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In the standard theoretical setting of body-forced turbulence, the forcing that sustains
the flow is concentrated in a narrow range of length scales. However, in experiments
of fractal-grid turbulence and in numerical simulations inspired by the renormalization
group approach, more general forcing functions have been considered. These studies have
shown that the phenomenology of turbulence is sensitive to the regularity of the forcing,
which raises the wider question of the sensitivity of all Navier—Stokes mathematical
estimates to the regularity of body forces. To answer this question, it is necessary to
convert the traditional estimates based on the Grashof number, a dimensionless measure
of the magnitude of the forcing, to a form dependent on the Reynolds number, the usual
dimensionless number in experimental measurements and statistical theories of turbulence.
To investigate these issues we consider the two-dimensional case and employ the full range
of forcing regularity allowed by the theory of weak solutions to extend available estimates
not only for the energy and enstrophy dissipation rates, but also for the dimension of the
global attractor. What emerges is the existence of three distinct regimes as a function of
the regularity of the forcing.

1. Introduction
1.1. The body-forced Navier-Stokes equations

The complexity and limited predictability of turbulent flows justify the use of statistical
tools to describe their dynamics. These have been successful in capturing key aspects of
turbulence, offering explanations that align well with experimental observations (Monin &
Yaglom 1975; Frisch 1995; Verma 2019; Benzi & Toschi 2023). An independent theoretical
route has been to consider the Navier-Stokes equations (NSEs) as a deterministic, infinite-
dimensional dynamical system (Doering & Gibbon 1995; Foias et al. 2001; Constantin
2006; Doering 2009; Bardos & Titi 2013; Robinson et al. 2016; Bedrossian & Vicol 2022).
Interestingly, the two approaches overlap in that statistical predictions often correspond to
the saturation of bounds on norms of Navier—Stokes weak solutions (Foias 1997; Doering
1999; Foias et al. 2001). However, formidable difficulties appear in any attempt to derive
these bounds in physically realistic settings, such as in the presence of boundaries where
vorticity can be created or destroyed in an uncontrolled manner. This is why it has been
traditional to study the NSEs in periodic domains, as is also the case for many direct
numerical simulations. In the absence of boundaries, a steady-state solution can be obtained
if a forcing function f(x) is added to the NSEs to form what are called the body-forced
Navier-Stokes equations on the periodic domain Q = [0, £]¢ with d = 2,3

ou+u-Vu=-Vp+vdu+ f, V-u=0, (1.1)

where u is the velocity field, p is the pressure and v is the kinematic viscosity. It is also
assumed that both f(x) and the initial velocity uo(x) are divergence-free and have zero
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spatial mean, so that u(x, t) remains divergence-free and mean-zero at all times. In most
studies, f is taken time-independent.

Mathematical estimates for the body-forced NSEs were originally expressed in terms of
the dimensionless Grashof number Gr, which is a measure of the magnitude of the forcing
and is thus a control parameter of the system (Foias, Manley, Temam & Treve 1983).
Before giving the definition of Gr, let us remark that while this choice may be natural
from a mathematical point of view, experimental measurements and statistical theories of
turbulence are typically expressed in terms of the Reynolds number Re, which is based on
the velocity and is therefore a measure of the system response. A meaningful comparison
between mathematical and physical results thus requires a conversion of bounds expressed
in terms of Gr into an Re-dependent form.

With the standard notation for the L?-norm and the long-time average

1 /T
113, = / |-Pdx and ()= limsup—/ -dr, (1.2)
Q T—oo T 0
the definitions of Gr and Re are
£3-d/2 Ut
Gr = !fHLz ’ Re = == U? = ¢4 <||u||iz> , (1.3)
% v

where it is assumed that f € L?(Q). Note that U is a bounded quantity for Navier-
Stokes weak solutions. For periodic boundary conditions and square-integrable forcing,
a conversion of bounds in terms of Gr into those in terms of Re was first carried out by
Doering & Foias (2002) in a seminal paper in which they showed that, for Navier-Stokes
solutions in any dimension,

Gr < ¢iRe* + cyRe . (1.4)

The pre-factors c¢; and ¢, depend only on the functional shape of the forcing and are
uniform in the other system parameters. The formula in (1.4) is remarkable not only for its
simplicity, but also because it connects the results of analysis on the body-forced problem
with the results of numerical and laboratory experiments. Moreover, Doering & Foias
(2002) also derived a rigorous upper bound for the time-averaged energy dissipation rate

e=vl 4 </ |Vu|2dx>, (1.5)
Q

el c)

— s C1+—=—.

U3 Re
This bound captures the laminar flow behaviour at small Re and, in three dimensions, is
consistent with the dissipative anomaly in the infinite-Re limit. An estimate of & for body-
forced turbulence in terms of Re was first derived by Foias (1997) ; however, that estimate
included a spurious volume-dependent pre-factor. Under the assumption of narrow-band
forcing, the bound in (1.6) was later extended to moments of the velocity derivatives of
any order (Gibbon 2019, 2020).

which takes the form

(1.6)

1.2. Why the regularity of the forcing function is an important issue

Not only is the Re-number dependence of bounds on the dissipation rates an important
goal, but of equal importance is how the regularity (smoothness) of the forcing function
f affects these bounds and ultimately the evolution of all Navier-Stokes vector fields.
The results of Doering & Foias (2002) hold for f € L*(Q), but weak solutions of the
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NSEs exist for less regular forcing functions (Robinson 2001). It is therefore interesting
to understand how the results change when f is not square-integrable. The regularity of
f is more than just a technical point, because it also arises as a key issue in experiments
and numerical simulations with broad-band forces, the aim of which is to investigate a
potential breakdown of the classical turbulent cascade phenomenology.

In three dimensions, Kolmogorov’s theory assumes that energy injection is concentrated
around a characteristic length scale, which itself is much larger than the viscous scale
(Frisch 1995). Forcings whose action extends over a wide range of scales, and even reach
the viscous range, do not display the necessary scale separation between injection and
dissipation. This overlap leads them to generate a different phenomenology. Experiments
on turbulent flows generated by fractal grids have clearly illustrated this point by showing
a dependence of the dissipation law and the scaling properties of the turbulent field
on the features of the grid (see Vassilicos (2015) and references therein). In numerical
simulations, the action of a fractal grid has been modelled by using body forces whose
Fourier spectrum scales as a power of the wavenumber k& (Mazzi, Okkels & Vassilicos
2002; Mazzi & Vassilicos 2004). In this case, if the forcing spectrum is shallow enough,
the law of finite energy dissipation is violated, so € grows with Re.

Power-law forcings have also been at the heart of renormalization-group (RG) ap-
proaches, whose main objectives have been the calculation of the Kolmogorov constant
and the determination of the scaling of the energy spectrum (Frisch 1995; Smith &
Woodruff 1998; Adzhemyan et al. 1999; Zhou 2010). The canonical setting is white-
in-time Gaussian body forces whose covariance in Fourier space scales like k*~9~Y, where
y is an expansion parameter. Using a body force with power-law correlation is indeed
a strategy for introducing a small parameter into the NSEs, though the functional RG-
formalism now allows for non-perturbative approaches (Canet 2022). The same kind of
forcing has been employed beyond the RG-framework to investigate the effect of injection
mechanisms on the statistics of the velocity field (Sain et al. 1998; Biferale et al. 20045 ;
Biferale et al. 2004a; Mitra et al. 2005 ; De, Mitra & Pandit 2023). In particular, in three
dimensions, the critical threshold y. = 4 separates two regimes: for y < y. the small
scales are forcing-dominated and display nearly dimensional scaling, whereas for y > y.
the small-scale statistics become essentially forcing-independent and exhibit the same
anomalous scaling found in flows forced only at large scales (Biferale e al. 2004a). Thus,
these studies demonstrate the strong impact of the forcing regularity on the dissipation of
energy in three dimensions.

The appropriate functional space in which to study broad-band body forces is the
homogeneous Sobolev space H*(£2). Consider a vector field g(x, ) such that its spatial
mean is zero for all r and define its Fourier coefficients gy (¢) such that

g, = > ae™ ()= /Q glx,ne ™ dx . (1.7)
k

Here, all Fourier series are understood to be over the wave-vectors k = 2mn /¢ such that
ne 74 and k = |k| # 0, since only mean-zero vector fields will be considered. For
g(-, 1) € H*(Q) we require that g(-, ) has zero mean with the square of the norm defined
as

lel = [ [ tgte.nf dx = 0 3 k180 <o, (1.8)
k

Thus, in simple terms, H* () is the space of mean-zero fields in d spatial dimensions whose
Fourier coefficients decay at large k faster than k~5~%/2. The parameter s characterizes
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the regularity of the field, with higher values of s corresponding to smoother fields. In
particular, the case s = 0 corresponds to the L>-norm. Homogeneous Sobolev spaces also
possess a scaling property ; i.e. for all 1 > 0, the norm obeys the relation

llg (e, )l s = 2~ llg (e, )l s - (1.9)
Weak solutions of the body-forced NSEs exist for f € H*(Q) with s > —1 (Robinson
2001). For instance, at the extreme end of the range when s = —1, f is not a proper function

but is more like a distribution. As noted earlier, the bound in (1.6) holds only for square-
integrable body forces (s > 0) and does not cover the case of less regular forcing functions
in the range 0 > s > —1. In three dimensions, this case was studied by Cheskidov, Petrov
& Doering (2007) : note that their definition of the H*-norm differs by a factor of £57¢/2
from the standard definition given in (1.8). For O > s > —1, the bound on ¢ is modified as
follows

el

U3
Therefore, the value s = 0 marks the transition between two different regimes. If f is
square-integrable, the bound on ¢ is independent on s and is consistent with a residual
finite dissipation in the infinite-Re limit. For less regular f, the dissipation law varies
with the degree of regularity of the body force, and & can grow as a power of Re with an
exponent that depends on s. The existence of these two regimes is consistent with both
the theoretical predictions and the numerical results for stochastic forcing (Biferale et al.
2004b). A growth of € with Re was also observed in simulations of fractal-grid turbulence
(Mazzi & Vassilicos 2004).

s 2
< Re™ 75 (¢ + caRe™!) 5 . (1.10)

1.3. The two-dimensional Navier-Stokes case

In two dimensions, the NSEs possess two quadratic invariants in the sense of strong
solutions ; namely, energy and enstrophy. The respective time-averaged dissipation rates
are g, defined as in (1.5), where now d = 2, and

y=vl? </ |Vw|2dx> , (1.11)
Q

w=e3-(VXxu) (1.12)
is the scalar vorticity. As in the three-dimensional case, the traditional estimates of & and
y assume that f € L*(Q) and are found in terms of the Grashof number defined in (1.3)
(Doering & Gibbon 1995; Foias, Manley & Temam 1993; Foias et al. 2002; Dascaliuc,
Foias & Jolly 2008)

where

e<VvTrGrr, xy<V8GH. (1.13)

While a bound for y is not available for less regular body forces, for & to be bounded, it is
sufficient that f € H~'(Q). In this case

e< VG, (1.14)

where Gr, = v~2||f||z-1 is a Grashof number based on the H~'-norm. If f € L?(Q),
(1.14) is an improvement on the corresponding bound in (1.13), since Gr. < Gr (Robinson
2003; Tran, Shepherd & Cho 2004).

The above estimates are based on the magnitude of the body force, but once again the
comparison with experimental and numerical results requires conversion to a Re-dependent
form. Rigorous upper bounds in terms of Re were obtained by Alexakis & Doering (2006)
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and Gibbon & Pavliotis (2007) for periodic boundary conditions and under the assumption
that f € H*>(Q); i.e. the second spatial derivative of the body force is square integrable.
The strategy employed was to apply the methods of Doering & Foias (2002) to the vorticity
equation instead of the equations for the velocity. For f € H?(Q), the estimates equivalent
to (1.13) are (Alexakis & Doering 2006; Gibbon & Pavliotis 2007)

8—£<Re_1/2(c1+02)1/2, )(—53\01 2.

U3 U3 Re
The infinite-Re limit of these bounds is consistent with the Kraichnan-Leith-Batchelor
(KLB) theory, which states that an inverse transfer of energy to large scales coexists with a
direct cascade of enstrophy to small scales (see Boffetta & Ecke 2012; Alexakis & Biferale
2018, for a review). Indeed, this phenomenology suggests that in a forced state & vanishes
as viscosity tends to zero, while y remains finite.

o (1.15)

More stringent bounds apply when the forcing is monochromatic or injects energy in a
finite set of wavenumbers at a constant rate. In these cases, both & and y scale like Re™!
and vanish as Re tends to infinity ; therefore, the enstrophy cascade disappears in this limit
(Constantin, Foias & Manley 1994; Tran & Shepherd 2002; Alexakis & Doering 2006).
An analogous result holds for white noise forcing (Eyink 1996). Incidentally, enstrophy
dissipation also vanishes in the inviscid limit when forcing is absent and turbulence decays
at long times (Tran & Dritschel 2006; Lopes Filho, Mazzucato & Nussenzveig Lopes 2006,
see also Matharu, Protas & Yoneda 2022 and references therein).

Another crucial difference between two and three dimensions is that, if f € L*(Q),
the two-dimensional NSEs on a periodic domain are known to possess a global attractor
A. The global attractor A is a compact set on which the long-time dynamics is confined
(Ladyzhenskaya 1975, see also Robinson 2001, 2013). Thus, asymptotically in time, any
initial condition outside A approaches it, while any trajectory starting on A remains there
for all time. The existence of such an attractor reflects the effectively finite-dimensional
behaviour of an otherwise infinite-dimensional dynamical system. Bounds for the fractal
dimension of the attractor, d s (A), indeed provide a mathematically rigorous notion of the
‘degrees of freedom’ of the system (see Robinson 1995, 2007, for an informal review).
Restricting to periodic boundary conditions — the setting considered here — Constantin,
Foias & Temam (1988) were the first to obtain an estimate of d s (A) in terms of Gr (see
also Doering & Gibbon (1991) for a simpler proof based on the vorticity rather than the
velocity field). The result is

df(A) < 3631 +InGr)'3, (1.16)

where c3 is a positive dimensionless constant. When the forcing is at small scales, the
bound in (1.16) is improved by a bound that is linear in Gr, (Robinson 2003; Tran ef al.
2004). Later, Gibbon & Pavliotis (2007) converted (1.16) into a Re-dependent estimate
under the more restrictive assumption of H>-forcing

df(A) < csRe(1 +1nRe)'’? (1.17)

where c4 is another positive dimensionless constant. The Re-based estimate in (1.17)
matches the heuristic prediction for the degrees of freedom of two-dimensional turbulence.
Indeed, if 1, denotes the smallest length scale in the system, the number of degrees of
freedom of the system can be related to the number of boxes of size n, that fit into

the domain &, which leads to the identification dy(A) ~ (5/17)()2. Comparison of this
5



Figure 1. The panels show the instantaneous energy and enstrophy dissipation fields for two-dimensional Navier-
Stokes turbulence, defined as &(x) = 2v Tr(S?), with S being the rate-of-strain tensor, and y(x) = v|Vw|?,
respectively. The data are from a pseudospectral simulation in a 27-periodic domain with 1024> collocation
points, shown at a representative time in the statistically steady state. Large-scale friction has been added to
stabilize the system. Panels (a—c) show the energy dissipation fields for three different forcings, while the
corresponding enstrophy dissipation fields are given in panels (d—f) for the same three forcing configurations :
(a,d) monochromatic forcing with wavenumber ks = 10; (b, ¢) power-law forcing such that | S| o< k= for
k € [10,256] and zero otherwise (this forcing mimics the case f € H*(Q) with s > 2); (c,f) the same as in
(b, ) but with |fk| o k=2 (this forcing mimics the case f € H*(Q) with 0 < s < 2). Panels () and (b), and
equivalently panels (d) and (e), are qualitatively similar : for s > 2 the forcing spectrum decays steeply, so few
modes beyond k y = 10 are effectively forced, and only slight differences are visible at small scales. By contrast,
for 0 < s < 2 the forcing spectrum decays slowly enough to excite a wide range of modes which generates
dissipation fields with a substantially different small-scale structure.

interpretation of d ¢ (A) with (1.17) yields an estimate of the enstrophy dissipation scale
Ny ~ CRe™ (1 + InRe)~1/° (1.18)

which is consistent with the KLLB theory (Boffetta & Ecke 2012) to within logarithmic
corrections.

1.4. The goal of this study

In two dimensions we have seen that the available Re-dependent estimates of &, y and
d s (A) require that the body force possesses a relatively high degree of regularity. Indeed,
these estimates assume that f € H*(Q) which, in two dimensions, means that | fk |2 must
decay faster than k~°. However, weak solutions of the NSEs exist for more general forcing
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H* forcing ‘Xﬁ/m‘ gt|U3 ‘ tny! df(A)

single-k or fixed-¢ | Re™! Re™! Re'/3 Re*3(1 + InRe)'/?
§>2 Re° Re™'/? Re'l? Re(1 +InRe)'/3
2y s d+s 2(4+s)
0<s<2 Re2+s Re™ s+2 Re3(2+s) Re3(@+) (1 +1nRe)'/
S
-1<s5<0 — Re™ s+2 — —

Table 1. Large-Re estimates for the two-dimensional NSEs with H* constant-in-time forcing. If the forcing is
time dependent, the estimates for the time-averaged dissipation rates are multiplied by a pre-factor that depends
on the Strouhal number, i.e. the ratio of the convective time of the flow to the characteristic time scale of the
forcing (see §3 for the details).

functions, namely for f € H~!(Q), i.e. for any f such that | fl? grows like k. Moreover,
analytical predictions and numerical simulations for stochastic forcing have shown that,
even in two dimensions, the regularity of the body force has a strong impact on the
turbulent flow (Mazzino, Muratore-Ginanneschi & Musacchio 2007, 2009). In particular,
these studies have shown the existence of different dynamical regimes, the KLLB scenario
being observed only when the forcing is sufficiently smooth. The panels in figure 1, which
are included for illustrative purposes, display contrasting results for the instantaneous
energy dissipation field, and the enstrophy dissipation field, when different forcings are
used. Even in two dimensions, the question therefore arises as to the effect of the forcing
regularity on Navier—Stokes mathematical estimates. Unlike the three-dimensional case,
to the best of our knowledge, this question has not yet been addressed. Therefore, our aim
here is to extend the existing Re-dependent estimates for £ and y to body forces in H*(Q)
with =1 < s < 2. Moreover, we also extend the estimate of d s(A) to the range 0 < 5 < 2,
where a global attractor is known to exist. To this end, we combine the methods of Alexakis
& Doering (2006) and Gibbon & Pavliotis (2007) with those of Cheskidov et al. (2007). In
essence, our strategy is to apply the techniques developed for the three-dimensional NSEs
with H*-forcing to the vorticity equation in two dimensions.

Our results for &, y and d¢(A) are summarized in table 1, in which only the large-Re
bounds are shown. While the first line represents the special case of monochromatic or
constant-¢ forcing, the rest of the table refers to the case of H*-forcing. Our analysis reveals
the existence of three distinct regimes depending on the value of s. The case s > 2 is that
studied by Alexakis & Doering (2006) and Gibbon & Pavliotis (2007). Our estimates
correspond to 0 < s < 2. The last line (-1 < s < 0) is a straightforward adaptation
of the three-dimensional result of Cheskidov ef al. (2007) to two dimensions. The rest
of this article is organized as follows. In §2 we present the derivation of our estimates
for constant-in-time forcing. In §3 we extend the results to time-dependent body forces
whereas in §4 we summarize the results associated with the various dynamical regimes
which are a function of the regularity of the forcing and discuss their main implications.

2. Estimates for H* forcing

We consider the incompressible NSEs on the periodic domain Q = [0, £]? as in (1.1) with
d = 2. To take advantage of the structure of the NSEs in two dimensions, it is convenient to
study the evolution of the scalar vorticity, defined in (1.12). Taking the curl of (1.1) yields
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the vorticity equation
hw+u-Vo=vidw + ¢, (2.1)

where ¢ = e3 - (V X f). In this section, we restrict to a constant-in-time body force ; in §3,
we shall extend the results to the case of time-dependent forcing. Here, the body force f is
taken to be in H* () and of the form

fx)=Fo( 'x), (2.2)

where F > 0 is the magnitude and @ is a dimensionless field such that
/¢(x)dx=0, V-®=0, OS7NDl s = 1. (2.3)
Q

We shall refer to @ as the ‘shape’ of the body force. Recall that weak solutions of (1.1) are
known to exist for s > —1 (Robinson 2001, 2013). Finally, it is useful to note that € and y
are expressed in terms of the norms of # and w as

e=v0 (|lullz,) = v (llwll72), X =ve (lwlf) = v (lulf.) - @4

2.1. Thecase 0 < s <2

We first consider the range 0 < s < 2, for which (1.1) has strong solutions (Robinson 2001,
2013). The first step is to relate y to the rate of vorticity injection by the body force. To this
end, we obtain the enstrophy balance equation by multiplying (2.1) by w and integrating
over space

1d
3310l = V6l + [ wodr. @5
An application of the interpolation inequality
/Qwaﬁdx <|Vollli¢llg-1 = IVoll 2Ll 2 (2.6)

and then Young’s inequality to the right hand side of (2.6) gives

d _

allwlliz < —VIVoll7, +v IS, - 2.7)
Using the Poincaré inequality on the dissipation term implies

%Ilwlliz < A4yl + v I, - (2.8)
Finally, Gronwall’s inequality gives

22
4ny?
where wg = e3+ (V X uy) is the initial vorticity. Therefore, ||a)||2L2 is uniformly bounded in

time, and the long-time average of its time derivative vanishes. It follows from (2.5) that
the time-averaged enstrophy dissipation rate satisfies

X=t"2</ w¢dx>- (2.10)
Q

To estimate the right-hand side, we first recall that the Fourier transform of the curl of a
divergence-free field g(x,t) satisfies the identity

(VX @kl? = |k x gxl* = K18k |* — (k- g1)* = k*|8x]*. (2.11)
8

lli2, < looll, exp(=4x>vi /) + ——IIf1% |1 = exp (~4r*vi/8)| . @9)



We then use Parseval’s theorem, the triangle inequality, and identity (2.11) to obtain
5-2/ wedx < 72 /(qu)-(fo)dx
Q Q
< > lhexagl e x fiel = > kPl fil (2.12)
k k

Rearranging the sum and applying the Cauchy—Schwarz inequality gives

f—zfgqudx N AR G ISFA)
’ k]/z 1/2
< [Z km_s)lﬁklz [Z kzslfklz]

k k
=57 F | s (2.13)

To relate y to Re, we need to estimate the time average of ||u|| z2-s in terms of y and U.
The following interpolation identity is obtained by rearranging the terms in ||#|| z2-s and
then using a Holder inequality

2-s

2 = 3 RO P = 2 (k) (1 ?)'
k

k
-3
< fz(Zk“mkﬁ) (kaF)
k k

= [lae ]2 el (2.14)

s
2

where we have used the fact that 0 < s < 2. Taking the square root of both sides, time
averaging, and using a Holder inequality leads to

2-s 2+s
-3 5 T BN\
Nl zoes) < (el el ) < (HaliZe) * lelz) 2.15)

An application of Jensen’s inequality to the last term, together with the definitions of y
and U, gives

2-s
7

Nallge-) < (luliZa) * (lli2,

52 ~ 2-s _ s
=T e(ve2ul,) T (i)’
—VTeTUS. (2.16)
By combining (2.10), (2.13) and (2.16), we find

S
P

Y < FVT sy T U, (2.17)
which leads to
2-s _4s 4 25
X< YV 245 24s s U2+s (218)
It remains to estimate F' in terms of U. We take a smooth, time-independent, dimensionless
field ¥ such that

V.y =0, /<p-¢dx>o (2.19)
Q
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(¥ can be, for example, a suitable Galerkin truncation of @). We then multiply the NSEs
(1.1) by ¥ and integrate over space

/Ql/f.a,uder/Qap-(u.V)udx=—/Q¢-vp dx+v/91/t-dudx+/gf-t/tdx. (2.20)

By integrating by parts and using V - # = 0 on the nonlinear term and V - ¢ = 0 on the
pressure term, we find

'/Qf-tlidx:/Qtp-a,udx—/gu-Vtﬁ-udx—v/gu~1]t/1dx. (2.21)

The long-time average of both sides eliminates the time-derivative term, since ||u||2L2 is
uniformly bounded in time (see Doering & Foias 2002). Therefore

/Qf-tﬁdx< </Qu-v¢r-udx> </Qu-zllﬁdx>‘. (2.22)

Now, we apply the Cauchy—Schwarz and Jensen’s inequalities and get

+v

/Qf'!/fdx <V lles (llully) + v 149l (llullz)

1/2
< IVl (llellzo) + v 1Al (llull; )
= LIV ll=U? +vE Ayl 2 U, (2.23)
where V = ¢V and 4 = £24. After rewriting the left-hand side of (2.23) as
/f-tﬂdx:F/dedx, (2.24)
Q Q
we find
F<ct7'U% + covt™U, (2.25)

together with

-1 -1
c1=(f‘2/¢-wdx) IV |-, Cz=(5_2/¢'¢dx) AP, (2.26)
Q Q

where ¢ and ¢, are dimensionless constants not related to the same coeflicients in §1.
Finally, combining (2.18) and (2.25), we obtain the estimate for the rescaled time-averaged
enstrophy dissipation rate

A 2-s 1\ s
)2—3 < R (c1 + ¢aRe 1) . 2.27)
Note that the pre-factors only depend on the shape of the forcing. For Re > 1, (2.27) yields
the following estimate for the enstrophy dissipation length scale

1/6 4+s
&7};1 ) (%) < C’1R63<2+s) , (2.28)

with ¢} = cf/ 32+ To estimate the time-averaged energy dissipation rate, we use the
interpolation inequality in (2.14) for s = 1
12y, 111/2
leell g < el Vel (2.29)
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We now square both members, time average, and use the Cauchy—Schwarz inequality to
obtain

(Nl ) < (lellgellull2) < (lule) (lalZ,) " (2.30)
After multiplying by v£~2, we find

e< 27U, (2.31)
The estimate for y in (2.27) can then be used to bound the right-hand side
4 e
53 Re™ %% (cl + czRe_l) . (2.32)

We conclude this study of the case 0 < s < 2 with the estimate of the attractor dimension
dy(A) for Re > 1. We recall that dy(A) is related to n, via the following bound
(Constantin et al. 1988)

- “1\11/3
ds(A) < es(eny")[1+1n (en;")]". (2.33)
Plugging (2.28) into (2.33) gives

4+s

d(ﬂ)<’R%11Rm1/3<'1¢§§;‘+311R1/a 534
PN S R in e < 3Re3 (1 +1InRe) ', (2.34)

where ¢ is a constant related to ¢} and c3. The scaling exponent varies between unity for
s =2and4/3 for s = 0.

2.2. Thecase —1<s<0

If —1 < s < 0, the derivation above fails because the steps taken in (2.14) are invalid, so a
bound for y is not available. In particular, the absence of a bound for y means that it is not
known whether a global attractor exists in this case. However, we can obtain a bound for &
by following the same procedure used by Cheskidov et al. (2007) for three dimensions. This
procedure uses the velocity equation instead of the vorticity equation. For completeness,
we recall the main steps below (see Cheskidov et al. 2007 for the details). Since ||u ||i2 is
uniformly bounded in time, £ can be expressed in terms of the energy injection as (Doering
& Foias 2002; Cheskidov et al. 2007)

s:€_2</f-udx>. (2.35)
Q

The integral in the right-hand side can be estimated as

1/2 1/2
- /Q frude < | filldxl < [Z k23|fk|2] > k-zwakﬁ] (2.36)
k k

= FC Nullg-s < FE 7 lull ) ull 3, (2.37)

where an interpolation inequality analogous to (2.14) has been used in the last step. Taking
the time average of both sides and using Holder’s and Jensen’s inequalities gives

s 2(1+s) s .
e < FOS N (Jlull 5 el 5°) < FES7 ' (llull )™ 7<||u|| G > = S Fvit=Se UM,
(2.38)
Using the bound on F in (2.25) and rearranging gives (Cheskidov et al. 2007)
et _s 1\ 5%
o5 SReT (c1 +caRe™ )5, (2.39)
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The final estimate has the same form as (2.32), but now —1 < s < 0.

3. Time-dependent forcing

The estimates derived in the previous sections can be generalized to the case of deterministic
but time-dependent forcing by applying the methods outlined in Alexakis & Doering
(2006). However, some variations are necessary, since here f ¢ H>(Q). We give the main
steps below.

The body force is now taken in the form
[t = F(@ (1), (3.1)

where @ satisfies the same properties as in (2.3) for all ¢. It is also assumed that the
magnitude of the forcing is uniformly bounded in time and has finite mean square

F?=(F (1)) <. 3.2)

Let us first consider the case 0 < s < 2. The bound in (2.9) continues to hold provided
that || f ||i2 is replaced by sup, || f ||2LZ' Hence, ||w||;2 remains bounded for all ¢, and y can
again be estimated as in (2.10).

An intermediate bound for y is obtained by using the Cauchy—Schwarz inequality to
split the time average of the product of F(¢) and the H>~*-norm of the velocity and then
by proceeding as in §2.1:

e el 12 e = _ 172
X < (Fllallge) < 7 F (i)' < 07 F (i lul)

o1~ 2=s s s=2 o= 2=s s
<CTVF (ulizs) * (lulls) =viT e Fy T Us. (3.3)
Rearranging yields a bound analogous to (2.18) where now F is replaced by F :
2= ds =4 25
X <v 2+s £ 24s F2es [J2+s (3.4)

To estimate F in terms of U, we multiply again the NSEs by a smooth divergence-free field
Y, which must now depend on time. One option is ¥ (x,t) = F(1)@g(x,t), where @¢ is a
suitable Galerkin truncation, in the space variables, of the shape function @ (the truncation
set may now have to vary over time in such a way as to ensure that the space integral
of @ - @ remains positive for all 7). Here, following Doering & Foias (2002), we prefer
to take ¥ = (—Z) M £ where (—A~)‘M [ denotes the field whose Fourier coefficients are
(Ck)=*M fk. This choice leads to a more natural interpretation of the pre-factors that appear
in the estimates. The exponent M must satisfy M > 1 — s/2 for reasons that will be clear
immediately. After multiplying (1.1) by ¢, integrating by parts, and time averaging, we
obtain the analogous of (2.22) and (2.23) (note that the term involving the time derivative

of the velocity can no longer be ignored)
</u-th-udx> </uAt/1dx>‘ (3.5)
Q Q

(sl ase ;

+ +v




with
—~ 1/2
W{)u-@sfzdx} < (o) " (luli2)"” = (1o, (-2 fI2.) ~ve,  36)

'</Qu'v¢'udx> < (SI;PIIV!ﬁIILw) (llaell?,) = (Sl:plle(—Z)’Mflle)sz, (3.7

12

< /Q u-A;/zdx} < (120" (lal2)2 = (U ) P UE M (3.8)

The constraint M > 1 — 5/2 ensures the existence of || f||g2a-m) in the last term. The
left-hand side of (3.5) can be bounded from below so as to make the dependence on F
explicit :

</Qf.1//dx> = M (P @), ) 2 a O (3.9)

where
a~! = ¢2(M+1) inf D17, s (3.10)

is positive, since £5~!||@||zs = 1 for all + and —~M < s for the range of values of s
considered here. Substituting the bounds in (3.6) to (3.9) into (3.5) and dividing through
by a~'€F gives

F<awspU+bt7'U* + byvt™2U, (3.11)
where
o1 = M 2 \'?
wp = CF (I0,(-2)7 f12,) (3.12)
is a time frequency associated with the forcing and
—_ S =_ oM A 1/2
bi=aF 'sup |V fllee,  ba=al'MF(IfIBpaan) - (313)
t

Note that M can always be chosen large enough for b; to be bounded. We now use (3.11)
in (3.4) to obtain

4

53 -5 2Fs
% < R (aSr +b + bzRe_l) = (3.14)
where
wff
Sp= 21" (3.15)
U

is the Strouhal number, i.e. the ratio of the convective time of the flow to the characteristic
time scale of the forcing (e.g. Horner et al. 2002; Voth et al. 2003). The pre-factor b, can
be made independent of F(¢) by noting that

by < al'=M sup ||P|| g2a-») (3.16)
t

However, b; depends not only on the shape of the forcing, but also on the ratio of the
maximum excursion of F () to its root-mean-square value. It can be written as
— sup, F (1)
by =asup |V(-4) M| o ——. (3.17)
1p IV (=4) 113 0
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Finally, by applying (2.31), we find the following bound for the time-averaged energy
dissipation rate

et

[
Let us now consider the case —1 < s < 0. The energy ||u]|; 2 is uniformly bounded in time
even when the forcing depends on time (to see this, simply replace || f ||2L2 with sup, || f ||i2
in the derivation of Doering & Foias 2002). Therefore, € is estimated as in (2.35). We thus
proceed as in §2.2 with an additional application of the Cauchy-Schwarz inequality to split
the time average:

—_s— —s—17 1z 2(1
o< F ) < 7 F (luly ) < F (g pd)

_ _s It+s P s
<O (ul) 2 (lul,) 2 = Frie e 2yt (3.19)

2
< Re %5 (aSr+b1 + bzRe_l) e (3.18)

This bound is the same as (2.38) with F replaced by F. Therefore, by using (3.11) and
rearranging, we find

et

U3
In conclusion, for all =1 < s < 2, the bounds on the time-averaged dissipation rates retain
the same form as in the case of constant-in-time forcing, the main difference being an
additional Sr-dependent pre-factor that becomes relevant at large Re. Moreover, in general
b1 now depends on features of the forcing other than just the shape.

< Re™ 75 (aSr + by + by Re™ )% ) (3.20)

4. Concluding remarks

The main result of our study is that the scenario predicted by Alexakis & Doering (2006)
and Gibbon & Pavliotis (2007) for the two-dimensional NSEs only applies if the forcing
is highly regular. By investigating the full range of forcing regularity (as allowed by the
theory of weak solutions), we have shown that alternative scaling regimes are possible. Our
results for constant-in-time forcing are summarized in table 1, in which only the large-Re
bounds are shown. Leaving aside the special case of single-k or constant-& forcing, three
distinct regimes can be identified as the degree of regularity of the forcing is varied. The
existence of these three regimes only becomes apparent when the estimates in terms of Gr
are converted into an Re-dependent form.

For s > 2, the estimates obtained by Alexakis & Doermg (2006) and Gibbon & Pavliotis
(2007) are consistent with the dual-cascade scenario. In the second regime (0 < s < 2),
a direct cascade of energy must still be ruled out in the infinite-Re limit. However, the
amount of energy injected at small scales increases as s decreases, so that & decreases
monotonically as a function of Re, but increasingly slowly. In this regime, y is allowed
to grow with Re. As energy injection at small scales increases, the bound on the number
of degrees of freedom of the system (quantified by the attractor dimension) also increases
from Re for s = 2 to Re*/? for s = 0. Correspondingly, the scaling of the smallest length
scale in the flow varies between 1, ~ tRe™'/? and Ny ~ tRe™?3, for the same range
of s. Finally, for —1 < s < 0, the time-averaged energy dissipation rate can increase
with Re, similar to what is found in three dimensions for non-square-integrable forcing
(Mazzi & Vassilicos 2004; Cheskidov et al. 2007). For all -1 < s < 2, if the forcing is
time-dependent, the large-Re estimates of the mean dissipation rates are multiplied by a
Sr-dependent pre-factor.
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It is noteworthy that three dynamical regimes are also observed in the two-dimensional
NSEs with power-law stochastic forcing (Mazzino et al. 2007, 2009). The covariance of
the body force in Fourier space is taken proportional to k2~Y with y > 0. If y > 6,
the enstrophy flux is constant, and a direct cascade of enstrophy is observed, which is
consistent with the KLLB theory. In the range 4 < y < 6, there is scale-by-scale balance of
the energy and enstrophy fluxes. In addition, the enstrophy flux increases with k, whereas
the energy flux decays. For 0 < y < 4, the system displays an inverse energy cascade.
While some similarities with our results may exist for the two regimes with more regular
forcing, a systematic comparison of the two systems may not be appropriate. Indeed, our
forcing is deterministic, whereas in Mazzino et al. (2007, 2009) the forcing is stochastic
and the analysis explicitly uses its Gaussian and white-in-time nature. Moreover, the range
0 < y < 2 corresponds to highly irregular body forces that are not covered by our study.

It is also interesting to note that the lower bound on the mean square velocity in (2.25)
holds independently of the degree of regularity of f. Therefore, if the forcing is constant
in time and the Grashof number is defined in terms of the H*-norm of fasGr= 3y 2F,
then the Doering and Foias relation between Gr and Re does not depend on s, and satisfies
(1.4) for all s > —1. If the forcing is time-dependent, it is appropriate to define Gr in terms
of the root-mean-square of the magnitude of the forcing as Gr = ¢3v~2F. In this case,
(3.11) gives

Gr < (aSr+ b1)Re? + baRe . 4.1

Another implication of (2.25) and (3.11) is the existence of lower bounds for € and y at
large Gr (similar to a lower bound for € found by Doering & Foias 2002 in the case of
square-integrable forcing). Indeed, Poincaré’s inequality gives

e > 4mvl2U?, X = 167tve=*U2. 4.2)

These bounds imply that the rescaled dissipation rates are both bounded below by Re™!
(Alexakis & Doering 2006). While this result captures the laminar behaviour, it is of little
use in the turbulent regime. To obtain results that are relevant at large Gr (and hence at
large Re), we observe that (2.25) and (3.11) can be rewritten as

Ky 2Gr U + kv HGr3PU - 1 2 0, (4.3)

where x; = ¢ and «» = ¢, for constant-in-time forcing, while x; = aSr + b; and x; = b,
for time-dependent forcing. Therefore, as Gr — oo,

U? > Kl_lvzf_zGr (4.4)
and
4n? 167
e> 2 30%Gr, v X 3 5Gr. 4.5)
K1 K1

The form of these bounds is independent of the degree of regularity of the forcing, which
only enters the definition of Gr. If the forcing is time-dependent, the pre-factor depends on
the Strouhal number and, at large S, both lower bounds are O (Sr~'Gr).
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