...]. We will frequently define elements m = [m;]; by only specifying m; for §F-many 1.

Doing so is unambiguous, as if m; is specified for all i € I (I € §) the choices of m; for j € N\ [

do not affect the equivalence class [m;];.

If M is any set we will write M := {M},>1 for the constant sequence of sets, and define the
ultrapower of M to be MY := U(M). Notice that we have a diagonal map A : M — MY defined
by m + [m,m,...]. This map is clearly injective.

In our applications, we will generally consider the case where each M,, has a certain algebraic
structure. Thus for the rest of this subsection we will fix a category, C of sets with algebraic
structure, taken to be one of the following:

The category of abelian groups;

The category of (commutative) rings;
The category of (continuous) R-modules;
The category of (continuous) R-algebras,

for some fixed ring topological R (which we will often take to have the discrete topology, however
the continuous version will be used in Lemma I1.5.2). Using the language of universal algebra (or
more generally, of model theory) it is possible phrase the results of this section for significantly
more general categories of “sets with structure,” however the specific cases we discuss here will be
sufficient for our purposes.

We first show that if each M,, is in C, then U(.#) inherits a natural C-object structure.

Proposition I.1.1. Let # = {M,},>1, and assume that each My, is in C. Then U(.#) may be
given the structure of object in C with the operations additions, multiplication and scalar multipli-
cation (when appropriate) defined by:

[al,ag, .. ] + [bl,bg, .. ] = [a1 + b1,a0 + bo, .. ]
[al,ag,. . ] . [bl,bg,...] = [a1 . bl,az . bg,...]
rlai,as,...] = [rai,ras,.. ]

for a = a1, ag,...], = [b1,ba,...] € U(M), the elements 0,1 € U(.#) (again when appropriate)
defined by:

0=10,0,...| eU(A), 1=[1,1,...]eU(A),

and topology defined by the quotient map 7 : H M, — U(A). Moreover:
n>1
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1. The natural surjection  : H M, - U(A), (m;)i — [my]; is a C-morphism.
n>1
2. For M € C, the diagonal map A : M — MY is a C-morphism.

Proof. We will prove this only in the case when C is taken to by the category of continuous R-
algebras. The other cases are analogous.

First we check that the operations are well-defined. Take o = [a;);, o/ = [a}];, 8 = [bi]i, B = [V]] €
U(A) with « = o/ and = . Then for F-many i we simultaneously have that a; = a} and b; = V.
It follows that a; + b; = a} + b, a; - b; = a), - b, and ra; = ra} for F-many i, and so a + =o' + 3,

a-B=ad - p and ra=rd.
Now as the operations are defined pointwise, they are clearly preserved by 7 : H M,, - U(A).Thus
n>1
as H M, is a continuous R-algebra, and 7 is continuous by definition, (1) will follow if we show
n>1
that the operations make U(.#) into a R-algebra (the operations will automatically be continuous
as U(.4) has the quotient topology).

Now let

K= {(al,az,...) S HM” (al,ag,...)N(O,O,...)}

= {(a17a27"-) € H M,|a; = 0 for F-many z} - H M,

n>1

Now as the operations are well-defined, for any a = (an)n,b = (bn)n € K, any m = (my,,) € H M,
n>1
and any r € R we get that:

—
S
S
_|_
o
3
~—
3
I
—
S
3
~
3
+
—~
=
S
SN—
S
2

—~~ o~
(=)
SN—
3
+
—~~
(==}
SN—
3
I
—~
=)
~—
3

and so a + b, ma,ra € K. It follows that K C H M, is an ideal.
n>1

Also by definition, for a = (an)n,b = (bp)n € H M,, a ~ b if and only if a — b € K. It follows
n>1

that 7 : H M, — U(A) gives an identification 7 : H M, | /K = U(A). As m, and thus
n>1 n>1
7, preserves the operations and H M, | /K is an R-algebra, it follows that U(.#) is indeed an
n>1
R-algebra, and 7 is an R-algebra homomorphism. This proves (1).
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For (2), we simply note that A : M — MY is the composition of the C-morphisms M < H M,
n>1

mb—>(m,m,...)and7r:HM%U(M):MM. O

n>1

Given two sequences 4 = {My,},>1 and A4’ = {M] },>1 in C, we define an F-morphism ¢ : M —
A" to be a collection of C-morphisms ¢ = {p; : M; — M/}ier indexed by some I € §. Then we
have

Proposition 1.1.2. If ¢ : .4 — .#' is an F-morphism, then the map @ : U(M) — U(A") given
by Y[a;)i = [pi(ai)]; is a well-defined C-morphism. Moreover,

1. If o, « M — M are two F-morphisms, and p; = ; for F-many i, then Q1 = Y. In
particular, if o : M — M satisfies p; = idpg, © My — M; for F-many i, then M = iy
U(AM)—UA).

2. For two F-morphisms, ¢ : M — M and o : M — H", we have Y1 o M = (¢ 0 @)X,

Hence U(—) is a functor.

Proof. As in Proposition 1.1.1, we will prove this only in the case where C is the category of
continuous R-algebras.

Let ¢ : M4 — #' be an F-morphism. If we have [a;]; = [a}]; in U(A), then for F-many i we
simultaneously have that ¢; exists and a; = a}. Thus ¢"[a;]; = [pi(a;)] = [p(al)] = ¢H]al];, and
so oM is well-defined. As each ¢; is continuous, it follows that ¢/ is induced by a continuous map
H M, — H M/ and thus is continuous.

n>1 n>1

Now for av = [as)i, 8 = [bi]i € U(A) and r € R, as ¢; is an R-algebra homomorphism for F-many
1, we get

P+ ) = Mai + bili = [wilai + b)]; = [pilai) + o (bi)]; = (@) + &7(8)
(e B) = Mai - bili = [wilai - bi)]; = [pilai) - @(b)]; = () - & (B)
M (ra) = "lrai = [pi(ras)]; = [rei(a:)]; = re*(a)
(1) = M = (@), = 1 = 1,

so indeed ¥ is an R-algebra homomorphism.

If ; = ; for F-many i, then by definition we have ¢“[a;]; = [pi(a:)]; = [Wi(a:)]; = ¥W[as)i, and if
@i = idyy, for F-many 4, then ¢“[a;); = [pi(a;)]; = [as];- So (1) holds.

For (2), simply note that for §-many i, ¢; and v; simultaneously exist, and so

(v 0 ) [aidi = v (¢ [ail;) = ¥ [pilas)]; = [ (pi(an))]; = (¥ 0 9)[ails
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In general, U(.#) can be a quite complicated object. However in our setup, the M,’s will always
be taken to be finite, of uniformly bounded cardinalities. In that case, we have the following:

Proposition 1.1.3. If M € C has finite cardinality, the diagonal map A : M — MY is an
isomorphism.

Now assume that C is the category of abelian groups or rings, or that the ring R is topologically
finitely generated (in particular, if it is finite). If 4 = {My}n>1 where each M, € C is a finite
set, and the cardinalities #M,, are bounded, then U(.#) is also finite and we have U(A) = M; in
C for §-many i.

Proof. As A : M — MY is already an injective C-morphism, it suffices to show that it is surjective.

Take any a = [a;]; € MY. As M is finite, |_| {ila; = a} is a finite partition of N, and so for some
acM

a € M, a; = a for F-many i. But then a = [a;]; = [a]; = A(a), so indeed A is surjective, and hence

an isomorphism.

For the second statement, the assumption on C implies that there are only finitely many isomor-
phism classes of C-objects of any fixed cardinality d. As the #M,,’s are bounded, there are only
finitely many distinct cardinalities {#M,,},>1. It thus follows that there are only finitely many
isomorphism classes of C-objects in ./ .

Thus we may pick some M € C (which is necessarily finite) for which M = M; for F-many
i. Fix isomorphisms ¢; : M = M; for F-many i, and define F-morphisms ¢ : M — .# and
¢ M — M by p={p;} and ¢ = {p;*}. Tt follows from Proposition I.1.2 that Y = (¢¥)~! and
so ! MY =U(M) — U(.A) is an isomorphism.

Combining this with the first claim, we indeed get U (.#) = MY = M = M; for F-many i. O

I.2 A ring theoretic interpretation

In the case when C is taken to be the category of R-modules (or R-algebras), the construction of
U(A) can be reformulated as a localization of modules, and is thus quite well behaved. We finish
this section by discussing this situation.

For the reminder of this section, R will denote a finite local ring with maximal ideal mp and residue
field F = R/mpg.

We will let R := H R, treated as an R-algebra via the diagonal embedding r + (r,r,...). Propo-
n>1
sition I.1.1 implies that the natural map 7 : R - RY = R is a surjective ring homomorphism.

Also for any I C N, we will let Ry := H R, viewed as a quotient of R via the map 7y : (ry)n>1 —
i€l
(ri)icr- Note that 7 : R — R factors through 77 for each I € §.
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The key observation is that m may be viewed as a localization map:

Proposition 1.2.1. View R as a R-algebra via the map w: R — R. There is a unique prime ideal
3r € SpecR for which the R-algebra localization map R — R3, is an isomorphism. For this 3r
we have:

e The map 73, : R3, — R is an isomorphism.
o forall I € § the map 713, : R3, — Ri,3y, induced by mr : R — Ry is an isomorphism.

We will call 3r the prime (of R) associated to §.

Finally, if ¥ : R — R’ is a surjection of local Tings, inducing the surjection ¥ : R — R’ := H R,
n>1
and 3r € Spec R’ is the prime associated to §, then 3gr = U1 (3p).

Proof. Assume that there is some 3r € Spec R which makes R — R3, into an isomorphism.
Clearly we must have ker(m : R — R) C 3, or we would have R3, = 0. Thus 3p = 7 (P) for
some P € Spec R and Rp = R3,. But now as R is a local ring, R — Rp is an isomorphism if and
only if P =m¥. Thus the unique prime 3 satisfying the condition is 3z = 71 (m4).

We now show that the map 73, : R3, — R is an isomorphism. As localization is exact, it is
surjective.

Take any % € ker(m3,) where r = (r1,72,...) € R. Then r € ker(m) so that [r;]; = 0 in R, and

hence r; = 0 for F-many i. Define e = (¢1,¢2,...) E R by g; =1if r, =0 and e; = 0 if r; # 0, and

note that er = 0. But by definition e; = 1 for §-many 4, and so 7w(e) = 1 ¢ m¥%. Hence e &€ 3, and
& ea

so { is a unit in R3,. As £% = 0, this implies that ¢ = 0. Therefore ker(73,) = 0 and so indeed,

» is an isomorphism.

T3

Now for any I € §, 7 : R = R is a composition of surjections 7y : R - Ry and R; - R, and so
T3, ¢ R3, — R is a composition of the surjections 773, : R3, — Rr3, and Rr3, — R. So as 73,
is an isomorphism, the latter two maps are isomorphisms as well.

The last statement follows from the commutative diagram

™

R

R

U YU

R/ R

/

O]

From now on we will always use 3 to denote the prime of R associated to §, or just 3 if R is clear
from context.
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We will now investigate ultraproducts of R-modules (and R-algebras). Let .# = {M,,},>1 be any

sequence of R-modules, and write M = H M, with its natural R-module structure. We claim
n>1

that the natural surjection 77 : M — U (A) is an R-module homomorphism, where the R-action

on U(A) is given by m: R — R.

Indeed for any r = (r1,72,...) € R and m = (my, ma,...) € M we have r; = w(r) for F-many ¢,
and so

W‘//[(rm) = [rim;]; = [w(r)m;]; = w(r)[m;]; = F(T)ﬂ‘%(m).

If additionally the M,,’s are A-algebras, then U(.#) is an R-algebra, and the above morphism is of
R-algebras.

M

Proposition 1.2.1 now allows us to re-interpret 7% as a localization map of R-modules:

Proposition 1.2.2. Let # = {My}n>1 be a collection of R-modules and let M and M —

U(A) be as above. We have the following:
1. The map 71"3/// t M3 = U(M )5 =U(A) is an isomorphism of R3 = R-modules. If each M,
is an R-algebra then 7r‘3//f is an isomorphism of R-algebras.
2. If o =A{piticr : M — A" (for I € F) is a F-morphism of sequences of R-modules, then the
map M UM — U(A") from Proposition 1.1.1 is the localization of the map

el el il

at 3.
3. The functor M — U(M) (from the category of sequences of R-modules, to the category of
R-modules) is exact.

Proof. As localization is exact, 773//[ is surjective. Now arguing as in Proposition 1.2.1, if = €
ker(ﬂ‘{/) where m = (my, ma,...) € M, then [m;]; = 0 in U(.#') and hence m; = 0 for all i € I for
some I € §. But then m € ker(M — M ®z R) and so = € ker(M3 = M @ Ry 3= M3) =0.
So indeed, ker(w:g” ) =0, and so 7r§” is an isomorphism of R-modules. If each M,, is an R-algebra
then w{// is also a homomorphism of R-algebras, and thus is an isomorphism of R-algebras. This
proves (1).

For (2), note that M; := H%’ : HMl = M &g Ry, and so M3 = M &g Rr3 = M3, and
i€l i€l
similarly for M’ := H M. (2) then follows from localizing the commutative diagram:
il
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M s U

T

™

Finally, (3) follows by noting that the functors {M,},>1 — H M, and M — M3z are both
n>1
exact. ]



Chapter 11

Ultrapatching

II.1 Patching systems

We are now ready to give the main patching construction. Fix a complete DVR O (which in
practice will usually be the ring of integers in a finite extension of Qy) with uniformizer w and
finite residue field F = O/w of characteristic ¢. Also fix some d > 1, and consider the ring:

Seo i= O[[t1, ..., ta]]-

And let n = (¢1,...,t3) € Soo. Note that Sy, is a compact topological ring, so that S /a is finite
for all open ideals a C S.

Fix a collection of ideals Z1,75,73, ... C So with the following property:

For all n, Z,, C n, and for any open ideal a C Sy, Z,, C a for all but finitely many n. (%)

It will often be important to work mod w, so we will let S, = Soo /@ = F|[[t1, .. ., t4]], and for each
n>1,let Z,, C So be the image of Z,.

In essentially all cases that arise in practice, the ideals Z,, will have the following form:

Lemma I1.1.1. Pick a positive integer d° < d be an integer and assume that for each integer n > 1
and each 1 < j < d° we are given an integer e(n, j) with e(n,j) > n. Define ideals Z,, C So, by

e(n,1) e(n, e(n,d®)
T = (L ) = L 1) 1 (1) 1)

Then the collection of ideals {Z,} satisfies (*).

Proof. Clearly (14 tj)ee(n’” — 1 C (t;) for all n and j, so it follows that Z,, C n for all n.

13
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Let a C S, be any open ideal. As Sy /a is finite, and the group 1 + mg_ is pro-¢, the group
(1 +mg_)/a=im(l +mg, — Sec = Soo/a) is a finite {-group. Since 1 +t; € 1+ mg__ for all
i, there is an integer ng > 0 such that (1 + ;)" =1 (mod a) for all i = 1,...,r. Then for any
n > ng, e(n,j) >n >k for all j, and so indeed Z,, C a. O

The patching construction will take a sequence .# = {M,, },,>1 of finite type Ssc-modules satisfying
certain properties, and produce a reasonably well behaved module & (.#), which can be roughly
though of as a “limit” of the M,’s.

We first make a precise definition of the sequences of S,.,-modules we will consider:

Definition I1.1.2. Let .# = {M,},>1 be a sequence of finitely generated S-modules.

e We say that .# is a weak patching system if Z,, C Anng_ M, for all n and the Sy-ranks of
the M,’s are uniformly bounded. If we further have wM,, = 0 for all n, we say that .Z is a
residual weak patching system.

e We say that .# is MCM (resp. MCM residual) if .# is a nonzero weak patching system (resp.
residual weak patching system) and M,, is free over Sy, /Z,, (resp. Seo/Zy) for all n.

e We say that a patching system is a triple (.4, My, {an}n>1) consisting of a weak patching
system .#, a finite O-module My and a family of O-module isomorphisms «, : My, /n — M.

e By slight abuse of notation, if .# is a weak patching system (resp. residual weak patching
system) we say that .# is a patching system (resp. residual patching system) if there is a
finite type O-module My and isomorphisms «, : M, /n = My making (.4, My, {a, }n>1) into
a patching system. In this case, we say .# is a patching system over M.

Furthermore, assume that # = { R, },>1 is a sequence of finite local S-algebras.

e We say that Z = {R,}n>1 is a weak (residual) patching algebra, if it is a weak (residual)
patching system.

e We say that a patching algebra is a triple (%, Ry, {an}n>1) consisting of a weak patching
algebra Z, a finite O-algebra Ry and a family of O-algebra isomorphisms «,, : R,/n — Ry.
Again by abuse of notation we also refer to & is a patching algebra over Ry.

o If M, is an R,-module (viewed as an Ss.-module via the Sy.-algebra structure on R,,) for
all n we say that # = {M,},>1 is a (weak, residual) patching Z-module if it is a (weak,
residual) patching system.

o If Z is a patching algebra over Ry and My is a finitely generated Rp-module, we say that .#
is a patching Z-module over My if it is a patching system over My and for each n > 1 the Rg-
module structure on My is induced by the R,,-module structure on M, and the isomorphisms
Rn/ﬂ = Ro and Mn/n = M().

Let 103 be the category of weak patching systems, with the obvious notion of morphism. Similarly,
let P be the category of residual weak patching systems. Note that these are both abelian
categories.

Also let Alg,y be the category of weak patching algebras, and for any # € Alg,y, define w3,



I11.2. UNFRAMED PATCHING SYSTEMS 15

to be the (abelian) category of weak patching Z-modules. Define Alg,y and w9y, similarly

From now on, for any weak patching system .# and any ideal J C S, we will write .#/J :=
{Mn/T}n>1.

If a C S is open, note that each M, /a is a finite type S /a-module and the ranks of the M, /a’s
are bounded. As S /a is finite, it follows that each M, /a is finite, and the cardinalities of the
M,,/a’s are bounded. Proposition 1.1.3 then implies that U(.# /a) = M;/a as So/a-modules (and
hence as Soo-modules) for F-many i.

Now for any ' C a, the surjections M, /a’" — M, /a induce a surjection U(.A /a') — U(A /a). In
fact, by the exactness of U(—), this surjection induces an isomorphism U (. /a’) Ja = U(4 /a) of
Soo-modules (or Sy-algebras if .# is a weak patching algebra).

Thus the U(.# /a)’s form an inverse system, and so we may make the following definition:

Definition II.1.3. For any weak patching system .# define:
P(M) = lUmU(A |a).
iy

As U(—) is functorial, it follows that &7 defines an additive functor & : wB — Modg, . For a
morphism f : .# — A of weak patching systems, let f7 : P(.#) — P(A) denote the induced
map.

Note that if # is a weak patching algebra then Z2(Z) is an Sy-algebra, and if .Z is a weak
patching Z-module then P (A) is a P (#)-module (with its Soo-module structure induced from
the Sw-algebra structure on #(#)). It follows that & induces functors Alg,q — Algg ~—and
P, — Mod » (%), which we will also denote by &.

I1.2 Unframed patching systems

In Kisin’s formulation of the patching method, the rings R, and modules M,, must be modified
with the addition of “framing variables” in order to make the patching argument work properly.!
In this section, we briefly describe this modification.

Remark. As a small point about notation, typically the notation R, and M, are used for the
unframed versions of these objects, and the notations R5' and MY are used for the framed versions.
Outside of this section, the unframed versions of these objects will rarely if ever appear explicitly,
and so it makes more sense to allow R, and M, to represent the. For lack of a better notation,
we will sometimes use a superscript of © to denote the unframed version of a framed object. If we

!The primary reason for this is that while the global Galois deformation functors are usually representable by
the rings R,, the local deformation functors usually are not representable, and so if local deformation rings are to
be used explicitly in the patching argument, the local deformation functors must be modified, and hence the global
deformation functors must be modified to account for this.
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start with a unframed object, we will still use a superscript of  to represent the framed version of
that object. We apologize for not being able to think of a better choice of notation.

Fix an integer d° < d and let S5, = O[[t1,...,t4]], treated as a subring of So. Assume that the
ideals Z,, C Sy all have the form Z,, = 7, S, for some ideals ZZ C S5 . Let n° = (¢1,...,tq).

We will define an unframed weak patching system .#Z° = {M;},>1 to be a sequence of finitely
generated S5 -modules for which Z; C Annge My and the S5 -ranks of the Mp7’s are uniformly
bounded. We will define the obvious unframed analogues of all of the concepts listed in Definition
I1.1.2. Let wB° and Alg,,po be the categories of unframed weak patching systems, and unframed
weak patching algebras, respectively.

We will again use the notation & to denote the functor & : w3° — Modge_ given by

P(M°) = lmU(4°]a).

Now treat S as an S3 -algebra via the inclusion S5, — S, and treat Sg, as an S.-algebra via
the quotient map Seo — Soo/(tdgo 11, - -,tq) = S . We can then define functors (—) : vP° — P
and (—)° : WP — P° via:

(#°)7 = {M; @35, Soctn>1 = {Mg ®0 O[taos1, .-, tall}n>1
(M)° = { M), ®5,, Sootn>1 = {Mpn/(taoy1,- - ta) fn>1-

And note that the following basic properties are automatic from the definitions :

Proposition I1.2.1. Take any #° = {Mg}n>1 € wB° and write #° := (#°)" € wP. Also let
%#° ={Ry} € Algypo and Z- = (%°)~ € Algp. Then we have

1. If #° is a unframed patching system over My, then .4 is a patching system over My. The
analogous statement holds for Z%°.

2. If M° satisfies (the unframed version of) one of the additional properties listed in Definition
I1.1.2 (e.g. MCM, residual, patching algebra, etc.) then .4 satisfies the corresponding
property. The analogous statements holds for %°.

8. P(M) = P(M°) Rss, Seo and P(M°) = P (M) 5., S, and the same holds for Z°.

4. If #° is a unframed weak patching Z°-module, then M° = M° @z B = { Mg @gs R} n>1

This allows us to translate statements about unframed objects to statements about framed objects,
without losing any significant information.

Remark. When patching is used in practice, and R,, and RE represent the unframed and unframed
versions of a global Galois deformation ring, one typically has a canonical embedding R,, < R.),
but only a noncanonical choice of isomorphism R.' = R, [[tszo41,...,tq]]. In particular, this means
that the maps MY — M,, and R — R, implied by the construction of the (—)° are noncanonical.
This makes the treatment of framing we are using in this note somewhat nonstandard.
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~Y

The approach taken in the note essentially amounts to fixing for all time isomorphisms R =
Ry[[taos1, ..., tq]] for each n, and hence fixing surjections R — R,,. While this choice is certainly
noncanonical, making such a choice does not cause any issues with any of the standard patching
arguments, so doing this is essentially harmless. (Also note that Proposition 11.2.1(4) guarantees
that our definition of .#" lines up with the usual definition.)

The reason we are taking this approach is that part (1) of Proposition I1.2.1 ensures that an
unframed patching system over M, produces a framed patching system, still over My, as we have
MnD /n = M?/n® = Mj. In the standard approach, we would not be able to make such a statement,
as we would not have a map MY — M?, so instead of being able to say that .#" is a patching
system over M, we would only be able to say (after some appropriate modification of our definition)
that .#" is a patching system over some framed object MOD, which would only be finite over
O[[tgo11,- - -t4]] not O. One would then deduce results about Ry and M via patching, and then
deduce the corresponding results about Ry and My from this. While setting up the theory in this
way would not require any substantial changes to our arguments or results, it would introduce the
extra baggage of having to worry about both the unframed objects My and Ry and their framed
counterparts M and RY.

Ignoring the minor issue of fixing these noncanonical isomorphism, our approach is somewhat
conceptually cleaner in that it is usually not necessary to remember that the objects R,, and M,, were
originally constructed from unframed objects, and it is not necessary to distinguish the variables
ti,...,tge (coming from the “Taylor—Wiles primes”) from the variables tgo1,...,ts (coming from
the framing) in the definition of Sy, = Ol[t1, ..., 4]

II.3 A module theoretic interpretation

One could also give the following alternative construction of objects considered in Section II.1.

Define the S-algebra
S =[] S /Zn
n=1

and note every weak patching system is naturally an G-module, and in fact is finitely generated
(by the assumption that the So-ranks of the M,,’s were uniformly bounded). Moreover, it is not
hard to see that every finitely generated G-module arises from a weak patching system in this way,
and that in fact 'R is equivalent to the category of finitely generated G-modules.

Similarly if
C=6/w= H Seo/In,

n=1
then P is equivalent to the category of finitely generated G-modules.

Now for any open ideal a of So, we have (Sw/Zy)/a = S /a for all but finitely many n, by (x).
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It follows by Propositions 1.2.1 and 1.2.2 that there is a prime ideal 3, C &/a = H(Eoo/fn)/a
n=1

with the property that if .# is any weak patching system (regarded as a &-module) then there is
a (functorial) isomorphism (. /a)3, = U(A /).

Moreover, Proposition 1.2.1 implies that the collection of ideals {34}acs., is compatible with the
transition maps &/a’ — &/a (in the sense that 34 is the preimage of 34) and so one can define a
prime ideal 3 = @3a C & with the property that (.4 /a)3, = U(A /a) for any .# € P and any

a
open ideal a C S..

We may thus define & : w8 — Modg_ by

P (M) = im(A [a)3,

a
which clearly agrees with our definition above.

We usually will use these two constructions interchangeably in the following discussions.

I1.4 Basic properties of patching

In this section, we’ll establish some basic properties of the functor &2.

First, for any finitely generated S,o-module M, we will define the constant patching system M to
be M = {M/Z,},>1. The next lemma should justify this choice of terminology:

>~

Lemma I1.4.1. For any finitely generated S-module M, there is a natural isomorphism & (M)
M.

Proof. Since M /a is finite for all open a C S, Proposition 1.1.3 gives a natural isomorphism
(M/a)* = M/a of Sy /a-modules. Thus

2 (M) = limt (M/a) = lim(M/a)" = lim M/a = M

a

as any finite type Sso-module is complete. O

In turns out that &2 is a reasonably well behaved functor. In fact:
Proposition I1.4.2. & : 0P — Modfggoo is a right-exact functor.
Proof. Let Ab be the category of abelian groups. For any directed index set I, let finAb’ be the

category of inverse systems of finite abelian groups indexed by I. We claim that if I is countable,
the functor m : finAb! — Ab is exact.
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By [Stal9, Lemma 0598], it suffices to show that any (A;, fj; : A; — A;) € finAb’ satisfies the
Mittag-Leffler condition: For any ¢ € I there is a j > ¢ for which im(fx;) = im(f};) for all £ > j.

But as A; is finite, it has only finitely many subgroups and so the collection {im(f;;)};>; of sub-
groups of A; must have some minimal member, im(f;;), under inclusion. Then for any k& > j,
im(fr;) = im(fj; o fr;) € im(f;;) and hence im(fx;) = im(f;;). So indeed every object of finAb’
satisfies the Mittag-Leffler condition, and so ]gl is exact.

Now assume &7, & and € are weak patching systems, and we have an exact sequence
0> >HB—%—0

Then for any a C Soo, & /a — B/a — € /a — 0 is exact, so by the exactness of U(—) we get the
exact sequence

U(A [a) — U(B/a) — UE [a) — 0.

Thus we have a exact sequence of complexes
U(/a)), — U(B/a)), = U(E/a)), =0

But now as U(/ /a), U(FA/a) and U(E /a) are all finite, and S has only countably many open
ideals, the above argument shows that taking inverse limits preserves exactness, and so indeed

P(A)— P(B)— P(€)—0
is exact. O]

Remark. Note that in general, &2 is not left-exact. Indeed, assume that the ideals Z,, are chosen
so that So/Z,, is w-torsion free for all n (which is the case for the ideals considered in Lemma
I1.1.1). Then define ¢ : Soo = Ss by ¢n(x) = w™z. It is clear that ¢ is injective, but we can also
see that 7 : P(S,) — P(Ss) is the zero map (since for any a, ¢n.q : Seo/a — Ss/a is the zero
map for all but finitely many n). Thus & cannot be left-exact.

Proposition 11.4.3. For any # € wB, P (M) is a finitely generated Soo-module. That is, & is
a functor wP — Modggoo.

Proof. Let # = {My}n>1. As the Soo-ranks of of the M,,’s are bounded, there is some N > 1 such
that there exist a family of surjections ¢, : (Seo/Zn)N — M, for all n > 1. The ¢,’s combine to
form a surjection SY — . in . By Proposition I11.4.2 this gives a surjection o : SN — P (.4)
of Soo-modules, and so Z(.#) is a finitely generated Sa.-module. dJ

Now Proposition I1.4.2, and Definition II.1.2 easily imply the following basic properties:

Proposition 11.4.4. If # = {M,}n>1 € P then:

1. For any ideal J C Soo, (M |J) = P (M )]
2. For any open ideal a C Soo, P (M )/a ZU(M /a).
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3. If A is a weak patching system over My, then P (M )/n = M.
4. If M is MCM, then P (M) is a finite free Soo-module.

Proof. Part (1) simply follows from Proposition 11.4.2 applied to the exact sequence

0—=JM — M — H]J— 0.

So now if a C Sy is open, we have (.# /a)/a’ = . /afor all a’ C aand soUd (A Ja)/a') ZU(M |a).
Thus we have

P(M)]a= P(M]a) = LL{ (M [a)/a") LZ/{ (M ]a)/a") = glu(////a)%b{(////a),

a/Ca a’'Ca
proving (2).

Now assume that .# is a weak patching system over M. Letting S, act on My via Soe — Soo /0 =
O we see that for all n > 1, My/Z,, = My = My /n (as Z,, C n C Anng__(Mp)) and so .# /n = M.
Thus by part (1) and Lemma I1.4.1

P(M) 0= P (M [0) = P (M) = Mo,

proving (3).

Lastly, assume that .# is MCM. Then for all n > 1, M,, = (So/Z,)"™ for some r,. As the r,’s are
bounded, there is some r such that r; = r, and hence M; = (S /Z;)", for F-many .

Define an §-morphism ¢ : S, — .# by letting ¢; : S5, — (Seo/Z;)" = M; for F-many i. Then
for any open a C Sy, @iq : SL/a — M;/a is an isomorphism for §-many 4, and so ¢ induces an
isomorphism Z/{((Soo/a)r) >~ U(# [a) for all a, and thus an isomorphism @7 : ST, = P (&) —
P (M) is an isomorphism. So indeed, & () is a finite type, free So-module, proving (4). O

The following simple consequence of Proposition I1.4.4 is central to most applications of this theory:

Corollary I1.4.5. If #Z is a weak patching algebra and A is an MCM weak patching Z-module,
then:

1. The homomorphism Soo — P(R) inducing the Soo-algebra structure on P(R) is injective;

2. The Krull dimension of 2 (#) is d+ 1 (= dim Sy );

3. P(M) is a mazimal Cohen—Macaulay module over P(X) and (w, t1,...,t5) C Seo C P (X)
is a regular sequence for P (M ).

Proof. For (1), the map ¢ : Soo = () induces the Sy-module structure on & (.#), which is
faithful by Proposition 11.4.4(4), and so ¢ must be injective.

It follows from (1) that dim Z(#) > dim So. But as Z(Z) is finite over Sy, it also follows that
dim Z(#) < dim So. This proves (2).
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Now assume that .# is MCM. By Proposition 11.4.4(4), &2 (.#) is finite free over 1(S) = S and
so P (M) is indeed Cohen—Macaulay of dimension d + 1 = dim S. In particular (¢y,...,tq,w) C
Soc € P(Z) is a regular sequence. O

I1.5 Covers of Patching Algebras

In the classical setup of Taylor-Wiles—Kisin patching, one considers a patching algebra # =
{R,}n>1, where the R,’s are all taken to be quotients of a fixed ring R.. We thus make a
the following definition:

Definition I1.5.1. If Z = {R,,},>1 is a weak patching algebra we say that a cover (Roo, {¢n}) of
X is:
e A complete, local ring R, which is topologically finitely generated as an (O-algebra of di-

mension d + 1 (= dim Sy ) together with:
e For each n, a continuous, surjective O-algebra homomorphism ¢,, : Roo — Ry,.

We say that (Reo,{®n}) is a CM cover if the ring R, is Cohen—-Macaulay, and we say that
(Roo, {on}) is a regular cover if the ring R is regular (for example, if Roo = Ol[z1,...,24]]).
We also say that (R, {¢n}) is an irreducible cover if Ry is a domain.

We will often use R to denote the cover (Roo, {¢n})-

Remark. We will often consider covers Ro, of patching algebras #Z = {R,,}n>1 over a ring Rp. In
such a situation one gets an infinite family of surjective morphisms Rso 2% R, — Ry, /n = Ry. In
general, we will make no assumptions that these maps are in any way compatible with each other.
Indeed, the lack of any compatibilities between the maps ¢, : Roo — R, is part of reason why the
pigeonhole principle argument (in the classical formulation) or the ultraproduct formalism (in the
approach used here) is necessary for patching arguments.

Note that:

Lemma I1.5.2. If (Rx,{¢n}) is a cover of a weak patching algebra Z, then the p,’s induce a
natural continuous surjection Yoo : Roo — P (X).

Proof. The ¢,,’s induce a continuous map ¢ = H Ont Roo — H R,,, and thus induce continuous

n>1 n>1
maps
HR —» H (Rp/a) - U(Z/a)
n>1 n>1

for all open a C S, and thus they indeed induce a continuous map

oo = (Ra)a  Roo — UmU(Z/a) = P(R).
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We now claim that each ®, is surjective. As each map R RN R,, — R, /a is continuous, we may
give each R,,/a the structure of a continuous R..-algebra. Then the map ®, : Roo — U(Z/a) defines
the continuous Rs-algebra structure on U(Z/a) from Proposition 1.1.1. By Proposition 1.1.3,
U(Z/a) = R;/a as R-algebras for F-many i. But for any such i, the map R —» R; — R;/a defining
the Roo-algebra structure is surjective, and so @4 : Roo — U(Z/a) must indeed be surjective.

It follows that oo (Reo) € P () is dense. But now as R is topologically finitely generated over
O, it is compact, and s0 Yoo (Roo) is also closed in P (Z). Therefore p is indeed surjective. [

We will say that the cover Ry, is minimal if oo is an isomorphism.

From now on, if .# is weak patching #Z module and R, is a cover of Z, we will treat Z(.#) as a
Ro-module via the map ¢oo : Roo - P (%) from Lemma I1.5.2.

Lemma I1.5.2 and Corollary 11.4.5 give the following useful result:

Corollary I1.5.3. If Z is a weak patching algebra with a cover R, and A is any MCM weak
patching % -module, then P (M) is maximal Cohen-Macaulay over R.

Proof. By Lemma I1.5.2, (%) may be thought of as a quotient of Ry. From the definition of
Cohen—Macaulay modules, if f : A — B is any surjective map of rings, and M is a B-module, then
M is Cohen—Macaulay over B if and only if it is Cohen—Macaulay over A. Thus by Corollary 11.4.5,
P (M) is Cohen-Macaulay over Ru.

Furthermore, by Corollary 11.4.5 and Definition I1.5.1, we have dim Ry, = d + 1 = dim #(Z) =
dim P (M), so P (M) is mazrimal Cohen—Macaulay over Ro. O

For the remainder of this section we will consider a finite O-algebra Ry and a nonzero Rg-module
Ry, and we will assume that Mg be a nonzero Rg-module, which is finite type and free over 0. One
of the primary goals of patching is to deduce information about the Ry-module structure of My by
considering patching systems over % and ./ .

With this in mind assume that we are given a triple (R, %, .# ) where:

o # ={R,}n>1 is a patching algebra over Ry;
o M = {My}n>1 is a MCM patching Z-module over Moy;
e R is a cover of Z.

We will be primarily interested in triples (Roo, %, .# ) satisfying the following property:

R acts faithfully on the module Z(.#) (Supp)

In general, it can be quite difficult to check if (Supp) if we do not have much direct information
about Ry and My, and this presents one of the major challenges in the study of automorphy lifting.
For now, we will not attempt to give general strategies for testing (Supp) and instead only note
the following special case:
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Lemma I1.5.4. If Ry, is a domain, then (Roo, Z,.#) always satisfies (Supp).

Proof. This follows immediately from standard properties of maximal Cohen—Macaulay modules,
as X (M) is maximal Cohen—Macaulay over R.

Alternatively, assume that (Supp) fails. Then Anng P () # (0), so as R is a domain, we get
that dim R/ Anng P () < dim Ry, = dim Ss. But now lifting the structure homomorphism
Soo = P(X) t0 Seo — Roo, we see that the action of Soo on P (') factors through the composition
Soc = R = Roo/ Anng, P (A). Since dim Soo > dim R/ Anng, & (), this map cannot be
surjective, and so Sy, cannot act faithfully on & (.#). But this contradicts the fact that Z2(.#) is
free over Soo. Hence (Supp) must hold. O

We can now prove the main result of this section:

Theorem 11.5.5. Let Ry be a finite O-algebra and let My be a nonzero Rg-module, which is finite
and free over O. Assume that we are given:

e A patching algebra # = {Ry}n>1 over Ry;
e A MCM patching Z-module M = {My}n>1 over My;
e A cover Ry of #.

such that (Reo, Z, ) satisfies (Supp). Then we have the following:

1. Ry is a minimal cover, i.e. Roo = P(X), and Ry = R /0 (where Ry is given the structure
of a Soc-algebra via the isomorphism Ry = P (X)).

2. Suppg, Mo = Spec Ry. In particular, for any generic point n of Spec Ry with function field
K(n) (i.e. K(n) is the field of fractions of Ro/n), My ®gr, K(n) # 0.

3. If n is any generic point of Spec Ry, and 7] is a generic point of Spec Ry, with n € 7 (i.e.
7 C n treating both as ideals of Ry, ), then

dimp () Mo ®r, K(n) > dimK(;) P(M)Rr,, K1) > 1,

where K (n) and K(n) are the function fields of n and 1, respectively (i.e. the field of fractions
of Ro/n and R /7).

4. If Roo is a CM cover, then (ti,...,tg,w) C Reo is a reqular sequence for Rs, and Ry is
w-torsion free (and hence Cohen-Macaulay).

5. If R is a reqular cover, then My is free over Ry.

Proof. By definition, the action of Ro, on & (#) factors through the map ¢ : Roo — Z(#) from
Lemma I1.5.2. By (Supp), this map must be injective, and thus an isomorphism. In particular
Proposition I1.4.4(3) implies that Ry /n = Z(%Z)/n = Ry. This proves (1).

For (2), note that Anng_ & (.#) = (0) by (Supp), which implies that Suppp_ Z(.#) = Spec R,
as P (M) is a finitely generated R.-module. This now implies that

Suppg, Mo = Suppg__ /u P(M)/n = Suppg P (M)/n=V(n) = Spec Ry /n = Spec Ry.
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Now for any P € Spec Ry, let K(P) be the residue field of P (that is, the field of fractions of
Roo/P). As P (M) is a finite type Ry algebra, the map P+ dimg(py (M) ®r,, K(P) is upper
semi-continuous on Spec Ro. In particular, if n is a generic point of Spec Ry and 77 is a generic
point of Spec Ry contained in 7,

ity P(M) @ K(n) 2 dimye ) P (M) @, K() 2 1
(where the second inequality is just from the fact that 7 € Suppr & (#) = Spec Rw). As
P (M) @R, K(n) (P (M) DR, Ro) ®r, K(n) = Mo ® K(n),

this gives (3).

Now as .# is MCM, Corollary I1.4.5(3) implies that (¢1,...,tq3,w) C P(#) = R is a regular
sequence for & (.# ), and hence is a system of parameters for R,. Now assume that R, is Cohen—
Macaulay. This implies that any system of parameters for R is also a regular sequence, so indeed
(t1,...,tq,w) is a regular sequence for Ru..

But by the definition of regular sequences, it follows that Ry = R /(t1,...,tq) is Cohen—Macaulay
and (w) is an Rp-regular sequence, which implies that Ry is w-torsion free. This proves (4).

Finally, if R is a regular local ring, then as &(.#) is maximal Cohen—Macaulay over Ro,, the
Auslander-Buchsbaum formula formula implies that &2(.#) is free over Ry (see [Dia97, Theorem
2.1] for more details). Modding out by n this now implies that Z(.#)/n = M, is free over
P(RZ)/n = Ry, proving (5). O

I1.6 Generically smooth covers

Theorem I1.5.5 gives a significantly stronger result in the case when the cover is regular. The covers
that arise in practice are typically only regular in the simplest cases, however they do sometimes
satisfy a weaker condition, which we summarize in the following definition:

Definition I1.6.1. We say that a cover (R, {¢n}n>1) is generically smooth if R is a domain
and Spec Ry[1/w] is formally smooth over E.

In the case of a generically smooth cover, we get the following stronger version of Theorem I1.5.5

Theorem 11.6.2. Let Ry be a finite O-algebra and let My be a nonzero Rg-module, which is finite
and free over O. Assume that we are given:

o A patching algebra % = { Ry, }n>1 over Ry;
e A MCM patching Z-module M = {My}n>1 over Mp;
e A generically smooth cover Ry of Z%.

Then P (M) @0 E is a projective Roo[l/w]-module, and My @0 E is a free Ro[l/w] module.
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Proof. By assumption, Ry is a domain, and hence (Roo, %, .#) satisfies (Supp), so the results of
Theorem I1.5.5 are applicable. In particular, Ro, = Z(#) (making R into an Sy-algebra) and
Roo/ﬂ = Ro‘

Now as .# is MCM, P (M) is free over Soo, and so P (M g .= P (M)R0 F is free over Soo[1/w]| =
Soc ®0 E. To show that P(#) ®o E is a projective Roo[l/w]-module, it suffices to prove that
for any prime p C Reo[1/w] the completion P (A )y, == P(M)E @R [1/w) Roo[l/@]; is free over
Roo[1/w]}

Let g = (Seo ®0 E) N p be the prime ideal of Sy ®o E lying under p. Then P (A )k @g_ 1/
Seo[1/w]y is free over Seo[1/w]y. Let p = p1,p2, ..., px be the primes of Ro[1/w] lying over q. By
[Stal9, Lemma 07N9],

k
Roo[1/@] @5, 11/w] Sool1/wly = [ Reol1/w},
i=1
and so
k k
P(ME R Soo[l/w]a\ = @ P(M)E Roo[l/w]{a\i = @ @(.//l)/}}m
i=1 =1

It follows that (A ), = P(M)p,, is a direct summand of a free Sw[l/w];-module, and is
thus a projective S [1/w]q-module. As Syo[1/w]y is local, P (A )3, is a free Sx[1/w]y-module.

But now as S is regular, so is Sw[1/@]q, and hence So[1/w]] is a complete regular local ring,

which contains a field E. By the Cohen structure theorem, Sy [1/w]q = K{[y1,...,ya]] for some
field K. As P (M)}, is free over Seo[l/w]q and, Reo[1/w]y is finite over Seo[l/w]q we get that
P (M), is maximal Cohen-Macaulay over Reo[1/w]) (with regular sequence (y1, ..., ¥a))-

But now as Reo[1/w] is formally smooth, Re[1/w]; is regular. Thus the Auslander-Buchsbaum
formula (just as in the proof of Theorem I1.5.5) implies that & (.4 ), , is free over Reo[1/w]j.

So indeed P (M )E is projective over Ro[1/w]. Since Roo[l/w] is a domain, this implies that
P(M)E is locally free of some rank, say m. It follows that P (A )p/n = (P(M)/n) @0 E =
My ®0p E is locally free of rank m over Ry[l/w].

But now as Ry is finite over O, Ry[1/w] is finite over E and so it is a direct sum of finitely many
local E-algebras. It follows that a locally free rank m Ry[l/w]-module is actually free of rank m,
completing the proof. O

Remark. The conditions we imposed on R. in this section were fairly restrictive, namely we
required the entire scheme Spec Ro[1/w] to be formally smooth. A weaker condition, and one
which is satisfied far more often in practice, would be to only require that Spec Ry [1/w] is formally
smooth at each point of Spec Ry[1/w], for all of the embeddings ¢,, : Spec Ry[1/w]| — Spec Ro[1/w]
given by the maps R, - R, — Ry.
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In such a situation we would expect to be able to give a similar result to Theorem I11.6.22 ezcept
that there is no way to guarantee that the embedding ¢, : Spec Ry[1/w] < Spec Ry [1/w] induced
by R — P(#) — Ry also only hits the formally smooth points of Spec Ro[1/w]. The reason
for this is that we haven’t imposed any compatibility between the different embeddings ¢,,, and so
all we can say about 1o is that it’s a limit of some subsequence of the ¢,’s, which can have a non
formally smooth point in it’s image as the formally smooth locus of Spec Ry[1/w] is not typically
closed.

To get around this issue, we will need to impose extra restrictions on the maps R, — R, to make
the embeddings ¢, somewhat more compatible. We will return to this idea later.

I1.7 Quasi-Patching Algebras

In the situation described in Theorem II.5.5 it was very convenient that the rings Z = { R, }n>1
formed a patching system over Ry, in particular, that they were finitely generated as S.-modules
of bounded rank.

When the patching argument is used in practice, one typically considers a sequence of rings #Z =
{Ry}n>1 and a sequence of modules R,-modules .# = {M,},>1, over a ring Ry and an Ryp-module
My. In almost all situations, .# is known to form a patching system (and usually a MCM patching
system, in fact). However the sequence of rings # is not always known to form a patching algebra.
In particular the rings R,, or even the ring Ry, are not known to be finitely generated S,.-modules.
In fact, one common application of the patching argument is to prove that the ring Ry is actually
finite over O.

So to use the full strength of the patching arguments, we will sometimes need to consider the
following slightly more general situation:

Definition I1.7.1. We say that a quasi-patching algebra is a triple (Z = {Rp}n>1, Ro, {on}tn>1)
where

e For each n > 0, R, is a, topologically finitely generated O-algebra (not necessarily finite over
0).

e For each n > 1, R, has the structure of a Sy, /Z,-algebra.

e For each n > 1, v, is an isomorphism ay, : R,/n = Ry of O-algebras.

e There is some g > 0 such that for each n > 0, R, is topologically generated an an O-algebra
by at most g elements (equivalently, the set {dimp(R,/mg,)}, > is bounded).

Again, in this situation we will also refer to #Z as a quasi-patching algebra over Ry.

We first observe the following;:

2Possibly at the cost of only proving that My ®e E is locally free of constant rank over each component of Spec Roo
in the case when Spec R~ is not irreducible.
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Lemma I1.7.2. Let R be a complete, local Syo-algebra. Assume that R is topologically finitely
generated over O by g elements and dimp R/mg R = r < co. Then R is finitely generated as an
Soo-module by at most r9 elements.

Proof. Let J = mg, R C mp. By assumption, R/J is a finite, and hence Artinian, local ring
with length at most r. It follows that m’I"%/J = 01in R/J and so mjp C J in R. In particular,

m7 C JF Cmk, for all k > 1, and so {m}} is cofinal with {J*} and so R @R/J’“ as topological
rings.

Now let x1,...,24 € mg be a set of topological generators for R over O, and let

= €1 ... €
A {xl g

Ogeigr—l}gR,

so that #A4 < r9. We claim that R is generated by A as an S..-module. Let B C R be the Syo-
submodule of R generated by A. As R/J is topologically generated by x1,...,z, as a Sy-algebra
and 27" =0 (mod J) whenever e; > r, it clearly follows that R/J is generated by A (mod J) as a
Seo-module, and so B + J = R. Now for any k > 1 it follows that

B+J*=B+J*R=B+JYB+J)=(B+J"B)+ J*! = B+ J+

and so B+ J*¥ = B+ J = R for all k > 1 (i.e. that R/J* is generated A (mod J¥)). Since
B is clearly closed in the profinite topology on R (as the structure map f : Soo — R satisfies
f~l(mg) = mg_, and is thus continuous) we now have

B=(\(B+J")=[R=R,
k>1 k>1

as desired. O
Lemma I1.7.3. If Z is a quasi-patching algebra over Ry. Then the following are equivalent:

1. Z is a patching algebra;
2. Ry is finite over O;
3. Ry/w is a finite dimensional F-vector space.

Proof. Let Z = {Rp}n>1.

By definition, if Z is a patching algebra over Ry, then Ry is finite over O (as each R, is for n > 1,
and Ry is a quotient of R,,), so (1) = (2). (2) = (3) is trivial.

So now assume (3). Let r = dimg Ry/w. Then for each n > 1,
R,/ms R, = (R,/nR,)/w = Ry/w

and so dimp R,,/mg__R, = r < co. By the definition of quasi-patching algebra, there is a g > 1
such that each R, is topologically generated by at most g elements as an O-algebra. Lemma I1.7.2
now implies that each R, is finitely generated as a S,o-module of rank at most 9. Thus & is
indeed a patching algebra, so (3) = (1). O
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At this point, one could define Z(Z) for a quasi-patching algebra & by the formula £ (%) =

@U (Z/a) just as for weak patching algebras. However we will refrain from making such a defini-
a
tion as when Z is only a quasi-patching algebra, the rings R, /a do not necessarily have cardinalities

bounded independently of n (and in fact, are not necessarily even finite) and so U(%/a) may be
a complicated, and rather poorly behaved object. Instead, we will define a different object (%)
which will be better behaved and will agree with &2(Z) in the case when Z is a patching algebra.

Lemma I1.7.4. Let #Z = {R,}n>1 be a quasi-patching algebra over Ry. For each k > 1, let
R [mk, = {Rn/m%n bis1. Then Z/mk, is a patching algebra over Ro/m’f%o. Moreover for any k > 1,

we have P (X /mk,) = Z/I(%’/m%), and L[(%/mf%) is a finite ring.

Proof. 1f each R, is topologically generated by g elements, the same is true of R,/ m’f%n. Now for
any n, let a,, : R, — Rn/n = Ry denote the surjection, and note that a,(mpg, ) = mg,, and hence
an(mh, ) = an(mp, )" = mR But then

Ro/mp, o R . RafuR. Ry ~ Ry /mb
n(R,/mf ) nR,+mf,  mf (R./nR,)  an(mf; ) Ro>

and so %/m,’%; is a quasi-patching algebra over Ro/m’ﬁo. But now Ry is topologically finitely
generated over O, so Ry /m]l%O is finite, and hence finite over O. Thus Lemma I1.7.3 implies that
R, /m’f%n is actually a patching algebra over R/ m’fzo.

For the last statement, note that for any fixed k£ we have mg, C mp, and so mgw - m]f%n for all

n. Then each R,/ mll?{n is a finitely generated Sy /mgm—module of bounded rank. Since S/ m]fqoo is

finite, it follows that each R,/ m’f%n is a finite ring, of bounded rank. It follows that U/ (% / mff%;) is
also a finite ring. Finally,

P (%] "/ S/ MR, ) % — 1 ko k
mk) &_u = L _ = lim U(Ry/m, ) =U(Ro/mf, ).

aCmS

k
- [eS]

Thus we may define

Definition II.7.5. For any quasi-patching algebra &, define
P(R) = lim 2 (% [mly) = limU (% /m)
k k
given the structure of a local Sy, algebra.

We first establish some basic properties of 2(%):
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Lemma I1.7.6. Let # = {R,}n>1 be a quasi-patching algebra over Ry. Then the following hold:

1. ﬁ(%’) is complete and topologically finitely generated over O.
2. For any ideal J C Soo, P ()] = P(Z]J).
3. P(Z)/n = Ry.

4. For any integer k > 1, (%) /m*~

~ k
e = P mby).

Proof. By Lemma I1.7.4 each L[(%’ /m%) is a finite ring, and so 35(%) is profinite, and hence
complete. Now by assumption, each R,, is topologically generated by g elements, for some fixed g >
0. Thus there exist surjective maps f,  : O[[z1,...,24]] = R, — Rn/m]f%n. By the same argument
as in Lemma II.5.2 this induces a compatible system of surjective maps fi : Of[z1,...,z4]] —

Z/{(%’/m%) and hence a continuous surjective map Ol[z1,...,z4]] = l'&nbl(%’/m%) = P(R). This
k
proves (1).

Now fix any ideal J C S.. For any fixed k we have a natural isomorphism Z/l(,%’/mg?) /J
L{((%/m%)/J) = U((%/J)/ml}) Taking inverse limits gives

P(R)J) = r%nu((%/J) Jmly) = %n (u(/mly) 7).

Now noting that the rings U (%’ / mf“%,) are all finite, and the So.-module Sy /J is finitely presented,
exactness of Jim (as in Proposition 11.4.2) gives that

P (R ) = %n (u(2/mly) )7) = %n (u(2/mly)) 1 = 2 (@),
proving (2).
Setting J = n, this gives 2(%)/n = P (% /n) and by assumption Z/n = {Rn/n}n>1 = {Ro}n>1-

Hence

PU60) = () = e (1)) = Yom 4 (o, ) = Y o, =
k k k

proving (3).

Now similarly to part (2), for any fixed k we have

P sy = QU ) s = i (Ui s, ) im0 ) s )

m m>k

12

ml/l(%/mj) (%/m%) > P(R/mk),

3
Y%
ol

proving (4). O
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Lemma I1.7.7. Let #Z = {R,} be a quasi-patching algebra over Ry, and .# = {M,} be a patching
Z-module over My. For any k, define m%//{ = {m’fann}nzl- We have the following:

1. There is a natural isomorphism P (M) = Lgnbl(.////m%.///)
k

2. P(M) can be given a natural P (XZ)-module structure, inducing the Soo-module structure

on P (M) via the structure map Soo — P (%) and the Ro-module structure on Moy via the
isomorphisms P (Z)/n = Ry and P (M )/n = M.

o0
Proof. Write .4 = H M,,. We claim that the two inverse systems:

n=1

[e.e]
{m%% = H m’f%nMn

n=1

k:ZI} and {a///: I apz,,

n=1

agSoo}
k

of submodules of .Z are cofinal. First, for any k and n we have mg M, C m’j"%nMn. Now as A
is a patching system, there is some N > 1 such that each M, is generated as a S,.-module by N
elements. Then it follows that for any open a C Sy and any n that length(M,,/a) < N length(S/a)
and so for any k > N length(S/a) we have m§, M, < aM,. So the above systems are indeed
cofinal systems of submodules of .#, and hence of the localization .#5 (where 3 is as in Section
I1.3). By standard properties of inverse limits it follows that

P (M) =V U(A [0) = lim(A [0l )3 = lim(Z /mly)3 = U U (%2 /mby ),
a a k k

proving (1).

Now for each k and n, R,/m}, acts naturally on M, /mf, M,. This implies that U (t%’/mk%\)
acts naturally on Z/l(/// Jwk ) and so taking inverse limits gives a natural action of (%) =
%nbl(% /m%) on (M) = %nu(/// Job, ) The listed properties of this action now follow

automatically. O

Corollary I1.7.8. If % is a patching algebra, then there is a natural isomorphism P (%) = P (Z).

Proof. Applying Lemma I1.7.7(1) with Z = 4 gives P (%) = mu(%/m%) = P(R). O
k

Quasi-patching algebras, %, that arise in practice usually do so in a context similar to Theorem
IL.5.5 (so together with a “cover” Ro, and an MCM patching Z-module .#). We would like to
find a criterion to ensure that such quasi-patching algebras are actually a patching algebra, or
equivalently (by Lemma II.7.3) that the ring Ry is finite over O.

We can define a cover (R, {¢n}) of a quasi-patching algebra Z just as in definition I1.5.1 (recalling
that this requires dim Ro, = dim Sy,). Note that if Z = {R,, },>1 is covered by a finitely generated
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O-algebra then the last condition of Definition I1.7.1 is automatically satisfied — simply let g be
the cardinality of a topological generating set for R., over O. We then have the natural analogue
of Lemma 11.5.2:

Lemma I1.7.9. Let # be a quasi-patching algebra over a ring Ry, and let R be a_cover of
Roo. Then there exists a continuous, surjective O-algebra homomorphism ¢oo @ Roo — P(Z). In
particular, dim Z(#) < dim Rso = d + 1.

Proof. For any k we have a continuous map

), : Roo — H R, — H R, /my ) — U(%/my)
which induces a continuous map
oo = (Pp)k : Roo — y%nu(gf/m%) = P(%).
The proof that @, and ¢ are surjective is identical to the proof of Lemma I1.5.2. O

Thus if Z is a quasi-patching algebra covered by R, and .# is a weak patching #Z-module, then
R acts on P (M), and if .# is MCM, then (.4 ) is maximal Cohen-Macaulay over R,. From
now on we consider a triple (R, %, #) where:

e % = {R,}n>1 is a quasi-patching algebra over Ry;
o M ={Mpy}n>1is a MCM patching Z-module over Mjy;
e R is a cover of Z.

We again say that such a triple satisfies (Supp) if R acts faithfully on & (), and note that this
is still automatically satisfied if Ry is a domain.

We can now prove the main theorem of this section:

Theorem I1.7.10. Let #Z be a quasi-patching system over Ry. Assume that we are given a cover
R of Z and an MCM patching #-module # over My. Then if (Roo, Z,.#) satisfies (Supp) then
Z is a patching system, and so in particular Ry is finite over O.

Proof. Since .# is MCM, & (.4 ) is free of finite rank over Sy, and so depthg P (.#) = dim S, =

dim Rs. By Lemma I1.7.7 the So-module structure on 2(.#) is induced by its Z(%)-module
structure. It follows that

depthp & (4) = depth

@) P (M) > depthg P (M) = dim Ry > dim ﬁ((@)

and so depthp & () = dim Ry, = dim P (X). Hence P (M) is maximal Cohen-Macaulay over
R. It now follows that if R is a domain that (Supp) is satisfied.



32 CHAPTER II. ULTRAPATCHING

Now assume that (Supp) holds. As the action of Ry on Z(A) factors through ¢oo : Reo — P (%),
oo must be an isomorphism. Give Ry, the structure of an Soc-algebra via . Then by Lemma
I1.7.6(3), Roo/n = P(Z)/n = Ry and so Ro/mg, = Ry/w. Let Ry = Ry/w. By Lemma I11.7.3 it
suffices to show that Ry is finite dimensional over F. As Ry is topologically finitely generated over
IF, this is equivalent so saying that dim Rg = 0.

So let P C Ry be any prime. Lift P to a prime ideal P C R, via the isomorphism R, /ms_ = Ry,
so that mg R C P. Since Z(.#) has full support over Ry, and P C R is prime, it follows that
R/ P acts faithfully on

P(M)| P = (P(M)|ws, P (M))| P = (Mo/wMo)/P,

which is finite, as My is finite over O. It follows that R../P = Ry/P is finite. As Ry is a local
ring, this implies that P = mg . Thus my s the only prime ideal of Ry and so indeed dim Ry = 0,
completing the proof. O

This theorem means that the main results of the previous sections (in particular Theorems I1.5.5
and I1.6.2) can be applied in the case when Z is merely assumed to be a quasi-patching algebra,
instead of a patching algebra.

II.8 R =T theorems

When the theory of patching is applied in practice, in addition to a patching algebra Z = { R, }n>1
over Ry and a (usualy MCM) patching Z-module .# = {M,,},>1 over My, one generally also has
another collection of rings {T}, },,>0 (which arise as the completions of various Hecke algebras), such
that each T,, is naturally a quotient of R,, and R,, acts on M, via the quotient map R, — T,.
The rings T,, carry a great deal of number theoretic significance, so it is often quite important to
understand their structure and their relation to the rings R,,.

To incorporate these rings T,, into the picture, we make the following definition:

Definition I1.8.1. If Z = { R, },,>1 is a quasi-patching algebra over a ring Ry and 4 = { M, },>1
is a patching #Z-module over an Rp-module My, then for each n > 0, let ']T‘,?(//l ) be the image of
R, in Endg (M,,). Let TZ(M) = {TZ (M)} p>1.

Lemma I1.8.2. If % be a quasi-patching algebra and A = {Mp}n>1 is a weak patching Z-module,
then T% (M) is a weak patching algebra.

Proof. Since .# is a weak patching system, there must exist an integer N for which rankg  M,, < N
for all n > 1. Tt follows that for any n > 1, ranks. T#(.#) < ranks_ Endg_(M,) < N?, and so
T#(M) is a weak patching algebra. O

Now the results of the previous sections can be used to deduce information about the quotient map
o - R() - Tg?(%)
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Theorem I1.8.3. Assume we are given the following:

e A quasi-patching algebra Z over a ring Ry.
o An MCM patching Z-module # over an Rg-module M.
o A cover (Roo,{¢n}) of Z, where Ry is a domain.

and assume that (Reo, #, #) satisfies (Supp). Then letting To = TF (.#) we have:

1. The map mo : Ry — To induces an isomorphism Rg“l = Tged.

2. If Ry is a generically smooth cover of %, then my induces an isomorphism Ro[l/w] —
To[l/w].

3. If R is a generically smooth cover of # and Ry is Cohen—Macaulay, then my is an isomor-
phism Rg = Ty.

Proof. First note that Theorem I1.7.10 implies that Ry is finite over O and & is a patching algebra
over Ry. By definition Ry acts on My via mg : Ry — Tg, and Ty acts faithfully on Mj.

By Theorem I1.5.5(2) we have Suppg, Mo = Ro. Thus for any prime ideal p C Ry, if K(Ro/p) is
the fraction field of Ry/p then My ®pr, K(Ro/p) # 0 and so as K(Ry/p) is a field, it acts faithfully
on My ®pg, K(Ro/p). Hence Ry/p C K(Ry/p) acts faithfully on My ®g, K(Ry/p) and thus on
Mo/pMo.

But now the action of Ry/p on My/pMj still factors through a surjection Ry/p — To/pTp and so
we see that Ry/p = To/pTy for all primes p C Ry. This implies that the kernel of 7y : Rg — Ty is
in the intersection of all prime ideals of Ry, and thus is nilpotent, so we indeed get R{]ed = ’]I‘Bed,
proving (1).

Now assume that R is a generically smooth cover of Z. Then by Theorem 11.6.2, My ®@ F is free
over Ry[l/w], and so Ry[l/w] certainly acts faithfully on My ®p E. As the action of Ry[l/w] on
My ®0 FE still factors through the map Roy[l/w] — To[1l/w]| induced by m, this map must be an
isomorphism, proving (2).

In particular, if Rs, is a generically smooth cover, then ker g C Ry must be w!¥-torsion for some
N. But now if we further assume that R, is Cohen-Macaulay, Theorem I1.5.5(4) implies that Ro
is w-torsion free, and hence ker mg = 0. So indeed if R, is generically smooth and CM, then m is
an isomorphism Ry — Ty, proving (3). O

I1.9 Duality

For applications of patching beyond automorphy lifting (e.g. computing multiplicities) it is often
necessary to precisely determine the R,,-module structure of a patched module & (.#). Theorem
11.5.5 gives this structure in the case when R is regular, but it does not give enough information
to determine this structure in general.

In many cases that arise in practice, the modules M, satisfy some form of self-duality, which can be
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used to impose extra restrictions on the module &(.#), and even precisely determine it in many
cases (see [Manl19]).

To study duality we make the following definitions:
Definition I1.9.1. Let .# = {M,},>1 be an MCM weak patching system. We define

M ={M}}p>1 = { Homg, (M, Soo/L,)}

n>1’

and note that this is clearly also an MCM weak patching module. If .#Z is an MCM weak patching
Z-module, for some weak patching algebra #Z = {R,}n>1, we will treat .Z* as an MCM weak
patching Z-module, by letting R,, act on M} = Homg_ (My, Seo/Zy) by (rf)(z) = f(rz).

If A is an MCM weak patching MCM Z-module we say that .# is self-dual if A4 = #* as weak
patching Z-modules.

Note that for any weak MCM patching module .#, we clearly have a natural isomorphism .Z** =
A , compatible with the #-module structure in the case when .# is a weak MCM patching %-
algebra.

From now on, if A is any local Cohen—Macaulay O-algebra, we will let wy denote its dualizing
module (which will always exist if A is complete and topologically finitely generated over O). We
will need the following easy lemma in our discussion below:

Lemma I1.9.2. If A is a local Cohen—Macaulay ring and B is an A-algebra which is also Cohen—
Macaulay with dim A = dim B, then for any B-module M,

Homy(M,wa) = Homp(M,wp)

as left Endp(M)-modules.

Proof. By [Stal9, Tag 08YP] there is an isomorphism
Homy(M,w4) = Homp(M,Hom4(B,w4))

sending o : M — wy to o : m — (b — «a(bm)), which clearly preserves the action of Endg(M)
(as (a0 1)(bm) = a(byp(m)) for any ¢ € Endg(M)). It remains to show that Hom4(B,wa) = wp,
which is just Theorem 21.15 from [Eis95] in the case dim A = dim B. O

Before going on, we should say how this notion of duality arises in practice, as our definition above
takes a somewhat different form. Consider the setup and notation from Section II.2. In particular,
assume that the ideals Z,, C S all take the form 7,, = 77 S, and moreover that the ideals Z, C S3
satisfy the condition:

For all n > 1, S5 /Z; is a finite free O-module and Z; is generated by d° elements. (%)

and note that the system of ideals constructed in Lemma II.1.1 clearly satisfy (%*). Now we have
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Proposition I1.9.3. Assume that we are given:

o An unframed weak patching algebra 2° = { R }n>1.
o Unframed MCM weak patching Z°-modules #° = {M; }n>1 and N ° = {N;}n>1
e For each n > 1 an R, -equivariant perfect pairing ( , Yn : My X Ny — O

Let #° = (%°)°, 4" = (#°)° and /P = (N °)".
If the ideals TS C SS, satisfy (xx) then (AP)* = N5 as weak patching Z#°-modules.

Proof. The Rj-equivariant perfect (,), : M, x N, — O implies that N, = Home(M,,O) as
R,-modules. Tensoring with O[[tgoy1,...,t4]] over O implies that we have isomorphisms

N, = Nj @0 Ol[tgo+1, - - -, ta]] = Homoy| ta) My @0 Ol[taos1; - - -5 tall, Olltarv1, - - -5 tall)
= Homoyt,,, ... ta]) (ME7 Olltars1,--- ,td]])
RY = R° @0 O[tg+1,- - ., t4)]-modules.

Now we have S /Z, = Soo /LS = (S%/Zy) @0 O[tar+1, - - -, ta]]. It follows from (%) that S, /Z;
is a complete intersection of relative dimension 0 over O, and so S, /Z,, is also a complete inter-
section with dim Soo/Z,, =d — d° + 1 = dim O[[tg 41, ..., t4)]. In particular, So/Z, is Gorenstein,
and so wg__ /7, = Soo/In. Lemma I1.9.2 now implies that

N, = Homoy, ,....14] (ME,O[[td'H, e 7td“) = Homg__ /1, (MEHSOO/ITL)

for all n > 1. So indeed (.#")* = 45 as weak patching Z"-modules. O

We are now ready to show that patching preserves duality:

Theorem I1.9.4. Let Z be a weak patching algebra and let .# be an MCM patching Z-module.
Then we have P (M*) = Homg, (P (M), Sx) as P(X)-modules.

Furthermore, if Ry is a CM cover of # then P (M*) = Homp_ (P (M ),wr,,) as Rx-modules.

Proof. We shall first compute U (.#*/a) for any open ideal a C S,. For any such a, we have Z,, C a
for all but finitely many n, and so So/a is a S /Z,-module for all but finitely many n.

But now for all n, M, is finite free over S /Z,, by assumption, and so it is projective. Thus the
functor Homg, (Mp, —) = Homg__ /7, (Mp, —) is exact and so if Z,, C a then

My /a =Homg_ (Mn, Seo/Zy)/a = Homg,_ (Mn, Seo/a) = Homsoo/a(Mn/a, Seo/a)
as R, /a-modules.

Now by Proposition 1.1.3, for F-many i we have that U(#/a) = R;/a and U(.# /a) = M;/a and
U(A*[a) = M} /a as R;/a-modules. Taking any such 4, the above computation gives that

U(A[a) = Homg, o U(A [0), S5 /a)
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as U(Z/a)-modules. Taking inverse limits, it now follows that

P(M*) = m Homg_j U(A /1), Sa0/a)

as Z(#)-modules. It remains to show that the right hand side is just Homg (2 (#), S~). But
using the fact that Z(.#), and thus Homg, (P (4 ), S~) is a finite free Ss-module (and thus is
mg_-adically complete) we get that

Homg, (P(A), Sec) = lim Homs, (P (A ), Sxc)/a

as P (%) = @@(%)/a—modules. But now for any a, as &(#) is a finite free, and hence
projective, Soo—crlnodule

Homg, (P (), Sx)/a = Homg, jo(P (M) /0, Sc/a) = Homg,_jq U(A [0), Seo /)
as Z(#)/a = U(Z#/a)-modules. So indeed

Homs,. (2(4), ) = lim Homs_jq U(A 1), S /0) = P(.47)

a

as P (Z)-modules.

Now assume that R, is a CM cover of Z. Then dim Ry, = d + 1 = dim Ss, so Lemma 11.9.2
implies that
P(M*) = Homg_ (P (M), Ss) = Homp (P (M), wr..)

as Roo-modules (where we have used the fact that wg, = Sx). O
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