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Abstract

We study the unipotent elements of disconnected algebraic groups of the
form G(7), where G is a simple algebraic group in characterisctic p possess-
ing a graph automorphism 7 of order p. We classify the unipotent classes
in the coset G and determine the corresponding centralizers, showing
that these bear a close relation to classes in a certain natural connected
overgroup of G(r). We also obtain a formula for the total number of outer
unipotent elements in the finite group G- (7), where v is a Frobenius mor-
phism, analogous to the well-known Steinberg formula for the number of
inner unipotent elements.

1 Introduction

Let G be a simple algebraic group over an algebraically closed field of char-
acteristic p. There is a substantial literature concerning the unipotent classes
of G and its finite analogues; for example, precise and detailed information on
centralizers of representatives of these classes can be found in [11]. If the pair
(G,p)is (A1,2), (D1,2), (Ee,2) or (D4, 3) (with G being either simply connected



or adjoint in the last case), there is a graph automorphism 7 of G of order p, and
the coset GT contains elements of order a power of p, which can be regarded as
unipotent elements. Indeed, if we take G to be simply connected, then G(7) is
contained in a larger simple algebraic group (respectively Cy11, B;, E7 or Fy),
and the p-elements in G7 are unipotent elements of the larger group.

This paper is a contribution to understanding the outer unipotent elements
in the disconnected group G(r) and corresponding finite analogues G, (7) for
o a Frobenius morphism. At the outset, it is not evident that there are only
finitely many conjugacy classes of such elements under the action of G. This
assertion can be found in [16], and an elementary proof based on the finiteness
of the number of unipotent classes in G is given by Fulman and Guralnick in
[6, 2.6]. In section 3 we shall use the method of [6] along with information
on unipotent classes in G to determine the precise number of outer unipotent
classes in the finite groups and then use this information to show that there are
only finitely many outer unipotent classes in G(7).

There is also an elegant formula (see Theorem 1.1 below) giving the total
number of outer unipotent elements in the extended finite groups, which is in
the spirit of Steinberg’s well-known formula for the number of inner unipotent
elements (see [4, Theorem 6.6.1]).

A main goal of the paper is to obtain information on the conjugacy classes
and precise centralizers of the outer unipotent elements. In addition, we want to
explicitly relate the outer unipotent classes of G7 to the usual unipotent classes
of the simple overgroup indicated above.

For (G, p) = (D, 2), we can view the group G(7) as the full orthogonal group,
and information on classes and centralizers, in both the algebraic and finite
orthogonal groups, is given in [11, Chapters 6, 7]. In this paper we therefore
mainly focus on the remaining cases where (G,p) = (4,2), (Fs,2) or (D4, 3).
For the algebraic groups this was first taken up by Spaltenstein in [16] where
he obtains information on conjugacy classes and dimensions of centralizers. For
the finite groups E§(q).2, D§(q).3, and A$(g).2 with { < 5, information on outer
classes and centralizer orders is given by Malle in [12], [13]. However, none of
these papers determines the precise centralizers of the outer unipotent elements,
in particular the reductive part of the centralizers.

Our aim here is to precisely identify the conjugacy classes of such elements
in the algebraic groups, to determine centralizers of representatives of these
classes, and to obtain similar information for the corresponding finite groups of
Lie type. We achieve this in Theorems 1.2, 1.3, 1.4 and 1.5 below. All that
we use from the literature above is Spaltenstein’s description of classes and
centralizer dimensions in the algebraic group A;.2; however, we interpret this
information within Cj 1, where it is quite natural and appears very much like
corresponding results for the classical groups in characteristic 2 as developed in
[11].

In the remainder of this introductory section we first set out a hypothesis
which will apply throughout this paper and introduce some standard notation;



we then state our main results. We begin with our general result on the number
of outer unipotent elements in the finite groups; we then give our detailed results
on conjugacy classes and centralizers separately for the A; case and for the Fg
and D, cases. Finally we describe the structure of the rest of the paper.

1.1 Notation

Let G be a simple algebraic group over an algebraically closed field K of char-
acteristic p; throughout this paper we shall assume that

(G,p) = (A1,2),(Dy,2), (Es,2) or (Dy,3),

with G being either simply connected or adjoint in the last case. Let H be a
simply connected simple algebraic group over K, of type Cjy1, By, E7 or Fy
respectively.

Fix a maximal torus T of G and take root subgroups with respect to Tg;
let ¥ denote the root system of G, with simple system II = {ay, ..., o, } where
r is the rank of G, and corresponding positive system Xt. For 8 € ¥, let Xz
denote the corresponding root subgroup, and zg : K — Xz be an isomorphism
of algebraic groups, so that Xg = {zg(c) : ¢ € K}; we assume the maps zg are
chosen such that the Chevalley commutator relations hold. Let U =[] gex+ Xp-
To simplify notation write ug = z5(1) for g € X.

Forj=1,...,rlet s; = 24, (1)r_q,(—1)zo, (1) be the standard representa-
tive in Ng(T¢) of the Weyl group reflection in the jth simple root. We shall
write roots as linear combinations of simple roots, with the coefficients arranged
in the form of the Dynkin diagram; thus for example, if G = Eg or Dy, the high-
est root in ¥ is denoted 12321 or 12% respectively.

Given a group A and an automorphism 6 of A, write A9 = {a € A:a’ = a}
for the group of fixed points. Let 7 be a graph automorphism of G of order p
which permutes the elements of IT; we may assume that z,(c)” = 24, (c) for all
jand all ¢ € K (the assumption on the isogeny type in the case (G, p) = (D4, 3)
is required to ensure 7 exists). Then if G is simply connected we may regard
G(T) as a subgroup of H. Elements of the coset GT which have order a power
of p will be called outer unipotent elements.

Let ¢ be a power of p, and o denote the ¢-field morphism of G satisfying
zg(c)? = xp(c?) for all B € ¥ and ¢ € K; let v denote either ¢ or o7. Then
~ is a Frobenius morphism of G. For example, if G = FEj is adjoint we have
G., = Inndiag(E§(q)), with e = 1 or —1 according as v = ¢ or o7 (where
Eg(q) = Eg(q) and Eg ' (q) = *Es(q)). Write G.r = (G,)-.

Given a group A and an element a of A, denote by a?* the conjugacy class
in A containing a; our notation for unipotent classes is taken from [11], which
extends the Bala-Carter labelling to cover all characteristics. If A is an algebraic
group, R,(A) denotes its unipotent radical, L(A) denotes its Lie algebra, and
Va(X;) denotes the restricted irreducible A-module with high weight equal to
the ¢th fundamental weight. Write U to denote a connected d-dimensional



unipotent group, Ty to denote a d-dimensional torus, and Z; to denote the
cyclic group of order d.

We conclude this subsection by observing that the proof of [4, Proposi-
tion 5.1.1] generalizes to the situation here to show that the quotient map
G(r) — G(1)/Z(QG) restricts to a bijective morphism between the varieties
of outer unipotent elements of the two groups, which induces a bijection be-
tween the outer unipotent classes; moreover Cz(g)(7) = 1, which means that
if v € G is an outer unipotent element then the quotient map induces an iso-
morphism between Cg(v) and Cg /7 () (vZ(G)). It follows that results obtained
in G on outer unipotent classes and corresponding centralizers apply equally to
any group isogenous to G (provided it admits 7 in the case (G, p) = (Dy, 3)); it
therefore suffices to treat one group in each isogeny class.

1.2 The number of outer unipotent elements

Assume (G, p) is any of the possibilities listed at the start of subsection 1.1.
Recall that Steinberg proved that the number of unipotent elements in G,
(for any connected reductive group G and Frobenius morphism «) is equal to
(|Glp)? (see [4, Theorem 6.6.1]). The following result extends this formula to
the situation treated here.

Theorem 1.1 Assume (G,p) = (A, 2), (Dy,2), (Fs,2) or (Dy,3). The number
of p-elements in the coset G,T is equal to
Gyl
|Gy

(1G.71p)*

Our proof of Theorem 1.1 shows that the conclusion also holds if we replace
G, by O? (G.), and so holds in particular when this is a finite simple group.

1.3 The A, case

Assume (G,p) = (4;,2); write n = [ 4+ 1 and take G to be simply connected,
so that G = SL,(K). We can regard G(r) as a subgroup of H = Spa,(K).
Namely, if V = V5, (K) is the natural module for H, then we can take G to
stabilize a pair F, F' of maximal totally singular subspaces of V| and 7 to be
an involution in H interchanging F and F.

Let v € G7 be a unipotent element, and let u = v?> € G. If we have
E | u=73"J. (asum of Jordan blocks) with > r; = n, then since 7 interchanges
E and F we have V | v = > Js,,. By [11, Lemma 6.2], V' | v is a sum of
indecomposables of the form W (2r;) (a sum of two singular blocks of size 2r;)
and V' (2r;) (a single non-degenerate block of size 2r;, appearing with multiplicity
at most 2). Moreover, V | u = Y W(r;) because G fixes the pair E, F of
singular subspaces. From Lemma 4.1 below it follows that no summands V' (2r;)



with r; even can be present in V' | v; so we may write
Viv=>Y WE2r)"+ Y V(2s)"
s; odd
(an orthogonal decomposition), where each ¢; < 2. Rewrite this as

Viv= > WEm)*+ > We2n)"+ D V(2k), (1)

m,; odd n; even k; odd

where the m; and n; are distinct, and the k; are in non-increasing order and
occur with multiplicity at most 2. The corresponding element u = v? € G acts
on the n-dimensional space E as

Elu= Y Jn2"+ D> L+ > Ji. (2)

m; odd n; even k; odd

In particular, even block sizes in E | u occur with even multiplicity.

It follows from [16, pp.21-24] (see Lemma 4.2 below) that any two unipotent
elements v € Gt which are H-conjugate are also G-conjugate. Hence the above
decomposition V' | v in (1) determines the G-class of v uniquely. Moreover, the
right hand side of (2) is also the Jordan decomposition of a unipotent element
ug of the orthogonal group O,,(C), and [16, p.22] gives

dim Cg(v) = dim Cop,, (c)(uo) Z 2a;, (3)
e(m;)=0

where €(m;) = 0 if there is no k; equal to m;, and 1 otherwise. The formula
for dim Co, (¢y(uo) can be found in [11, Proposition 3.7]. Namely, rewriting the
right hand side of (2) as €, J;"* we have

dim CO C) uo) Z zr + Zw‘ﬂ“g Z 7. (4)
1<J i odd

Here is our main result about outer unipotent classes in Gr. Parts (i) and (ii)
summarize the above discussion; part (iii) determines the reductive parts of
centralizers, and is our new contribution.

Theorem 1.2 Assume (G,p) = (SL,(K),2).

(i) Fach decomposition (1) represents a unique G-class of unipotent elements
in GT.

(ii) For v as in (1), the dimension of Cg(v) is given by (3) and (4).
(i1i) The reductive part of C = Cg(v) is

C/R,(C H Sp2a, (K H Inp, (K) x Zo'*°,

m; odd n; even



where
(K f 3k; =ny; £ 1
IQbi (K) _ Sp2bl( ) Zf g . n; )
Oaqp, (K)  otherwise,

t is the number of j such that k; > kj 11 +2 >3, and 0 is 1 if there exists
kj > 3 and is 0 otherwise.

We give some tables illustrating this result for n < 8 in section 6.

Theorem 1.2 yields results for the finite groups G,(r) = SL¢(q).2 just as
in [11, Theorem 7.3], where SL¢(¢) = SLy(q) or SU,(q) according as e = 1 or
e=—1.

Theorem 1.3 Assume (G,p) = (SL,(K),2) and let v be a Frobenius morphism
of G with G, = SLS,(q). Let v € Gt be unipotent and write C = Cg(v). Then
ve N G, splits into 2sHt+o G -classes, where t and 6 are as in Theorem 1.2
and s is the number of Oq, (K) factors in C/R,(C). For x in such a G.-class,
Ceq, () is an estension of D by R, where D = R, (Cg(u)) (so |D,| = ¢ ™P)

and
R = H Sp?ai(Q)X H I2bi(‘])><22t+6’

m; odd n; even
where
I (g) = § 2P2(a) 3R
05, (q)  otherwise.

Moreover, all 2° possibilities for R occur equally often among the 25Tt+9 G-
classes.

Theorem 1.3 will be deduced from Theorem 1.2 in subsection 4.5.

1.4 The E; and D, cases

Assume (G, p) = (Eg,2) or (Dg,3). Our main results here are as follows.

Theorem 1.4 Assume (G,p) = (Fs,2). Then the coset GT contains 17 conju-
gacy classes of unipotent elements under the action of G, with representatives
v1,...,v17 and centralizers given in Table 7. The conjugacy classes and central-
izer orders of outer 2-elements in the coset GT are given in Table 9.

Theorem 1.5 Assume (G,p) = (D4,3). Then the coset GT contains 5 conju-
gacy classes of unipotent elements under the action of G, with representatives
V1,...,U5 and centralizers given in Table 8. The conjugacy classes and central-
izer orders of outer 3-elements in the coset G,T are given in Table 10.

The tables referred to in Theorems 1.4 and 1.5 can be found in section 6.
Note that in the third column of Table 7 or 8 we list the Er-class or Fy-class of
each representative v;.



Layout The rest of this paper is divided into five further sections. In section 2
we prove Theorem 1.1. In section 3 we establish some preliminary results,
including the result of Fulman-Guralnick mentioned above. In section 4 we
prove Theorems 1.2 and 1.3, and in section 5 we prove Theorems 1.4 and 1.5.
Finally section 6 contains the tables for Eg and Dy referred to in Theorems 1.4
and 1.5, and also tables illustrating Theorem 1.2 for G = SL,(K) with n < 8.
At the end there is an appendix giving extra detailed information used in the
proof of Theorems 1.4 and 1.5.
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2 Proof of Theorem 1.1

In this section we assume (G, p) is any of the possibilities listed at the start
of subsection 1.1, and that 7 and  are as stated therein; we shall prove Theo-
rem 1.1. The proof we shall give is an elaboration of Steinberg’s original proof of
the number of unipotent elements of a simple group of Lie type, which was based
on the values of the Steinberg character. Here we use information established
in [5, 3.18] on values of an extension of the Steinberg character.

First assume that G is simply connected and p = 2, so that G, is SLS,(q),
07, (q) or Eg(q), with ¢ even. Abusing notation slightly we identify 7 with its
restriction to G, and form the semidirect product G, := G,(7). Define an
element x € GT to be quasi-semisimple if x normalizes a Borel subgroup of G
and a maximal torus therein. By [5, 3.18], the Steinberg character of G, can
be extended to G, and the extension x satisfies the following condition for
elements x € Gy7:

+|Cq_(x)]2 if x is quasi-semisimple,
(z) = ! .
0 otherwise.

In the following result, by a finite group of Lie type we mean a quotient by

a central subgroup of the fixed point group under a Frobenius morphism of a

simple algebraic group of simply connected type. For a group X, denote by
X @) the set of 2-elements in X.

Lemma 2.1 Let A x B be the direct product of two isomorphic finite groups
of Lie type A, B in characteristic 2, and let T be an involutory automorphism
of A x B interchanging the two factors. Form the semidirect product (A X

B)(1). Then the number of unipotent elements in the coset (A x B)T is equal
to [AB|/|Cap(7)| - |A®).

Proof Identify A and B, and write 7 = #(«, ) where ¢ is the map (a,a’) —
(a',a) (for a,a’ € A) and o, B € Aut(A). As 7 is an involution we have f = a~*



Suppose (,y)7 is unipotent, where x,y € A. Then ((x,y)7)? = (zy®,yz?) is
unipotent, so 2y®, yx? are unipotent elements of A. Conversely, given any y € A
and any unipotent element u € A, let x = u(y®)~!; then xy® = u is unipotent,
as is yz? = yul ((y*)~1)? = yuPy~'. Hence the number of unipotent elements
of the form (z,y)7 is |A| - |A®)| = |AB|/|Cap(7)| - |A®)], as required. [ |

Lemma 2.2 Let Gw be as above, and let s € G, be a semisimple element such
that Céw(s) contains a unipotent element in the coset Gy7. Then Cg_ (s) =

DR(t), where D is a commuting product of groups of Lie type in characteristic
2, R is a mazimal torus of G, normalizing D, and t is a quasi-semisimple
involution normalizing both R and a Borel subgroup of DR.

Proof As G is simply connected, Cg(s) is connected, so that Cg(s) = DR,
where D is a product of simple algebraic groups and R is a maximal torus.
We can take v to normalize R and a Borel subgroup B of D. Then Cg. (s) =

DR, where D = 0?(D,) and R = R, (see [15, 2.12]). Note that D is a

commuting product of groups of Lie type. We are assuming that C’G»W (s) contains
a unipotent element of G 7. Therefore C¢,_ (s) = DR(z), where 2? € DR. Then

Ne, (s(By) N Ne,_(s)(R) = R(t) where t is as in the statement of the lemma.
Also C@W(s) = DR(z) = DR(t). [ |

Lemma 2.3 Let s, t be as in Lemma 2.2, and write C = Cg, (s) = DR. Then
[Co®)| = [Cp(®)] - |Cr/rAp(1)]-

Proof AsC = DR, we have R/RN D = C/D by an isomorphism commuting
with ¢. Therefore, |Cc/p(t)] = |Cr/rnp(t)]. Also R is abelian of odd order,
so that R = Cg(t) x [R,t] and RN D = Crnap(t) x [RN D,t]. It follows
that Cr/rnp(t) = Cr(t)/Crap(t). In particular, Cc(t) covers Co,p(t). Hence
|Cr/rrp(t)| = |Coyp(t)] = [Co(t)|/ICp(t)], as required. u

Write Z = Z(G,). In the next two lemmas we count the elements of CAJW in
two different ways.

Lemma 2.4 We have |CA¥W\ =X + Yo + X3, where
¥ = Z \C’@7 (5)(2)|, sum over s € Gy \ Z semisimple,

2 = 12]-1G,),
X3 = |G7(2)| - |G'v(2)|-
Proof Observe that 3, is the number of elements in GAW with semisimple part

s ¢ Z, Lo is the number of elements in G, with semisimple part in Z, and X3
is the number of remaining elements in G, (since Cz(7) = 1). [ |



Lemma 2.5 We have |CA¥A,\ = A, + A+ A.+ Ay, where

A, = 2:(|C’Gw (8)]2)?, sum over s € G\ Z semisimple,

S

Ay = Z(|0Gw (s,2)|2)%, sum over sx € G., quasi-semisimple with
s

semisimple part s € G \ Z,

|Z|(|G2)%,

Ay = 2:(|C’Gw (x)]2)?, sum over x € G, quasi-semisimple of order 2.

x

%
I

Proof Let x be the Steinberg character of év- Then (x,x) = 1 implies that
|(A}’V| = deév x(9)?, and we have simply broken up the sum into the four parts
Ag, ..., Ay, where A, and A, arise from applying the usual Steinberg character
to elements of G, while A, and A, arise from applying the extended character
to elements in G, 7. [ ]

From the previous two lemmas we have
Y1+ 8+ = A+ Ap + A+ Ay (5)
Lemma 2.6 We have X1 = A, + Ay,

Proof Obviously 37 = £;' + X1” where

=) 10, ()P, B =" 1Cq (9P = 1Ca, ()P

By Steinberg’s formula [4, Theorem 6.6.1] for the number of unipotent elements
in each group Cg_(s), we have ¥1" = A,; so we need to show that X,” = Ay,

Let s € G\ Z be a fixed semisimple element and write C' = Cg_(s). As
in Lemma 2.2 we have C¢,_(s) = C(t) = DR(t). An outer unipotent element
in C(t) projects to an involution in C(t)/D, and these have the form Drt with
rt € Rt an involution. Such involutions rt are all R-conjugate to ¢, so the total
number of outer unipotent elements in the coset C't is the number in Dt times
the number of cosets Drt.

Now ¢ acts on the set of Lie type factors of D, with each factor being either
normalized or interchanged with an isomorphic factor. Let D be the universal
cover of D, so that D is a direct product of Lie type factors and we can pull
back the action of t. Then using induction together with Lemma 2.1, we see
that the number of unipotent elements in the coset Dt is equal to

D| 2
A UCs(B)2)"
[Cpr®)] 7
Write D = D/J, where J is abelian of odd order, and let J~ be the set of
elements in J inverted by ¢. Then each unipotent element in Dt pulls back



to |J~| unipotent elements in Dt, all of which are conjugate under J~. As
(ICx(1)]2)* = (ICp(t)|2)?, we see that the number of unipotent elements in the

coset Dt is equal to
|D| 9
CD t)l2)”.
\CD(t)|(| ©)l2)

The number of cosets Drt with r¢ an involution is |[R/RND|/|Cr/rap(t)| =
|C/D|/|Cr/rrp(t)|. Hence by Lemma 2.3 and the above equation, the num-
ber of unipotent elements in the coset Ct equals (|C|/|Cc(t)])(|ICp(t)]2)? =
(IC/1Cc(®))(|Cq, (s,t)|2)®. The quasi-semisimple elements sz € G, having
semisimple part s and x of order 2 are all conjugate to st. So summing over s
we obtain X" = Ay, as required. [ |

We now complete the proof of Theorem 1.1 for the cases where G is simply
connected and p = 2. By Steinberg’s formula we have Y5 = A., and hence by
(5) and Lemma 2.6, X3 = Ay. All the quasi-semisimple involutions z € ny
are conjugate to 7, s0 Ag = |G- : G | - (|G,.-]2)%. Since 3 is the number of
unipotent elements in G, 7, the result follows.

Next we relax the assumption that G is simply connected. Let G be the
simply connected cover of G. We can consider v and 7 acting on G. There is a
natural surjection G-, — OP (G,). Let X = G,/Z(G.,) = O (G,,)/Z(0" (G.,)).
Using [14, 2.3 and 2.4] we see that | Z(G.,)| = |Z(G)| - (|G4]/|O” (G.)|). More-
over, the outer unipotent elements in G, 7 invert both Z(G,) and GW/OPI(GV).
The above argument with D and D shows that both the number of outer unipo-
tent elements and the formula in Theorem 1.1 are independent of the form of G.
Indeed, in either case the number of outer unipotent elements equals |Z (C;’A,)|
times the number of outer unipotent elements in X7. We note that the theorem
also holds if we replace G by or' (G).

It remains to handle the p = 3 case of Theorem 1.1. Starting with G = Dy
simply connected this can be achieved by arguing as above with obvious changes
along the way, and this is left to the reader. (We note that the only place
requiring an analogue of Lemma 2.1 is where 7 transitively permutes the factors
in the direct product of three copies of SLo; so D = D in this situation.) The
argument of the above paragraph then gives the result when G is an adjoint
group. Alternatively, the result can be established easily from the information
given in Table 10 in section 6.

3 Preliminary lemmas

In this section we assume (G, p) = (A4;,2), (Fs,2) or (D4, 3). We shall first prove
a special case of a result of Fulman and Guralnick [6, Lemma 2.2], and then
establish some basic lemmas which combine this result with information from
[11]. In particular we count the number of G,-classes of p-elements in G.,7. For
each p-element in G7 we then introduce a parabolic subgroup of G which will
play an important role in the determination of the G-centralizer.

10



Lemma 3.1 Let X be a finite group with normal subgroup Y of index p, and
let 7 € X \'Y have order p. Then the number of X -orbits on p-elements in Y1
equals the number of T-stable Y -orbits on p-elements in Y .

Proof Observe first that if z € X then

2 is T-stable <= 2¥ =2~¥ = COx(z)NY7 #0.

Write
Py = {p-elements in Y7}, P, = {p-elements in Y with 7-stable Y-orbit}.

Then for i = 1,2 the X-orbits on P; are the same as the Y-orbits on P;; write
n; for this common number of orbits. We seek to show that ny = ns.

Take i € {1,2}; given z € X write Fj(z) = [Cx(z) N Pj|. Forz € X\ Y,
the generators of (x) are distributed in equal numbers among the cosets Y7* for
i # 0, so we have both

n; = |X\Z |X\ZZ W(yr) = |X|Z — 1)F;(yr))

rzeX yeY j=0 yey
and
\Y\
yey
whence
n; = E F;(yr).
' IYI
yey

Now take z = y7 € Y7; choose k = 1 (mod p) such that z = 2* is a p-

element, so certainly z € Cx(xz) N Y7. Thus the map g — zg is a bijection
Cy(z) - Cx(z)NYr; and g € Cy(z) is a p-element if and only if zg €
Cx(z) NYT is a p-element. Since any element of Cy () has a T-stable Y-orbit
by the initial observation, we thus have a bijection Cx (z) N P2 — Cx (z) N Py,
whence Fy(x) = Fi(x). It follows that ny = ng as required. [ |

Our next two results show (as is done in [6, 2.6]) that the finiteness of
the number of outer unipotent classes in the coset G7 follows from combining
Lemma 3.1 with the finiteness of the number of unipotent classes in G.

Let p(n) denote the number of partitions of n.

Lemma 3.2 Assume G is adjoint.

(1) If (G,p) = (A1,2), then G4 has p(l + 1) conjugacy classes of 2-elements,
each of which is T-stable.

(it) If (G,p) = (Es,2), then G, has 28 conjugacy classes of 2-elements, each
of which is T-stable.

11



(iii) If (G,p) = (D4, 3), then G has 7 conjugacy classes of 3-elements which
are T-stable.

Proof (i) We know that G has p(l + 1) classes of unipotent elements and [11,
Theorem 7.1] shows that the same holds for the finite linear and unitary groups.

(ii) The first assertion follows from [11, Corollary 17.7]. For the second
assertion we make use of the explicit information on centralizers of unipotent
classes of G(q) presented in [11, Table 22.2.3]. Let u be a unipotent element of
G, and write v’ = u”. We claim that v’ = u9 for some element g € G..

Set C, = Cg,(u) and Cy = Cg, (u'). By comparing first the sizes of
02(C,) and O2(C,/), and then the orders of C, and C,s, we see that u and
u’ are G-conjugate except possibly for the cases where u has G-class Dy, Ds,
Es or Eg(asg). In each of these cases the G-class splits into two G -classes of
equal size; so the only question is whether 7 fixes each of the two classes or
interchanges them. Now G, ; = F,(¢) contains unipotent elements of type Bs,
By, Fy4, and these elements lie in the G-classes Dy, D5, Eg respectively; so T
must fix each of these G-classes. Also if u has type Fy(a2) in Fy then we see from
[11, Table 22.1.4] that w lies in the G-class Eg(a3); moreover, a representative
for the class of u can be taken over the prime field (see the discussion at the
start of [11, Chapter 18]). So here too 7 fixes each of the classes, establishing
the claim. This completes the proof of (ii).

(iii) Here we begin at the level of the orthogonal group SOs(K'), whose unipo-
tent classes are tabulated in [11, Table 8.5a]. Those with distinguished normal
form W(1)4, W(2) + W (1)2, W(3) + W (1), W(2) + V(3) + V (1), V(5) + V(3),
V(7) + V(1) have Bala-Carter labels 1, Ay, As, Do A; = A3, Dy(ay), Dy re-
spectively, while those with distinguished normal form W (2)? (two classes),
W(1)2+V(3)+V(1), W(4) (two classes), W (1) +V(5)+ V(1) have Bala-Carter
labels (A4;%)" or (A1%)", Da, (As)" or (A3)”, D3 respectively. Now take the cor-
responding classes in G. In each of the first six cases the triality automorphism
T stabilizes a root subsystem of the relevant type, and hence the class of regular
(or in one case subregular) unipotent elements in the corresponding subsystem
subgroup; in the second six cases, however, 7 cycles the first three and the
second three classes. By [11, Theorem 3.1] the centralizer for the As class has
component group of order 2, while that for each of the other five 7-stable classes
is connected; descending to the finite group G., we see that (iii) holds. [ |

Lemma 3.3 (i) If G is adjoint, then according as (G,p) = (A1,2), (Fe,2)
or (Dy, 3) there are p(l + 1), 28 or 7 G-classes of p-elements in G,T.

(i) There are finitely many G-classes of p-elements in Gt (for G of arbitrary
isogeny type, provided G admits T in the case (G,p) = (D4,3)).

Proof Part (i) follows from Lemmas 3.1 and 3.2. For (ii) we first observe

that it suffices to assume G is adjoint by the final paragraph of subsection 1.1;
moreover we can apply [8, Proposition 1.1] to assume that K is the algebraic
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closure of the prime field. We claim that the number of G-classes of p-elements
in G7 is at most k, where k = p(l + 1), 28 or 7 respectively (later we shall see
that there are precisely 17 such classes if G = Fg and 5 classes if G = Dy). If
this claim were false, there would be at least k + 1 such classes, and we could
choose a sufficiently large power g of p such that each class had a representative
in G, where v = o for o the g-field morphism as in subsection 1.1; but this
would contradict (i). Therefore the claim holds and (ii) is established. [

Let v be a p-element in G7, and write u = vP € GG. We bring into play a
parabolic subgroup of G which contains C¢(u) and for which a certain density
statement holds. In order to do this we make use of a certain nilpotent element
e in the Lie algebra L(G). For G = A; we can view G as SL;+1(K) and let
e = u— 1. For G = FEg we use representatives of the unipotent classes of G
given in [11]; we can take u to be a product of root elements v = [Jug, for
certain 8; € X, and then u and the corresponding nilpotent element e = 3 e,
are linked (see [11, p.281 and Theorem 17.3]). For G = Dy, this is described in
[11, Lemmas 2.15, 3.13].

As is explained in [11, p.4], there is a certain 1-dimensional torus 7' in G
which acts by weight 2 on (e); by taking an appropriate simple system we may
assume for each simple root § the T-weight on (eg) is 0, 1 or 2, and we write
A for the corresponding labelled Dynkin diagram. The torus 7' determines a
parabolic subgroup P = QL, where L = C¢(T) and Q = [[ X with the product
taken over those roots 5 € ¥ for which the T-weight on (eg) is positive; thus the
simple roots of L are those with label 0 in A. We write Q)>2 (respectively Qs2)
for the subgroup [ X3 of @, where the product is taken over those roots 8 such
that the T-weight on (eg) is at least 2 (respectively greater than 2). Then for
each root element ug appearing in the expression for u, the T-weight on (eg) is
2, so that u € @>2 (see [11, (18.1)]).

If (G,p) = (Es,2), the correspondence between unipotent classes u® and
labelled Dynkin diagrams A is given in [11, Table 22.1.3]. If instead (G,p) =
(A;,2) or (Dy,3), the labelled Dynkin diagram A can be obtained from the
action of T on the natural module W = V(A1) as follows. We may as-
sume T' is contained in the maximal torus Tg of G; then the Tg-weights on
W determine the T-weights on the simple roots «;. In the A; case the Tg-
weights on W are A1, \1 — a1, A\1 — a1 — aa,...; thus if for example | = 9
and v (and hence e) acts as Js + J3 + J2, the T-weights on the individual
blocks are (4,2,0,—2,—4),(2,0,—2),(1,—1), so that the T-weights on W are
4,221,0%,—1,—22,—4, and hence A is 201101102. In the D, case the Tg-
weights on W are A\, A\ —a1,A\1 —a1 —ag, A\| —a3 —ag — a3, A\ —a; — Qo —
Qy,...; thus if for example u (and hence e) has distinguished normal form
W(2) + V(3) + V(1) and so acts as J3 + Jo® + Jy, the T-weights on W are
2,12,0%,—12, -2, and hence A is 107 .

The following lemma follows from [11, Theorem 1] for G = A;, D4 and [11,
Theorems 17.4, 17.5] for G = Eg.
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Lemma 3.4 (i) Cg(u) < P;
(ii) u® is dense in Q>a;

(11i) uQs2 is fused under the action of Q.

Our final result in this section shows that if the parabolic subgroup P is
T-stable then it is stabilized by v.

Lemma 3.5 Assume that P = P". Withv, u and P as above, we have P = PV.

Proof We have u € @>2 < P, and u? is dense in @>2. By hypothesis 7
normalizes P; thus PV = PY for some element g € G, and so Q¥ = QY and
(@)Y = (Q)9. It follows from [2] that @>2 = @ or @', since the labels in
the labelled Dynkin diagram A which determines P are 0,1,2. In either case
u € (@Q>2)" = (@>2)Y and this group is either Q7 or (Q')7.

Now dim Cp(u) = dim Cpv(u”) = dim Cpv(u) = dim Cps(u). A dimension
comparison implies that u’’ is dense in (Q>2)?. But (u9)"’ is also dense in
(R@>2)9. Therefore, (u9)P’ = u for some element p € P, so that pg € Cq(u) =
Cp(u). Hence g € P and P = P9 = PV as required. [ |

4 Proof of Theorems 1.2 and 1.3

In this section we assume (G,p) = (A;,2). Most of this section is devoted to
the proof of Theorem 1.2. Finally Theorem 1.3 is deduced in subsection 4.5.

4.1 Preliminaries

As in subsection 1.3 write n = [+ 1 and take G to be simply connected, so that
G = SL,(K); regard G(7) as a subgroup of H = Spy,(K). Let V = V5, (K) be
the natural module for H with symplectic form (, ), and write V = E ® ET,
where G acts on each of the totally singular summands E and E7. First note
that the fact that any unipotent element u € G acts on F and E” forces V | u
to be a sum of summands of type W (k). The following result justifies equation
(1) of subsection 1.3.

Lemma 4.1 Let v € Sp(V) be a unipotent element such that V | v = V(2k).

Then
Vio? = V (k)? sz: z:s even,
W(k) if k is odd.
Proof Here v acts on V as follows. Take a basis vo, vog—1,...,v1 of V(2k),

where the symplectic bilinear form is given by (v;,v;) =1ifi+j =2k +1 and
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0 otherwise. Now define v to act as

Ukgi > Uggs + Uizt +--F o (1 <i< k),
vj = vitui 2<5<k),
v — V1.

Clearly v? has two Jordan blocks of size k. The question is whether these blocks
are singular or non-degenerate (meaning that v? acts on V as W (k) or V(k)?,
respectively).

Assume first that k is even. For x € V write [z,v%] = z + 202, [2,0%]?) =
[, v?],v?], and in general [z,v?]® = [...[[z,v?],2?],...,v?], the i-fold commu-
tator. We compute inductively that for ¢ < g — 1, the commutator [vay,v?]®

is of the form
Ugk—2; + E v+ E vy
j even, 2k—2i>j>k <k

In particular,

k_
V2, 0%] 2™ = o + prvr + Y o
<k

The next commutator is then of the form

21(k
[ng,v ](2) = Vg + Vp—1 + Z V.
I<k—1

As [v;,v?] = v;_o when 3 < i <k, it follows that
[’ng,UZ](k_l) = vy + V1.

Since (vag,v2 +v1) # 0, it follows that the Jordan block for v? generated by vy,
is non-degenerate, hence is of type V (k). Also V (k) is another Jordan block
for v? of the same type and orthogonal to V(k); so V | v? = V(k)? when k is
even.

Now assume k is odd. In this case we compute inductively that for any i,
the commutator [ve;, v?] involves only terms in v; for j < 2i — 2 even. Hence
[vag, v2] =1 = vy, and so as (vag, v2) = 0, the Jordan block for v? generated by
vgg 1s singular of size k. Applying v to this block gives another singular block,
and hence V' | v? = W (k) when k is odd. For use in the next lemma we note
that [vag, ([’ng,u](kfl))”] = vk, v2"] = [vak, v2 + v1] =1 # 0. [ |

In [16, p.21], Spaltenstein views elements of G as non-degenerate bilinear
forms on E and goes on to describe the conjugacy classes with respect to these
forms. We can also view elements of G7 in this way as follows. Let v and u be
as in equations (1) and (2) of subsection 1.3. Define a non-degenerate bilinear
form (, ), on E by (e1,e2), = (e1,e2”). Let A be the partition of n determined
from the action of u on E and define a function € : N — {0, 1,w} which for all 4

15



sends

n; — w,
ki — 1,

1 if 3 k‘j =m;,
m; .
0 otherwise,

and sends all other positive integers to 0. Thus V' | v determines a pair (A, ¢€).

Lemma 4.2 Let G(r) = SL,(K){r) < Sp(V) = H as above. Then any two
unipotent elements v € Gt which are H-conjugate are also G-conjugate.

Proof According to [16, p.21], the G-classes of unipotent elements in G7 are
in bijective correspondence with the set of pairs (A, ¢€), where A is a partition
of n such that all even parts have even multiplicity, and € : N — {0,1,w} is a
function having various properties which are described on [16, p.22].

We wish to show that the function defined above agrees with the one given
by Spaltenstein. The key facts which we must establish are that if w is in a
W(2m) summand of V | v, then (w, ([w,u]™~Y)") = 0, whereas in a V(2m)
summand with m odd there exists w for which this does not hold. The latter
was established at the end of the proof of Lemma 4.1.

Consider a summand of type W (2m). The action of v is given on [11, p.92].
With a slight change of notation we see that v has two Jordan blocks of size
2m with bases x1, ..., T2y, and y1, ..., Y2m, where 1 and y; generate the blocks
and x2,, and yo,, are fixed points. One shows by induction that for i < 2m — 1
odd, we have [z;,u] = z;42+w;, where w; is a sum of terms x; for j > i+2 odd.
It follows that the Jordan block for u generated by x; has fixed space spanned
by Tom-1 = [21, u](m‘l). A similar conclusion holds for the block generated by
y1. Now u has four Jordan blocks of size m on W (2m), namely the two just
described and their images under v. It is now straightforward to check that
(w, ([w,u] ™)) = 0 for all w € W(2m).

At this point we see that the function e defined above agrees with the one
defined in [16, p.22]. Therefore, the restriction V' | v uniquely determines e.
The result follows. ]

4.2 Some special cases

The next few lemmas prove Theorem 1.2 in some key special cases. The first
lemma settles two base cases which will be needed in a later inductive proof.

Lemma 4.3 IfV | v is either W(4)+V(2) or W(4)+V(6), then C°/R,(C) =
Spg.

Proof By [11, Theorem 4.2] the full centralizer of v in Sp(V) has its connected
reductive part Sps. Therefore C°/R,(C) is contained in Sps. Suppose that
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equality holds for the case V | v = W (4) 4+ V(6). Let W = [V,v]®*). Then C
acts on W+ /W and v acts on this space as W(4) + V(2). So the equality for
W(4) + V(2) also holds.

Now consider W (4)+V (6), where G = SL7(K) = Ag with fundamental roots
aq,...,ag. We use notation as in subsection 1.1 and set v = Tu111000%011100-
One checks that u = v? lies in the class A5 412, and so has Jordan form J5+ J2.
Therefore v is necessarily in the correct class.

The labelled Dynkin diagram A corresponding to u is 101101; thus the
parabolic subgroup P = QL described prior to Lemma 3.4 has Levi factor of
type A1A;. Using notation zjx(d) = Ta,ta,+a,(d) and so forth one checks
either by hand or by the computer technique described in the appendix that

Cu(v) = {z2(ti®)zs(t1?)wsa(t2)z12(t1) w56 (t1 )23 (t1) a5 (t1) X
T9345(t3) 123 (C)Ta56 () 123456 (t4) 234 (t5) X345 (E5) X
T1234(t6)T3456 (t6)T12345 (t7) Tasas6 (t1 + t7) : ¢ € Fa,t; € K}

Then Cy(v)Q/Q = {z2(t)zs5(t) : t € K}Q/Q, a 1-dimensional unipotent sub-
group of P/Q. In addition s2s52011100(1) € Cp(t), which implies that Cp(¢)Q/Q
contains SLo = Spo, as required. [ |

Lemma 4.4 Let v € SL,(7) < Sp(V) be such that V |, v =W (2m)® for some
m, and let C' = Cgy,, (v). Then

Spaa  if m is odd,
Os,  if m is even.

C/Ru(C) ={

Proof We canregard V | v as V(2m)® Iy, < Spam ® Spaa, acting on a pair of
singular spaces of the form V(2m) ® R and V(2m) ® S. In Sp(V), the element
v is obviously centralized by the factor Spy,, and this is the full reductive part

of the centralizer, by [11, Lemma 6.7].

If m is odd, we easily obtain the result as follows. For then Lemma 4.1
implies that u = v? acts on V as (J,, + Ji') @ Iog = W(m) @ Iy, with v
interchanging the two singular blocks J,,,, J,n'. Replace the above SL,, by the
Sp(V)-conjugate which stabilizes each of the singular spaces J,, ® Iaq, Jm' @ I2q.
Then v normalizes this SL,, and since the Sp(V')-class determines the SL,-class,
v has the same centralizer in each SL,,. As v clearly centralizes an Sps, subgroup
in the second SL,,, this gives the assertion when m is odd.

Now suppose m is even. Here Lemma 4.1 shows that v = v? acts on V as
(Jm+Jdm")@12q = (V(m)+V (m)")®I2,, where this time the blocks V(m), V (m)’
are non-degenerate and interchanged by v. Let V5, be the natural module for
the factor Spo,, and choose singular a-spaces R, S in V5, such that V5, = R+.S.
Define

W=WVmeR)+(V(m)®Ss), W =(Vm)eS)+ (V(m) ®R).
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These are singular 2am-spaces in V interchanged by v. We take our group
SL,(ry = SL,(v) in the stabilizer in Sp(V') of the pair {W, W'}. The centralizer
Csr, (v) clearly contains the subgroup GL,.2 of Spy, which fixes or interchanges
the pair R, S. Hence GL,.2 < C/R,(C) < Spaq.

Next we claim that when a = 2 we have C/R,(C) > O4. So suppose a = 2
and V | v = W(2m)?. Then u = v? is in the class of J,,* in G = SL,,. We now
work with root groups in the root system of G of type A4y, —1, with fundamental

roots aq, ..., Q4m—1. Take 7 to be a standard graph automorphism of G. Write
Uijk... = Toztaj+a,t- (1), and define
/
vo= T(U1234U5678~-~U4m—7,4m—6,4m—5,4m—4) X

(U2345U6789 - - - Udm—6,4m—5,4m—4,4m—3)-

Then
(v')

U1234US678 - - - Udpm—T7,dm—6,4m—5,4m—4) X

2 _ (
(U2345U6789 .. 'u4m76,4m75,4m74,4m73) X
(U4m—4,4m—3,4m—2,4m—1 cee U4567) X

(

Udm—5,4m—4,4m—3,4m—2 - - - U3456),

which is in the class (4,,-1)* in SL,, hence is conjugate to u. Since W (2m)? is
the only Sp(V)-class squaring to u, we may therefore take v = v'. One checks
that v is centralized by the group

<$1(t)$3(t) s l‘4m_1(t), S$18385 - 8m_1:t € K> =A= Al,
and also by the element

J = 5256510 - - - S4m—2U2345UG789 - - - Udin—6,4m—5,4m—4,4m—3-

Moreover, A commutes with A7, so Cg(v) contains (A4, A7) = SO,. Since we
already know that C'/R,(C) contains GL,.2, it follows that C'//R,(C') contains
Oy, as claimed.

Now we return to the case where a is arbitrary, and argue that C'/R,(C)
contains Oy,. To see this, we can suppose that a > 2 (since if @ = 1 then C
contains GL1.2 = Oy). Write

V lv=W(E2m)?+W(2m)* 2,

and let F1, F1 be the corresponding pair of singular 4m-spaces for the first
factor, and F,, F5 those for the second. So we can take G = SLsgg, to fix
the pair Y = E; + Fy, Z = F; + F5 of singular spaces in V. By the above
claim, C'/R,,(C) contains O4 acting on Fy and F, and centralizing Fo + F5. It
also contains GL,.2 and is contained in Spa,. As the only proper overgroups of
GL,.2 in Spy, are Oy, and Spa,, it follows that C'/R,(C) contains Oa,.

Finally, we argue that C/R,(C) = Oa,. Suppose this is not the case. Then
C/R,(C) = Spas. Let T be a torus of rank a — 1 in C centralizing a subgroup
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Sps of C/R,(C), and let X be a minimal preimage of this Spy in Co(T) (i.e.
X = Cc(T)*). As above, let Y, Z be a pair of singular spaces in V fixed
by G = SLaam and interchanged by v. Then Y = Cy(T) + [V, T], and X acts
on both these subspaces. In [Y,T] there are 2a — 2 weight spaces of T, each
of dimension m, and u = v? acts on each as a single Jordan block. As X acts
on each weight space, centralizing the action of u, it follows that X induces a
unipotent group on each weight space, and hence that X acts trivially on [Y,T.
Now consider Cy (T'). The fixed point space of T on V is Cy(T) + Cy (T)", a
non-degenerate 4m-space on which v acts as W (2m). Moreover Cg(v) induces
Spe modulo its unipotent radical on this space. Hence we have reduced to the
case where a = 1.

So assume that a = 1. Next, we further reduce to the case where m = 2.
Regard V' | v as V(2m) ® Va, with v trivial on Va. Here v € Sp(V(2m)) acts on
the first factor and is centralized by Sp(V2) acting on the second factor. First
note that, given our supposition, C induces Sps on each C-composition factor
of V. This is because C' covers Sp(V2) modulo R, (Cg,cv)(v)) and Sp(V2) acts
homogeneously on V.

Let R, S be singular 1-spaces in V5 as before. There is an involution ¢ €
Sp(Va) interchanging R and S. Then ¢ = ot interchanges the two singular
spaces W = V(2m) ® R and W/ = V(2m) ® S. Also t centralizes Sp(Vay,)
and therefore ¢ induces a standard graph automorphism of G = GL(W). Also
(vt)? = v*t? = u, which induces Jm? on W. Hence we may replace v by & = vt,
and take G = GL(W) with 7 = ¢. Then our supposition implies that C' = C¢ ()
has reductive part Sps which acts on each C-composition factor as a natural
module.

Let F' = Cy(2m)(v), a 1-space. Then Cy (v) = F ® V3. As t commutes with
v, we see that £ acts on Cy (v)1/Cy(v) = (F+ @ V2)/(F ® V2). As 9% = u, the
element which o induces on V(2m — 2) @ V4 is in the class W (2m — 2), and still
has Sps in the reductive part of its centralizer in GL(V (2m—2)® R). Repeating
this argument, we end up with an element in the class W(4) in Spg, lying in
GL4.2, and such that its centralizer in GL4 has reductive part Sps. Thus we
have now reduced to the case where m = 2.

Now observe that SL4s.2 = Og, and v is in the class V(4) + W(1) of Og.
Indeed this follows from [11, (4.4) and Theorem 4.2], since v is an outer unipotent
element of order 4 centralizing a 71 < SL4. But then [11, Theorem 4.2] also
shows that Cso,(v)/Ru(Csos(v)) = Oz rather than Spy for this class. This
final contradiction completes the proof. [ ]

Lemma 4.5 Letv € SL, (1) < Sp(V) be such that V | v =W (2m)*+V (2m=£
2) with m even, and let C = Cgr,, (v). Then C°/R,(C) = Spag,.

Proof We know by Lemma 4.4 that C/ R, (C) contains Og,, and it is contained
in Spy, since this is the reductive part of the centralizer of v in Sp(V) (see [11,
Theorem 4.2]). Hence it is enough to show that C'/R,(C) contains a long root
group of Spa,, and for this it is sufficient to consider the case where a = 1. We
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do this by induction on the dimension of V, the base cases W(4) + V(2) and
W(4) + V(6) being handled by Lemma 4.3.

Assume first that V' | v = W(2m) + V(2m + 2) with m > 2. We take
G(1) = SL(R)(v), where R, R’ are maximal singular spaces in V interchanged
by v, and V = R+ R". Then dimR = 3m + 1, and v = v? acts on R as
Jmt1+Jm?. We work with root groups in the root system of G of type As,,,, with
fundamental roots ay, . .., a3,,. Taking 7 to be a standard graph automorphism,
and ertlng Uijk... = $ai+aj+ak+...(1), define

A
V' = T(U123Ua56 - - U9 31, 3m) (U234USGT - - - Usm—4,3m—3,3m—2)-
One checks that
! AV
u = (U ) = (U234U567 - - - UM —4,3m—3,3m—2

) %
-1
U345UETS - - - U3m—3,3m—2,3m—1) X

-

U123U456 - - - Udiy 2, 3m—1,3m) ) X

~—~ o~ o~

U123U456 - - - ugm—Q,gm—Lgm)-

Then u' = (v')? is in the class A,,(Am_1)? of G, hence is conjugate to u. So we
may take v = v’ and u = u’. Let T be the 1-dimensional torus described in the
discussion preceding Lemma 3.4 which acts with weight 2 on each root element
e;jr corresponding to a root group element w;j; appearing in the expression
for u. The corresponding labelled Dynkin diagram A has label 0 on the nodes
Qo,Qs5,08, .. .,03,_1 and 1 on the other nodes. Let P = Q)L be the parabolic
subgroup of G determined by A, such that L = C¢(T") and @Q is the product of all
root, groups for a maximal torus in L having positive T-weight. By Lemma 3.4,
Ca (u) < P.
For c € K, define

t(c) = x_2(c)r_5(c)r—s(c) ... T_3m-1)(c),

a root element in a diagonal A; subgroup of L. We shall see that this element
can be adjusted to centralize v. Setting

r(c) = wsa(c)zer(c) ... Tam _g 3m _5(c),
one checks that

pt@re) — VI 3m 3m 4 (c).

Then v*I7()s(d) — 4 where s(d) = Uz (d)uzp 4 (d) and d* = c. Tt follows
that CQ/Q contains a root group of a diagonal A; of the Levi factor. Now
CQR/Q < Ce(u)Q/Q which is A;Ty by [11, Theorems 1 and 3.1]. Therefore
CQ/Q contains (Oq,t(c) : ¢ € K) = Spa, as required.

Now consider the case where V' | v = W(2m) +V(2m — 2) with m > 2. The
argument is very similar to the above. Here u = v? acts on the singular space R
as Jy_1 + Jm2. Working in the root system of G of type Asm—_2, we may take

v = T(u123U456 - - ~U3m—5,3m—4,3m—3)(U345u678 e U%m_g,%m_Q,%»,,L_l)-
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The 1-dimensional torus T has labelled Dynkin diagram A with label 0 on the
nodes ay, a4, a7, ..., 03,9 and 1 on the other nodes. Write P = Q)L for the
parabolic subgroup determined by A as above. Define

He) = -1 (Ar—a()a—1(0) ... 7 (3m_3)(c)

and
r(c) = xa3(c)xs6(c) . .. x%_4,%_3(c).

Then
t(e)r(e) — 40 .
v = VTam g 3m(C).

Finally, v*(©)7(9)s(d) — 4 where s(d) = Tam 1 (d)zsn (d) and d* = c. As before
this yields the assertion, completing the proof. [ |

Lemma 4.6 Let v € SL,(t) < Sp(V) be such that V. | v = W(2m)* +
S V(2k;)% with m even, k; # m £ 1 for all i, ky > ko > -+, and ¢ 2
for each i. If C = Cgr, (v), then C°/R,(C) = SOq,.

Proof Lemma 4.4 implies that C°/R,(C) contains SOs,, and it is contained
in Spa, since this is the reductive part of the centralizer of v in Sp(V'). Hence
C°/R,(C) is Spay or SOy,. We proceed by induction assuming V' is a coun-
terexample of minimal dimension. That is, suppose that C°/R,(C) = Spa,.

If a > 1, let T,_; x Ty be a maximal torus of SOs, (acting on W (2m)2?)
such that T, 1 < 809,29 and T1 = SOs. Then Co(T,—1) acts on Cy (T,—1) =
W(2m)+>_ V(2k;). Also Cc(T,—1) contains T; and has a quotient of type Sps.
So by restricting to Cy (T,—1) it is enough to obtain a contradiction for the case
Vi3iv=W(2m)+> V(2k;)% with C°/R,(C) = Sp,.

In the course of the proof to follow we will produce certain sections A/B of
V on which v and C' act, and then contradict minimality. We note the reductive
part of the action of C will still contain Sps, provided the summand W (2m) is
not contained in B. This follows since a maximal torus of C' acts without fixed
points on W (2m) (and acts trivially on all other summands).

Assume that m > 2. If J is a Jordan block for v of size greater than
2 in the above decomposition, then [J,9]® = [J,u] has codimension 2 and
Cy(u) has dimension 2. The quotient is a section of J of dimension 4 less
than that of J. Now do this for all of V. Let X = [V,v]®® = [V,u] and
Y = Cy,y)(u). Then C acts on X/Y, a non-degenerate space such that (X/Y) |
v=W(2m—4)+> V(2k;—4)%, where the sum is over those ¢ for which k; > 1.
Moreover, C° contains a factor Sp, in its action on X, which contradicts the
minimality of dim V. Hence we reduce to the case m = 2, where by hypothesis,
k; # 1,3. Therefore, we now have V | v = W(4) + > V(2k;)%, with k; > 5 for
each 7.

If k&1 > 5, we can again use the inductive hypothesis to get a contradiction.
Indeed, let W = [V,0]*1=2) Then W = Cy (ak,)e: (1) is a sum of ¢; Jordan
blocks Jo for v in V(2k;)¢. Now consider the action of v on W+ /W. There
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is a complication if k; — 2 = ko and ¢; + ¢ > 2. If this does not occur, then
we contradict the minimality of dim V. So consider the exceptional case where
(WEH/W) L v=W(4)+ W(2ky) + V(2ky)rte2=2 4 > iso V(2k;)%. The proof
of Lemma 4.4 shows that the centralizer of the induced action of v contains
subgroups E = Spy and O, acting faithfully on W (2ky) and W (4), respectively,
and acting trivially on the remaining factors. As these groups commute, the
reductive part of the centralizer of the induced action of v is Sps x Spy with
C° covering one of the factors and E covering the other. So if D is a maximal
torus of E, then the centralizer of D acts on [W+ /W, D] and has reductive part
Sps. Hence we obtain a smaller counterexample on a space where v acts as
W(4) + V(2kg)rTe2=2 4 3., V(2k;)“.

The final case to consider is that where V' | v = W (4) 4+ V(10)®. Here we
set S = [V,v]®), a maximal singular subspace of the summand V(10)¢. Then
(S+/S) | v = W(4) and C acts such that the reductive part of the induced
action is Sps, contradicting Lemma 4.4. [ |

4.3 Connected centralizers in Theorem 1.2

We now start work on the proof of Theorem 1.2 in general. Thus we continue
to assume G = SL, (K) with G(r) < Sp(V); let v € G, and as in (1) write

Viv= Y WEm)+ > We2n)"+ Y V(2k),

m; odd n; even k; odd

where the m; and n; are distinct, and the k; are in non-increasing order and
occur with multiplicity at most 2. Let C' = Cg(v) and C = C/R,(C).

We now identify the connected reductive group C°. This contains [ Spaa, X
[15035, by Lemma 4.4, and is contained in [ Spaq, X [[ Spap,; (since this is the
connected reductive part of the centralizer of v in Sp(V)). So

C° = HSPQai X HI2b,37

where each Iap, is Spap, or SOap,. Let T bhe a maximal torus of the product of
all factors of C° apart from I, , and let C; = Co(T™). Then C? /R, (C;) &2 Iy,
and C; acts on Cy (T™), which is just the space W (2n;)% + 3 V(2k;). Hence
by Lemmas 4.5 and 4.6, we have I, = Spy, if there exists k; = n; £ 1, and
Isp, = SOsqp, otherwise. Hence C° is as in the statement of Theorem 1.2(iii).

4.4 Component groups of centralizers in Theorem 1.2

Continuing with the notation of the previous subsection, to complete the proof of
Theorem 1.2 it remains to find the component group C/C° of C = Cg(v). This
is given in [16, p.24]. However, there is a small error there, so we shall offer an
independent proof. Let v and u be as in equations (1) and (2) of subsection 1.3
and let A and € be as described in the discussion prior to Lemma 4.2.
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Let us first explain the assertions and the error in [16, p.24]. Relabel the
partition of n given by (2) as (A1, A2, A3,...) with Ay > Ag > -+ s0 E [ u =
> Jx,- Then the component group C/C*° is the abelian group generated by a
set of involutions {a; : €(\;) # 0}, subject to the following relations: a;a; = 1
if Ay =Aj,orif Ay = A+ 1, orif A; is odd and A\; = A\j; + 2; and also a; = 1 if
A; = 1. The error in [16] is that the last relation is omitted. One checks that this
description of the component group agrees with the one given by Theorem 1.2.

We now present our proof that the component group C/C° is as asserted
in Theorem 1.2. As before, regard SL,.2 = SL,{7) < Spay,, where 7 is the
standard graph automorphism of G = SL,, with respect to a fixed root system.
Let V be the natural module for Sps, and write V = E & E™, where G = SL,
acts on each of the totally singular summands. Recall that we have a non-
degenerate bilinear form ( , ), on E, where (eq, ez2), = (e1,e2").

Let S < E. Then S is a singular space under the form ( , ), if and only if
S + Sv is singular in V. Let Stv denote the annihilator in F of S under (, ),.

Let v € Gt with u = v2. Write V | v and E | u as in (1) and (2),
respectively. We shall see in Lemma 4.9 to follow that the proof ultimately
reduces to the case where V' | v is distinguished. That is,

Viv= Y V(2k)

k; odd

and thus
Elu= Y Jy,

ki odd

where for each 7 the Jordan block J, can be taken such that Jy, + Ji,” =
V' (2k;). This follows from the proof of Lemma 4.1 and the classification of outer
unipotent elements.

In this situation we choose a Levi subgroup L with respect to the given root
system such that L' =[] Ag,—1. Let wg be the long word in the Weyl group of
G, and for each i let w; o be the long word in the Weyl group of Ay, 1. Define

Y= T?U()Hwi’o. (6)

Then « induces a standard graph automorphism on each Ay, _1.
For k; > 1, let Ag,—; have fundamental system o 1,...,0q4%,—1, and let
T = Ui1...Uu; k-1, Where u; ; is the root element x;;(1). If v = yzqze. ..,
' T2

then (v')? = ujusy ..., where each u; is a regular unipotent element in Ay, ;. It
follows that v’ is conjugate to v and so we can assume v = v’ and u = ujus ...
in the following. Notice that [[Ca,, ,(v) < Cg(v). Further, for each pair k;,
kj, if we view Ak,;—lAkj—l < Aki“l‘kj_l? then CAki+kj71(1))o < C(;(U)o.

Lemma 4.7 Assume V L v =73, 44V (2k;) and let notation be as above. If
k; > 1, then Ca, _,(v) = Ur;—1.2, with the component group generated by u,;.
i 7
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Proof  Simplify notation by considering A, for r even and v = Tu;y...uz
squaring to a regular element u € A,. Then setting u = v?, we see that
E | uw=J is a Jordan block of size r + 1 and the dimension formula (3) gives
Ca,(v)° = Uz. (This can be proved directly. Namely, C4, (u) is equal to U,,
an abelian group. The map ¢ : U, — U, sending d — d” = d” has its image in
its kernel which is Cy, (v). This implies that dim C, (v) > §. The rest of the
argument below will give the equality.)

Proceed by induction. The base case r = 2 is an easy calculation, so assume
r > 2. Let Xg be the root subgroup corresponding to the highest root 3 =
11...11. Then Xz < Cg(v) and v acts on P = Ng(Xg) = QL, where L' =
147«_27 Ql = Xﬁ, and CQ/Q/(’U) = <$11...110(C)$011...11(C)Q/ 1 Cc € K> HOWQVGI‘,
(2511...110(0)55011...11(C))U = CU11...110(C)$011...11(6)55111“.11(0)7 so that CQ(U) =qQ'.

Now pass to P/Q where uQ = (vQ)? is a regular unipotent element in
LQ/Q = A,_5. Inductively, Crq/q(vQ) = U%z.Q, with uQ generating the
component group. Then Cg(v)Q < Cp/o(vQ), so the assertion follows by
induction and the previous paragraph. [ ]

Lemma 4.8 Assume V | v =}, 14V (2k;) is distinguished. Then Cg(v) =
Ca(v)°(u; + k; > 1) and Ca(v)/Cq(v)° is abelian of exponent at most 2.

Proof The assertion follows from Lemma 4.7 if V = V(2k) with k; > 1. And
if V. =V(2), then G = 1 and again the assertion holds. So now assume there is
more than one summand and set W = Ji,, where Ji, + Ji,” = V(2k;). That
is, Ji, is non-degenerate under (, ),. Let D = Cgr(py(u) and M = WP. Then
M = SU N, where N consists of the non-degenerate Jordan blocks of v on F
and S consists of the blocks with nonzero radical. So N is open and dense in
M. As D is connected, M is irreducible.

We claim that C = Cg(v) is transitive on M. Suppose J, J' € M and write
E=J1X=J 1LX". Then R=J+J"and R’ = J' +J'" are non-degenerate
in V of type V(2ky).

We next consider the action of v on R. To simplify notation for just this
paragraph we will regard V' = R = V(2k;). In the proof of Lemma 4.1 we gave
a basis B = {vak,,...,v1} with corresponding inner products, and the precise
action of v and corresponding action of u on a pair of maximal singular spaces
interchanged by v. One singular space is the Jordan block of u generated by
vgk, ; the other is its image under v. By [11, Theorem 4.2] the reductive part
of Z = Cgp(ry(u)® is a 1-dimensional torus. The 1-dimensional tori of Z are
all conjugate and each determines a unique pair of totally singular spaces. One
such torus determines the pair J, JY. Therefore, conjugating by an element
g € Z, we can carry the above basis to the action of v9 on R with J, J" being
the singular spaces interchanged by v9. Then there exists k € SL(J) such that
v = v9%. Therefore there is a basis B9* of R such that the action of u on .J, the
action of v on R and the form on R are precisely as in the proof of Lemma 4.1.

Returning to the general case, a corresponding basis exists for R’ = J' 4 J'".
Write V = (J + J°) L (X + X?) and similatly V = (J' + J'*) L (X’ + X"").
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Decompose X +X? and X'+ X'" and repeat the above argument. An application
of Witt’s theorem then yields an element y € Cgpvy(v) sending one basis to
the next. In particular y sends J to J' and also J + X to J' + X', and hence
y € GZ, where Z is a torus inverted by v. As y centralizes v, we have y € C
and the claim follows.

Now taking W € M, the orbit W is open in its closure in M. The
closure must be M, as otherwise M would be a union of finitely many such
orbit closures. Hence WS is open dense in M. There are only finitely many
such orbits (since C is transitive on M and C/C° is finite), so each must be
closed as well. But this also contradicts irreducibility, unless C° is transitive on
M. Hence, C° is transitive on M = W and we can write C' = C°Stabg(W).
Writing £ = W 1, Y we have Stabg(W) = Cw x Cy, where Cy is the
centralizer of v in SL(W) viewed as a subgroup of Sp(W +W") = Sp(2k;), and
Cy is the centralizer of v in SL(Y) < Sp(Y +Y"). Lemma 4.7 and induction
now yield the result. [ ]

Lemma 4.9 It suffices to establish Theorem 1.2 when v is distinguished in

Sp(V).
Proof By Lemmas 4.4, 4.5, and 4.6
C/R.(C) = H Sp2a, % H Loy,

m; odd n; even

where oy, = Oagp, or Spap, .

Write V =V, + Vy, where V. | v = Y. W (2m;)% + S, W(2n;)% and V; =
> V(2k;). Let Ty be a maximal torus of C = Cg(v), so that Ty projects to a
maximal torus of C°/R,(C) and a Frattini argument gives C' = C°N¢(Tp). By
Lemma 4.4 we can choose T to act trivially on Vy. Then V; = [V, Tp] so that
N¢(To) = N x Ng, the induced actions on V.. and Vj respectively.

Moreover, N¢(Tp) permutes the homogeneous components of the action of
To on V. Each such component is invariant under the action of v, so N¢(Tp)
permutes components on which v has Jordan blocks of a given size. It follows
that N¢(Tp) preserves the decomposition V. = > V;, where each summand is
one of the W (2m;)% or W (2n;)% summands and Ty is a corresponding product
of subtori, each acting on a single summand (of dimension 4m;a; or 4n;b;).

For each ¢, the group N¢ (7)) acts on the maximal singular spaces E; = V;NE
and E;”, and we let N; denote the restriction of N4 to the summand V;. Then
N¢(Ty) = Ne x Ng and N, = [[N;, where N; = NCSL(Ei)('U)(TO)' Also, Ny
centralizes Ty, since Ty acts trivially on V.

It follows from Lemma 4.4 that for each ¢ we have N; /R, (N;) = T;Z2"* Symy,
or T; Zo" Symy, as appropriate, and that N;i/(NiNCsr(g,)(v))° has order at most
2. (It may happen that the order is 2 but N; < C° due to Lemma 4.5.) Also
Lemma 4.8 shows that Ng/N;° is elementary abelian. Therefore C/C° is ele-
mentary abelian. Since C°/R,,(C) is a product of symplectic and special orthog-
onal groups, each normalized by N¢(7p), we have C/R,(C) = [],,.. oaq SP2a; X
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1., cven I20; X Z, where Z is elementary abelian. A Frattini argument shows that
Z is covered by the component group of Co(Tpy). Now Ceo(Tp) acts on V. and
V4 so that Cc(To) =C.xC4=0C,x Ngy. Also Cc(To) NC° =T, x CRu(C) (Tg),
which is connected. Moreover C., is connected as it is contained in R, (Ng)Tp.
It follows that Z is isomorphic to the component group of Ny which thus lifts
faithfully to the component group of C. The result follows. [ ]

In view of Lemma 4.9 we now assume V | v to be distinguished. Therefore,
VIiv=3 oaa V(2ki)and E L u =37, 44 Jk;, where Jy, + Ji,” = V(2k;) for
each i. Then Cg(v) < Cgp(v)(v) is a unipotent group.

We first settle a few small cases which will be needed in inductive arguments
to follow.

Lemma 4.10 Assume (G,u) = (SLy, J3+J1), (SLe, Js+J1) or (SLg, J3+J3).
Then Cg(v)/Ca(v)° = 1, Zy or Zs, respectively. In the latter two cases the

component group is generated by the image of uy, and in the last case u €
Cc;(v)o.

Proof In the first case we can consider SL4(7) as Og. Then v is an outer
unipotent element of order 8. Using [11, (4.4) and Theorem 4.2], we see that the
component group of Co,(v) is Z3 (generated by v), so Cg(v) is connected. For
the other two cases G = SLg and we will determine the centralizers explicitly.

In the notation given in the paragraphs preceding Lemma 3.4, the labelled
Dynkin diagram A corresponding to the Jordan decomposition J5+ J; is 22022;
let P be the parabolic subgroup determined by A. Set v = Tuzusuq, so that u =
v? = ugusaususuy. A direct check shows that u does have Jordan decomposition
Js + J1, so this forces V' | v to be distinguished of type V(10) + V (2).

By Lemma 3.4, Cg(v) < Cg(u) < P. From the form of v it is immediate that
Cpio(v) < TgXa,Q and as Cg(v) is unipotent, this forces Cq(v) < U. Using
the computer program described in the appendix we find that Cy(v) consists of
all elements

z1(Q)ws(Q)za(Q)za(Q)12(t)as (t)xsa(Q) @123 (t2) T345(t1 + t2) X
Toga(t1 + t2)x1234(Ct1 + t12 +t + t2)$2345(t12)$12345(t3),

where ( is in the prime field and t1, t5, t3 range over K. Working modulo @ we
have Cp,q(v) < TgUs, where Us is a connected unipotent group of dimension
3. From this it is easy to see that Cg(v) < Q. From the expression above we see
that Cg(v)° = Us and this is the group obtained from taking ¢ = 0. Therefore,
Ce(v)/Cq(v)° = Zs as asserted.

For the last case the labelled Dynkin diagram A corresponding to the Jordan
decomposition Js + Js is 02020; let P = QL be the parabolic subgroup deter-
mined by A. Let v = TUO0100U11000U01100 SO that u = ’1)2 = U3U45U34U3UI2U23 =
Ug5U345U34UT2U23 lies in Q. Note that © = u% = (ugqui2)(ussuzs) which is
clearly of type Js + J3. However this does not by itself determine the class of
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v, since both types W (6) and V(6)? have square in the class of u. This will be
settled shortly. Here we find that Cp(v) consists of all elements

z1(t1) s (t1) 22 (Q)za(Q)xs(t1)z12(t2)@as (t2)x23(Ct1 + ¢ + t2)x34(Ct1 + t2) X
T193(ta® + t2) w345 (t2?) T34 (t3)T 1234 (t4)Ta3a5(Cla + to + t4)T12345(t5),

where ( is in the prime field and ¢, . . . , t5 range over K. Therefore Cg(v)° = U,.
If v had type W(6), then in view of the dimension information and Lemma 4.4
it would follow that Cg(v)° = UySps. Now Cg(v) < Cg(u) < P. Further
Ca(u)/Co(u) = SLy,. With x as above, x is centralized by the untwisted
diagonal Ay = (x1(t)xs(t)xs(t), z—1(t)x_3(t)x—_5(t) : t € K) in the Levi factor,
so that u is centralized by this group conjugated by us. However, v does not
centralize this group modulo Q). Therefore V' | v is indeed distinguished of type
V(6)? and the dimension formula implies that Cg(v)° = Us.

Now Cg(v) = Cp(v) normalizes Cq(v)°Q/Q = (r1(c)zs(c)zs(c) : ¢ €
K)Q/Q. As Cg(v) is unipotent and normalizes Cq(v)°Q/Q it follows that
Ca(v) = Cy(v). Therefore, Ci(v) has component group Zs, generated by
w1 = ugzgs. Also u € Ca(v)°. [ ]

The next two results will be used in certain inductive arguments.

Lemma 4.11 Assume that S < Cg(u) is singular under (, ),. Set E = S*+/S
and V = (S + S)L/(S + 8?). Then Stv = EN(SY)*, and the following hold:

(i) there is a natural embedding E <V as a mazimal totally singular subspace
(under the induced symplectic form) such that V = FE 4+ E";

(ii) Ps = stabg(S) N stabg(S*+) is a v-invariant parabolic subgroup of G
which acts on each of V, E and E";

(iii) there is a v-invariant factor of Ps/R,(Ps) which induces SL(E) on each
of E and E".

Proof Forse Sandec€ E,

(s,€)p = (s,€") = (s",e") = (s",e) = (e, "),

so that S*v = E N (SY)Y. Therefore S*v = EN (S + S?)* and this yields an
embedding E < V. Taking images under v we obtain (i).

From the previous paragraph, stabg(S+v) = stabg(EN(S?)*1) = stabg(S?).
Therefore, stabg (S) Nstabg (S1+) = stabg(S) Nstabg(SY) = Ps is a v-invariant
parabolic subgroup of G. Also Pg acts on V and stabilizes E and E¥. Moreover,
Ps' has a v-invariant Levi factor inducing SL(E) on E. Parts (ii) and (iii) now
follow. [ ]

Lemma 4.12 Assume V | v =37, 44 V(2k;) is distinguished and E | u =
Zki odd Jki» s above. LetY < E be a sum of some of the blocks Jy, with k; > 1
and let S = Cy(u). Then S is singular in E with respect to (, )y, and with
notation as in Lemma 4.11 the following hold:
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(i) ELu=3 cqqi. (an orthogonal sum under ( , ),), where l; = k; —2
or k;, according to whether or not J,, <Y;

(ii) V | v =">V(2l;) (an orthogonal sum, possibly not distinguished).

Proof The summands in Y have the form Jj, for k; > 1. It follows that for
each i the fixed space of u on Ji, + Ji,” = V(2k;) is singular, and as Y + Y is
an orthogonal sum of such spaces, S + S = Cy 4y~ (u) is singular in V, which
means that S is singular in E with respect to (, ),. The result now follows from
Lemma 4.11. Note that V | v is distinguished if and only there do not exist
distincet ¢, j, k with {; = {; = I, which by (i) may or may not be the case. H

Lemma 4.13 Suppose k is odd, E } u= J, + J, and V | v =V (2k) + V(2k).

(i) If k =1, then u € Cg(v) = Ce(v)°, a 1-dimensional unipotent group.
(i1) If k > 3, then u € Cg(v)°. Also, Cq(v) = Usgg—1.2.

Proof (i) Here G = SLs, so that v induces an inner automorphism of order 2
(as v is distinguished) and Cg(v) is a 1-dimensional unipotent group. For (ii)
consider Ay_1A;_1 < Ag—1. With notation as in (6), we may write v = yzy 2,
where z; = u; 1 ... U ko1 for i = 1,2. Then v? = uyus where up,us are regular
unipotent elements in the corresponding Aj_; factors.

There is an element s € Cg(v) such that uy ;° = ug; for each j. Then
u1® = ug so that [ug,s] = u3 " luz = w mod Cg(v)° by Lemma 4.7. Now
Lemma 4.8 implies that u € Cg(v)°.

The dimension of C¢(v) is 2k — 1, by the formulee (3), (4) in subsection 1.3.
Hence to complete the proof it suffices to show that u; ¢ Cq(v)°. We proceed
by induction. Lemma 4.10 gives the assertion for £ = 3. Assume k& > 3 and
consider the parabolic subgroup P = stabg(Cg(u)) N stabg(Cr(u)**). By
Lemmas 4.11 and 4.12, P = QL is v-invariant and V | v = V(2k—4)+V (2k—4).
Also, L' = A1 Ag,_5A; and uQ € Asgp_s5 has type Jy_o + Ji_o on the natural
module E for As,_5. Inductively, u1Q ¢ Cas s0/0(v)°. On the other hand
Ca(v)°Q/Q < Crgq(v)°, so this gives the assertion. [ |

Lemma 4.14 Suppose E | u = Jx19 + Jx with k odd. Then

(i) ue Cq(v)°;
(i) if k> 1 then x1 ¢ Ca(v)°.

Proof Proceed by induction. The base case F | u = J3 + J; is settled in
Lemma 4.10, so assume k > 3. Here Cg(u) < P where P is determined by the
labelled Dynkin diagram 2020...202 (see the discussion prior to Lemma 3.4).
Then P is r-invariant and Lemma 3.5 shows that this parabolic subgroup is also

invariant under the action of v. Letting Q = R, (P) we see that Z(Q) = Us,
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a root subgroup. Then Cg(U,) = P = QL, a v-invariant parabolic subgroup
containing ]5, with L' = Asp_1. So uQ = ujus@ has type Ji2 on the natural
module for Asi—1. Then dim Cr/(vQ) = 2k — 1 whereas dim Cg(v) = 2k.

Now @/Q’ has the structure of the sum of a natural module for L’ and its
dual, with the terms interchanged by v. Therefore the fixed space of u has
dimension 4 and the fixed space for v has dimension 2. Denote the latter space
by F/Q'.

We claim that [v, F] = @’. To see this consider just the factor Ag41.2 and
the element Tu;. Using a similar argument to that in the first paragraph we
obtain a parabolic subgroup P= Qf/ which is the normalizer of a root subgroup.
Then C@/Q/ (v) consists of all elements of form X (¢) = 211 110(¢)Z011...11(c) for
¢ € K (root elements relative to the Ay system). As in the proof of Lemma 4.7,
X(¢)” = X(¢)z11..11(c). Since Q < @, the claim follows.

By the claim, the map f +— [v, f] from F to @’ is surjective, so Cg(v)
has dimension 2. Moreover F/Q’ is the direct product of the groups (X (c) :

c € K)Q'/Q' and Cr(v)Q'/Q’, so it follows that Cr(v) is connected, whence
Cg(v) = Ua, a connected unipotent group of dimension 2.

Let X/Q = Cg(v)°Q/Q and Y/Q = Crig/q(vQ). It follows that X/Q has
codimension 1 in Y/@Q and hence is normal. The proof of Lemma 4.13 shows that
there is an element sQ € Cp/g/q(vQ) such that [sQ,u1Q] = u@Q € Y/Q. As the
component group of Cr.q,q(vQ) is generated by x1Q, we may take sQ € Y/Q.
But Y/X is a 1-dimensional unipotent group and hence is centralized by z1Q.
It follows that u@ € X/Q so that u € Cg(v)°, proving (i). Part (ii) now follows
using induction and Lemma 4.13. [ ]

Lemma 4.15 Suppose E | w = Jy, + Ji, with ky > ko +2. Then

o | Zax 2y ifky > 1,
Cav)/Cav) —{Zj k1

Proof Proceed by induction. If ko > 1, let
P = stabg(Cg(u)) Nstabg(Cr(u)™),

which by Lemma 4.11 is a v-invariant parabolic subgroup. Then P = QL where
L' = A1 Ak, +5,—541. Lemma 4.12 implies that u@ has type Jg, 2 + Jk,—2 on
the natural module E for Ay, 1r,—5, and V | v =V (2k; — 4) + V(2ko — 4). If
ko > 3, then inductively the component group is Zs X Z5, so Lemma 4.8 implies
that the same holds for C.

Suppose that ks = 3. Then induction shows that the component group
modulo Q is Zs, generated by w1 @), whereas us@ is trivial. In particular uy,u ¢
Ca(v)°. Let Py = stabg(S)Nstabg(S1+) where S is the fixed space of u on J, .
Now consider the quotient S+ /S and repeat the process until one arrives at a
Levi factor of type A5 where the image of u has type J3 + J3. It follows from
Lemma 4.13 that the image of us is not contained in the connected centralizer
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of the image of v. Hence us ¢ Cg(v)°, which together with the above yields the
assertion.

So now assume ko = 1. Here we must show the component group is Zs.
Let P, be as in the second paragraph. We again obtain the result inductively,
provided k; > 5; otherwise the hypothesis does not hold in the quotient space.
So we are reduced to the case E | u = J; + J;, where Lemma 4.10 gives the
assertion. [ |

We can now complete the analysis of the component group in the distin-
guished case, which, in view of Lemma 4.9, is all that is required.

Lemma 4.16 Theorem 1.2 holds if V | v =73, 44V (2ki).

Proof Here E | u = >, Ji,, where the k; are odd and in non-increasing
order. There is an equivalence relation generated by the condition that k; and
k; 11 are related (linked) if either k; = k; 1 or k; — k;p1 = 2.

Let C = Cg(v). Then it follows from Lemmas 4.8 and 4.7 that C/C° is
generated by commuting elements s; = u;C° where k; > 1. Lemmas 4.13 and
4.14 show that s;s;11 = 1 if k; and k;41 are linked. Also, if k. = 1, then any k;
linked to 1 satisfies u; € C° by Lemmas 4.14 and 4.10.

If C; is one of the equivalence classes (linkage classes), then wju,, € C° if
kj, km € C;. So we must show that a product of terms u; is in C° if and only if
it has the form cics ..., where each ¢; is a product of an even number of terms
u; for k; € Cy, or any product of terms w; if k; is linked to k, = 1.

We show by induction on dimV that there are no other relations. This
will establish Theorem 1.2 for the case where V | v is distinguished. Suppose
w = Huij € C° with 41 > i > --- where w is an element of minimal length
not of the above form. In particular none of the u;; has the corresponding k;,
either equal to or linked to 1.

First assume k., > 1. Let R = Cg(u) and P = stabg(R) N stabg(R1v).
Then by Lemmas 4.11 and 4.12, P = QL is a v-invariant parabolic subgroup
such that L' = A, A A,, where r = dim R, s = dim(R**/R) and uQ € A,Q has
type 30;_; Jii—2-

By induction we obtain a contradiction if there are at least two terms in
the product and k;, > 5. For the exceptional cases first assume there are just
two terms and k;, = 3. Then w@ = u;, @ and by minimality k;, — 2 is linked
to 1, so that k;, is linked to 3. That is k;, and k;, are linked, contrary to our
hypothesis.

Now suppose w = uy,. Here induction gives a contradiction unless k; — 2 is
linked to 1, that is, k; is linked to 3. Consequently, we may assume k; = k, = 3.
Let S = [E,u]® N Cg(u) and let P = stabg(S) Nstabg(S*+). This time uQ
has the form Zki>7 Jp,—o+ J5¢+ J3% on E, where d is the multiplicity of J3 in
FE | uw and c is the sum of the multiplicities of J; and .Js.

If ¢ < 2 then v is distinguished on V' and induction gives a contradiction. If
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Viv= > V(2k—4) +V(10)°+V(6)

ki>T

W(10) + > V(2k; —4) + V(10)°2 + V(6)%.
ki>T7

The image of w comes from the V(6)d summand, within the distinguished part
of the sum. The argument at the end of the proof of Lemma 4.9 shows that
the component group of the distinguished part lifts faithfully to the full compo-
nent group. Inductively, we again conclude that ug, @ is not in the connected
centralizer of v in P/Q.

Finally, we return to the previously excluded case k,. = 1. The above shows
that w only involves terms wu;, for k;; > 5. Let S = [E,u] N Cp(u) and let P =
stabg(S)Nstabg(S++), as in Lemma 4.11. Then V =37, - V(2k; —4)+V (2)°,
where ¢ is the sum of the multiplicities of V'(6) and V(2) in the expression for
V |l v. If ¢ €2, then inductively w(@ is not in the connected centralizer of v in
P/Q,sow ¢ C°. And if ¢ > 2, then V. = W (2) + >, -5 V(2k; —4) + V(2)°2
But as w only involves terms u;; for k;; > 5, it follows that w@ only acts on
> k;>5 V(2k; —4). We obtain a contradiction as in the last paragraph. [ |

4.5 Proof of Theorem 1.3

Recall that G = SL,(K). As in subsection 1.1, o is a ¢-field morphism commut-
ing with 7, and v is either ¢ or o7, with G, = SL,(q) or SU,(q) respectively.
Again we regard G(r) as a subgroup of Sp(V), where V = V5, (K) = E® E7
and G acts on each of the maximal totally singular summands F and E7. Given
v € GT, equation (1) in subsection 1.3 states that

Viv= Y WEm)*+ > We2n)"+ Y V(2k).

m; odd n; even k; odd

We first claim that a representative for the G-class of v can be written over
the prime field. To see this it will suffice to show that this holds for the individual
summands W (2m) (m even or odd) and V(2k) (k odd).

The proof of Lemma 4.1 shows that Spoi(2) contains an element v acting
on the symplectic module as V(2k), and for k odd this element interchanges
two singular subspaces. This settles the V(2k) case. Now consider the W (2m)
case. For m odd consider Sps,,(2) x Spa(2) acting on Vo, ® Vo and take v
to be a regular element in the first factor. Then v? acts as J,, + J,,’ on the
Vom space, with v interchanging the blocks. Hence v interchanges the singular
spaces J,, ® Vo and J,,,’ ® Vs, giving the assertion. Finally, for m even, set
VU = TUUs...Um_1. Then v? has Jordan form Jm2 on F. As an element of
Sp(4m) we could have V | v = W(2m) or V(2m)?. But since v € SLa,,7 the
latter is impossible, as is shown by the decomposition (1) repeated above. This
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establishes the claim, from which it follows that -y stabilizes each orbit in the
action of G on outer unipotent elements in G7.

Let v € SLapy(2)T be as above and set C = Cg(v). By the above we can
choose o and hence v to normalize each of the factors G; = SLag,m;, SLabn,
and SLy, corresponding to the decomposition (1). Now consider the action of
v on Cg(v). Using Lemmas 4.4 and 4.7 we see that + acts on the appropriate
classical group Cg,(v)/R,(Cg,(v)), centralizing the component group. This
implies that 7 leaves invariant each of the factors Spo,, and Isp, (even if a
group Ogp, pumps up to Spap,) of C/R,(C) and acts trivially on C'/C°.

At this point we apply the usual Lang-Steinberg theory; we refer the reader
to [10] for details. We find that v“ N G, 7 splits into 2°++9 classes and these
correspond to representatives ¢cC° of C'//C°. For such a representative consider
the fixed points of y¢ (a G-conjugate of v) on C. Setting D = R, (C) = Uy, we
see that |D..| = ¢¢ and C,. covers (C/D)... Moreover, yc acts on each of the
factors Spa,, or Iop, as a field or graph field morphism, with all 2° possibilities
for the fixed points occurring equally often. Theorem 1.3 follows. [ ]

5 Proof of Theorems 1.4 and 1.5

In this section we assume (G, p) = (Fs,2) or (Dy,3) (with G simply connected
or adjoint in the latter case); we shall prove Theorems 1.4 and 1.5.

5.1 Possibilities for the pth power u

We first seek to determine the possible unipotent elements u that can arise as
the pth power of an element v € G7. At this stage we shall obtain a list of
candidate elements; later we shall see which of these possibilities actually occur.
For convenience, in this subsection we shall take G to be simply connected.

As mentioned in subsection 1.1, we let H be a simply connected group of type
E7 or Fy according as (G, p) = (Eg, 2) or (Dy, 3); the assumption on the isogeny
type of G means that we may regard G(7) as a subgroup of H. Indeed, in the
former case, H has a Levi subgroup E¢T; with normalizer (EgT}).2, in which
an outer involution induces a graph automorphism of Eg and inverts 77; in the
latter case, the subgroup of H generated by all root subgroups corresponding
to long roots is Dy, with normalizer D,.Ss5.

Recall that for X = G or H we denote by Vx(\;) the restricted irreducible
X-module with high weight equal to the ith fundamental weight. In particular,
Ve, (A7) is the restricted 56-dimensional module for FE;. For p = 3, we will
denote by Wg,(\4) the 26-dimensional Weyl module for F; with high weight
A4, which has the 25-dimensional irreducible module Vg, (A4) as a quotient. As
before we write J; for a Jordan block of size ¢; we consider the action of v € G1
and v = vP € G on certain modules for H or G.

Lemma 5.1 With notation as above, assume vP = u.
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(i) If (G,p) = (Es,2) and Ves(A) du=Ja, + -+ Ja,, then Vg, (A7) L v =
Joay -+ Joa, + Jo.

(”) If (va) = (D473) and VD4()‘1) lu= Jal +ee +Jat7 then WF4()‘4) lv=
Jsay + -+ Jzay + T2 07 Jzay A+ Jaa, + 7

Proof (i) We have Vg, (A7) | Es = Vi, (A1) ® Vi,(A6) @ Va, where V5 is
a 2-dimensional space on which Ejg acts trivially. Under the action of the 1-
dimensional torus 77 mentioned above, the space Vo decomposes as a sum of
two weight spaces for distinct weights. Therefore 7 interchanges the modules
Vs (A1) and Vg, (A\) and also the weight spaces of 71 on V.

If J is a Jordan block of u on Vg (A1), then JV is a Jordan block of u on
Vs (A¢) and J + J¥ is invariant under v. Further the fixed space of v on J + J¥
is 1-dimensional, from which it follows that J + JV is a single Jordan block of
v. Also, v acts on V3 as a single Jordan block. The assertion follows.

(ii) Here Wg, (A1) 4 Dy = Vp, (A1) @ Vp,(A3) ® Vp, (A1) @ Va, where V3 is a
2-dimensional space on which D, acts trivially. The above argument gives the
assertion, noting the ambiguity for the action of v on V5. [ ]

In [9], the first author gives the Jordan structure of unipotent elements of Eg
on Vg, (A1), of E7 on Vg, (A7), and of Fy on Wg,(\4). Using this together with
the known Jordan structure of unipotent elements of Dy on Vp, (A1) described
in the proof of Lemma 3.2(iii), we may employ Lemma 5.1 to obtain the list
of possibilities for the H-class containing v and the G-class containing u. The
notation is as in [11].

Lemma 5.2 Tables 1 and 2 list the possibilities for the H-class of v and the
G-class of uw = vP which are consistent with the above information on Jordan
block sizes.

In the first column of Tables 1 and 2, for each possible G-class we give
the corresponding labelled Dynkin diagram A; recall from section 3 that A
determines the parabolic subgroup P = QL of G, where the simple roots of L
are those with label 0 in A. Note that each such P is 7-stable; by Lemma 3.5
it follows that each possible v stabilizes the corresponding P.

We conclude this subsection by providing, for each possible G-class u®, a

precise expression for a representative w in the form [ ] ug,.
Lemma 5.3 For each of the G-classes u® in the second columns of Tables 1
and 2, an explicit representative u is given in Tables 3 and 4.

Proof In most cases it is clear that the product of unipotent elements given
is in the correct class. For example, consider the expression for the elements
of type AsA;% or Ay in Table 3. Each of these has the form u = U UBUH U
The roots «, 8,7, form a simple system for a root system of type A;A;“ or
Ay, respectively. Then u projects to a regular element in the corresponding
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Table 1: Possible classes u“ and v for G = Fj

A | u€ o
00800 1 A14, (A13)//
00(1)00 Al A2A13
10801 A12 A3A127 (AgAl)N
00900 1 A, Dy Ay

00%)00 Al3 D4(01)A1, A3A2A1, (A3A2)2
20802 A22 A5"7D6(a2),A5A1

20(2)02 Ay Ds

01810 A2A12 D5(a1)A1

00(2)00 D4(a1) Ds Ay

10(1)01 A22A1 E7(a5)

20(2)02 Eﬁ(as) E7(a2)

22(2)22 Ee(Ch) E7

Table 2: Possible classes u“ and v for G = D,

A | uC of

00g |1 Ay, Ay Ay
07 | A,° Cs, Fy(as2)
203 | Dy(ay) | Fy
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Table 3: Class representatives u in G = Fj

u® u
1 1
Ay w12321
5
2
Ay W12211 U 11221
1 1
Ay w1210 U 11111
3
Ay U11211 % 12210 U01221
1 1 i
A2
2 w00111 % 01111 % 11100 11110
1 0 1 0
Ay 100011 % 00110 U 11100 % 01100
0 1 0 i
2
AsA1® | w0110 % 11111 U 11210 U 01211
0 1 i i
Dy(a1) | ©00100% 11111 % 00100 % 01110
1 1 0 0
2
As®Ay | w00111 201111 U 11100 U 11110 L 01210
1 0 1 0 1
EG(G3) 11000 U 00011 U 01110 U 10000 U 00001 U 00100
0 0 0 0 0 1
E@(al)

U 00001 U00100 U 00110 U 10000 U 00000 U 01000
0 1 0 0 1 0

Table 4: Class representatives u in G = Dy

u® U
1 1
A U1 U7 0Ugq 1
g9 ol
Dy(ay) | wnn0Usn1Ung 1Uyn0Ugq0
(a1) 009 %00 PorE 108119
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subsystem subgroup. A similar analysis covers all cases other than Fg(ay),
Es(as) and D4(aq). For each of these cases let u be the element given.

Consider Eg(a1). The labelled Dynkin diagram is ?29%2, so that v € Q =
@>2. To see that u is in the correct class it suffices by parts (i) and (iii) of
Lemma 3.4 to show that u@Q~» is in the dense orbit of L on Q/Qs2. Now P
is a distinguished parabolic subgroup, so dim L = dim(Q/Qx2), and it will suf-
fice to show that the stabilizer in L of 4@~ is finite. The results of [2] imply
that L’ acts on /@2 as on the sum of 2 trivial modules and 3 natural mod-
ules. Consider the projections of u@~o to the modules <U01800 U01(1)00 )@=2 and

(Uoo100Uoo110 )@=2. The projections are, respectively, minimal and maximal
0 0

vectors of these natural modules. As Cr(u@s2) must stabilize each of these
projections we conclude that Cp(u@s2) < T, a maximal torus of L. But as
the roots appearing in u and their negatives generate the full root system of G,
we conclude that Cr(u@Qs2) = 1.

Similar but easier considerations apply to D4(a1) in Table 3. Start with the
subsystem subgroup of type D4 with simple system !t 00900 00300 01110
Then wu is contained in the unipotent radical of the parabolic subgroup de-
termined by the labelled Dynkin diagram 203, and as above we see that u is
distinguished in this D,. Now D, has two conjugacy classes of distinguished
unipotent elements, namely the regular elements and those acting on the usual
orthogonal module as the sum of two orthogonal Jordan blocks of size 4. Clearly
u is not a regular element since it lies in all Borel subgroups of the parabolic
subgroup indicated. So w has type Dg(a1). The case of the class D4(a;) in
Table 4 is similar.

)

Now consider Eg(as). As noted in the proof of Lemma 3.2(ii), elements
of this type are represented in Fy as unipotent elements of type Fy(ag). Also
uT = wu, so u € Fy. With u = [Jug,, set e = > eg,. Then from the Fy(az)
nilpotent element of [11, Table 13.3] and the usual folding of the root system,
we see that in the Lie algebra L(Fy) the nilpotent element e is distinguished of
type Fy(az). Now [11, Lemma 19.7] shows that u is distinguished of type Fy(a2)
in Fy and hence is a distinguished unipotent element of type Eg(as) in G. ®

5.2 The elements v;

In this subsection we shall consider the elements v; listed in Tables 7 and 8, and
begin the process of showing that the information on each element presented
there is correct. We continue to assume G is simply connected, so that G(r) < H
where H is simply connected of type E7 or Fj.

We will require the following standard notation. Recall that in the root
system Y we have the simple system II = {ay,...,a,}. For j = 1,...,r and
c € K*, let hj(c) denote the usual element of (X,;,X ;) N Tg such that
T, (1)1 = 24, () for all t € K. Explicit expressions for these elements are
given in [3, Lemma 6.4.4], although adjustments must be made to account for
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the fact that here we are acting on the right rather than the left.

It will also be convenient to use a certain abbreviated notation. As examples
set

w3(c) = o100 (¢),
Zaa5(c) = 00110 (o),
z35(c) = 01000 (0)3300810 (o),
r146(c) = x 10000 (c)x 00100 (c)x 00001 (o),

o
|
v
[ V)

(C)’QT*Q(C))’
Yoss = (za(c)zs(c)zs(c), x_2(c)z_s(c)z—s5(c)),

Yizse = (z1356(c), _13,56(C)),

etc.

Finally, we give 7 explicitly as an element of H. For 3 a root of H we write
sg for the standard representative of the Weyl group reflection in 8. According
as H = E7 or F,; we take

T = 512%111 511%211 801%221 or 7 = 5000150010-

In the former case this suffices to determine the action of 7 on G. In the latter
case, however, in order to distinguish 7 from its inverse we must specify the
correspondence between roots of G and of H. We take 108 019 004 and 009 to
be 0100, 1000, 0120 and 0122 respectively; thus with 7 as above we have

X507 =X

00(1)7 X,

T T
0 1"=X,0, X, 0 =X, 0.
109 00} 009> 009 109

Our first result here is then the following.

Lemma 5.4 For each element v; listed in the second column of Table 7 or 8,
its pth power v;P is the element u listed in Table 3 or 4 for the corresponding
G-class.

Proof This is simply a direct check. [ ]

We next determine the H-class of each element v;.

Lemma 5.5 (i) For G = Eg and i = 1,...,17, the E;-class of the element
v; 1s as indicated in the third column of Table 7.

(i) For G =Dy andi=1,...,5, the Fy-class of the element v; is as indicated
in the third column of Table 8.
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Proof (i) A computer calculation determines the Jordan forms of the elements
v; on both Vg, (A7) and L(E7). At this point, the results in [9] suffice to identify
the class of v;, with the exceptions of v1g and v1;. The Jordan form information
shows that these particular elements must have type AsA; or Dg(az), but these
classes are not distinguished by their Jordan form on either Vg, (A7) or L(Er7).
However, it follows that each of v1g and vy is centralized by a 1-dimensional
torus, say 11, of E7 and is a distinguished unipotent element in the semisimple
part of Cg,(T1).

Now vy is centralized by the 1-dimensional torus S = {h4(c) : ¢ € K*}.
Then S lies in a fundamental A; subgroup, and it follows that Cg,(S) = DgS.
Therefore S is conjugate to 77 and vy is distinguished in Dg, and hence has
type Dg(az) by the above.

Next wvyg is centralized by the 1-dimensional torus S = {ha(c)hs(c)hs(c) :
¢ € K*}. One checks that S centralizes the subsystem subgroup of type A5A1,
where the As has simple system 11%000, 016110, 008001, 00%110, 11(1)100 and the A;
has simple system 012100 1t follows that vyg has type AsA; in Er.

(ii) As above, the result follows from calculating the Jordan forms of the
elements v; on both L(Fy) and W, (A1) and applying the results of [9]. [ |

5.3 The centralizers Cg(v;)

By now the only entries in Tables 7 and 8 which we must establish are those
in the final column, giving the centralizers Cg(v;). Recall that by the final
paragraph of subsection 1.1 these are independent of the isogeny type of G; we
shall in fact assume G is adjoint in this subsection.

In the lemmas to follow we shall make frequent use of two pieces of in-
formation for a given element v; with pth power w. Firstly, the structure of
Cp(u)/Cq(u) is given in Table 22.1.3 or Table 8.5a of [11] according as G = Ej
or Dy. Secondly, Tables 5 and 6 give for each v; the structure of Cg(v;) and
Cu(v;) (recall that U = [[zex+ Xp, where X% is the positive system deter-
mined by IT). The information in these tables summarizes results obtained by
performing computer calculations to identify the U-centralizers explicitly; these
results are presented in more detailed form in the appendix. For convenience
of reference, the first column of Tables 5 and 6 gives the labelled Dynkin dia-
gram A, which determines the parabolic subgroup P, while the second column
repeats the definition of the element v;.

In the lemmas which follow, we treat together elements v; having the same
pth power. We begin with G = Eg.

Lemma 5.6 If G = Eg then Cg(v;) is as given in Table 7 for i = 1,2.

Proof This is well known: it is shown in [1, 19.9] that Cg(v1) = Fy and
C¢(v9) is isomorphic to the centralizer in Fy of a long root element. |

Lemma 5.7 If G = Eg then Cg(v;) is as given in Table 7 for i = 3.
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Table 5: Cg(v;) and Cy(v;) for G = Eg

Ay Co(v) | Cul(vy)
00000 |, "+ 1 Unt
V2 = Tu12321 1 Uas
00900 1 g3 = TUO01210 U11111 Uia Uso
B R Y 12211 Uis Us1
Us = TU01210 12211 Un Uso
U6 = TU01100 U00110 U01210 U11111 U12211 Ui Uso
00990 1 vy = 75186540 11111 Uio Uiz
995 | vg = TU00100 U11111 112210 Uis Uss
29092 1 wg = Tu 11%001&11(1)10 Us Uiy
V10 = TU11100 U 11110 U01210 Us U
V11 = TU01110%01100 U00110 U 11100 U 11110 Us.2 Ui2.2
209921 w1g = Tsqu 11600u01%00 U;.2 Ug.2
V13 = TS4U 11100 U01100 U01110 Ur Us
0950 1wy = 7515652100100 101110 Uy Uy
10891 | 15 = Tu 11100 % 11110 01110 %0010 Ui24 | U4
29892 | v1g = Ts28385u 10000 00001 00100 Us Us
22 oy = U2 | Us2

TS4U 10800 U 00(1)00 U 01800

Table 6: Cg(v;) and Cy(v;) for G = D,
A | v Co(v;) | Cul(v;)
008 V=T 1 Us
Vg = T’U,12% 1 Us
10% v3 = 7'u11(1) Us Uy
Vg = T“116u018 Us Uy.3
203 | vy = Tu108u018 Us U,
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Proof Since v3Q/Q = 7Q/Q, and Cp(vs) < Cp(u) = QA5 by [11, Ta-
ble 22.1.3], it follows that Cp(v3)Q/Q < C5Q/Q where the group C5 consists of
the fixed points of 7 on the A5 Levi subgroup. If we write d1, d2, d3 for the simple
roots of this C3, then for ¢ € K we have x5, (¢) = z1(c)zg(c), s, (c) = x3(c)z5(C)
and zs,(c) = x4(c). We now produce a subgroup G in this Cs.

Start with a group Bj defined over K, with simple roots S1, 82, 83 (numbered
in the usual manner). By taking the fixed points of a triality automorphism
of Dy, we see that there is a group G2 < Bs, with simple roots a (short)
and b (long), generated by root elements z,(c) = x,(c)xs,(c) and xp(c) =
xg,(c) for ¢ € K along with corresponding elements for negative roots. Since
p = 2, we have a surjection By — C5 with x5, (c) — xs,(c), zs,(c) — ws,(c),
xg,(c) — s, (c?). Thus we have Gy < Cj generated by elements x5, (¢)xs,(c?) =
z1(c)wg(c)ws(c?) and zs,(c) = z3(c)x5(c) for ¢ € K together with negatives.

Now by inspection of the detailed information given in the appendix for
Cy(vs), we see that Cp(vs) covers the maximal unipotent subgroup of this
G2. The Weyl group of the G5 is generated by the involutions s;sgss and
s385 of As. Omne checks that s3ss and 818684’1,601%10 centralize vz, so it follows

that Cp(vs)@Q/Q contains a subgroup isomorphic to Go. Now G5 is a maximal
subgroup of C3, so if the containment were proper, we would have Cp(v3)Q/Q =
(3, contrary to Table 5 which states that Cg(vs) = Uyq while Cy(vs) = Ugo.
Therefore Cp(v3)Q/Q = G2, and thus Cp(vs) = U14G2 as required. [ |

Lemma 5.8 If G = Eg then Cg(v;) is as given in Table 7 for i =4,5,6.

Proof Here Q>2 = Z(Q) affords a natural orthogonal module for L' = Dy,
with u € @>2 a non-singular vector. Then Cp(u) < QB3T} by [11, Table 22.1.3],
where Bs = Cr/(7) and Ty = {hy(c?)hs(c)hs(c " )he(c™2) : ¢ € K*}. We note
that T3 acts trivially on the orthogonal module and is inverted by 7.

First consider v4 = 7u12211. Now Bjs contains a subgroup Og = D3.2 =
1

(Yy,Ys,Y345)(s385), where the D3 centralizes the non-degenerate 2-space of
Z(Q) spanned by the root elements w12211 and w11221, while s3s5 interchanges
1 1

the basis elements. Also, as sgssu 12211 centralizes vq we have Cp(v3)/Cg(vs) >
1

D3.2. As Og is a maximal subgroup of Bs, Table 5 implies that this containment
must be an equality, which yields the result for vy.

Now consider vs and vg. Modulo @ these elements have the form v4z and
v4y, where z is a long root element of B3 for the highest root, and y is the
product of x and a short root element for the highest short root. Both x and
y are central in the standard maximal unipotent subgroup, and it follows (see
for example [11, Lemma 2.4]) that Cp,(z) and Cp,(y) contain derived groups
of parabolic subgroups of Bs. Checking fundamental reflections we see that
Cp,(x) = U7A1A; while Cp,(y) = UsA;, where in the second case the A;
corresponds to the fundamental short root of Bs.

Now Cp(v;)Q/Q is contained in Cp,(2)Q/Q or Cp,(y)Q/Q, respectively,
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and the information on vs and ve in Table 5 shows that Cp(v;)Q/Q contains

UQ/Q, where U is the standard maximal unipotent subgroup of B;. We see that

Cp(vs) contains sy and s3ssui2211, whereas Cp(vg) contains szss. It follows
1

that Cp(v5)Q/Q covers Cp,(x) while Cp(vs)Q/Q covers Cp,(y). These are
the derived groups of the standard parabolic subgroups with Levi subgroups
Y5 X Y35 and Y3 5, respectively. The result follows. [ |

Lemma 5.9 If G = Es then Cg(v;) is as given in Table 7 for i =17.

Proof Here Cp(u)Q/Q = A2A2.2 by [11, Table 22.1.3], where AsAs; =
(Y3, Ya56)(Ys, Yi34) with the factors interchanged by sisgss. The factors are
also interchanged by 7, so that v7Q) = 7s15654Q acts as a graph automorphism
on each A, factor of A2A2Q/Q. It follows that Cp(v7)Q/Q < A1 A;.2. More-
over, Ysuss X Y1345 = A1 A; centralizes vr, as does 513654u01%10. Therefore,

Cp(v7)Q/Q = A1 A1.2 and the conclusion follows using Table 5. [ |
Lemma 5.10 If G = Eg then C(v;) is as given in Table 7 for i = 8.

Proof Here Cp(u)Q = A2A;Q by [11, Table 22.1.3] where A1 = Y5 and As =
(Y36, Y1,5). Now v5@Q = 7Q induces a graph automorphism on the Ao factor, so
that Cp(vs)Q/Q < A1 A;, where A1 A1 = Y5 X Yi356. The detailed information
in the appendix shows that Cp(vs)Q contains the elements z13(c)zs6(c)r2(c?)Q
for ¢ € K. Also, vg is centralized by s1%3sg%5sou 00%0011,01%21 . Therefore,

Cp(vg)Q/Q contains a diagonal A; in A;A;. By Table 5 we must then have
Cp(vs)Q/Q = A1, and the result follows. [ |

Lemma 5.11 If G = Eg then Cg(v;) is as given in Table 7 for i =9,10,11.

Proof Here u = U00111 101111 U11100 U 11110 We have Cp(u)Q/Q = G2 by

[11, Table 22.1.3], and indeed G2 = (Yy, Y2 35) centralizes u. As this group also
centralizes vg, we obtain Cp(vg) = UgG2 from Table 5.

Now consider v19 and w1;. These elements have the form vgzr and wvgy,
where x is a long root element of G2 for the highest root, and y is a short root
element for the highest short root. It follows that Cp(v;)Q/Q is contained in
Ca, (v:)Q/Q = Us Ay or UsAj, respectively. Here the Ay factor is just Ya 35 or
Y, according as ¢ = 10 or 11. Using the information in the appendix for these
elements we see that Cp(v;)Q/Q = Us or Uy respectively. One checks that
Cp(v19) contains sgs3s5 while Cp(v11) contains s4. It follows that Cp(v;)Q/Q =
UsA; or UsA; respectively.

Another appeal to Table 5 shows that Cg(v19) = Us, whereas Cg(v11) =
Ug.2. This completes the analysis of Cg(vi9) = Cp(v1p), but for v;; we must
verify that Cp(v11) = U11A1.2. That is, we must verify that the component
group of the centralizer is non-trivial. From the description of Cy(v11) it is
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clear that this group is disconnected with component group of order 2. Also the
element s4 centralizes this component group. It follows that Cp(vi1) = Uiy 4;.2,
completing the proof. [ ]

Lemma 5.12 If G = Eg then Cg(v;) is as given in Table 7 for i = 12,13.

Proof Here we have u = u00811 UOO%lOUH[l)OOUOl%OO, V12 = TS4U 11[1)00u01%00,

and v13 = viguoi110. Further Cp(u)Q/Q = ATy by [11, Table 22.1.3], where
0

Ay = Y3y5 and T1 = {h1(c"?)hz(c H)ha(c3)hs(c)he(c?) : ¢ € K*}. Note that

T84 inverts T7.

Now v;Q = 754Q or Tsquo1110 @, according as ¢ = 12 or i = 13. As 754 cen-
0

tralizes A1, we have Cp(v12)Q/Q < A1Q/Q and Cp(v13)Q/Q < X01(1)1o Q/Q.
By inspection we have A; < Cp(v12) and X01(1)10 < Cp(v13). Therefore, the

containments are equalities.

The result now follows from Table 5, except that we must determine the
component group of Cp(vi2). However, we have seen that this group is the
semidirect product of Cg(vi2) and A;, and this implies that the component
group of Cp(v12) is just that of Cy(v12), which has order 2. [ |

Lemma 5.13 If G = Eg then Cg(v;) is as given in Table 7 for i = 14.

Proof Here u = 100100 U 11111100100 UO1110 5 V14 = TS15652100100 L01110, and

Cp(u)Q/Q = T5.S5 by [11, Table 22.1.3]. In this instance we have Ty =
{h1(a)h3(b)hs (b~ )he(a™t) : a,b € K*}; this is inverted by 7 and Cr, (7515652)
is the 1-dimensional torus 71 = {h1(c)he(c™!) : ¢ € K*}. Also, 7 centralizes u
and [11, Table 22.1.4] implies that 7 centralizes the S3 quotient of Cp(u)Q/Q.
It follows that Cp,q(v14Q) = (s15652)T1Q/Q. One checks that T; central-
izes v14. Also 7 centralizes vi4, and therefore so does Tv14 € s15652Q. Thus
Cp(v114Q)/Q = (s18652)T1Q/Q, and the result follows from Table 5. [ |

Lemma 5.14 If G = Eg then Cg(v;) is as given in Table 7 for i = 15.

Proof Here u has type A*A; and Cp(u)/Cq(u) = A; by [11, Table 22.1.3].
Consider the group A = Y3 3 5, which is of type A;. Write h(c) = ha(c)hs(c)hs(c)
for c € K*, and set T1 = {h(c) : ¢ € K*}; then T} is a 1-dimensional torus of
A. Take w € K* with w® =1 # w. One checks that h(w) and s = 525385100100

centralize v15. Modulo @) these elements generate a group of type S3. Therefore,
Cp(v15)Q/Q contains Ss.

We claim that Cp(v15)Q/Q = S3. To see this view A as a short root A; in
the group Gy < Dy, where the D, has simple system 1’0, 00§00 00000 00910
and G5 is the group of fixed points under the standard triality automorphism.
Consider the standard parabolic subgroup P = QL > P, where L’ is this group
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D;. Then 1115@/(2 = TUQ1110 00100 Q/Q and we view this as contained in
1 0

(1) X Ga. Now wo1110%00100Q/Q is a unipotent element of type Ay in Dy,
1 0

hence of type Ga(ay) in Ga. It follows from [11, Table 22.1.5] that the reductive
part of the centralizer for this unipotent element is S3. This establishes the
claim.

The appendix contains a precise description of the elements in Cp(v1s).
We conclude from this information that the component group of Cg(vis) is
isomorphic to Fy and that h(w) acts non-trivially on this component group.

Moreover, we see that za345(c)x4(c) € Cg(vi5) for all ¢ € K, which implies that

$2 = wo1110 00100 € Cgo(v15)°. It now follows that the component group of
1 0

Cp(v15) is isomorphic to Sy, and so from Table 5 we have Cp(v15) = U12.54 as
required. |

Lemma 5.15 If G = Eg then Cg(v;) is as given in Table 7 for i = 16.

Proof Here u is a distinguished unipotent element of G and Cp(u)Q/Q = Z5
by [11, Table 22.1.3]. As 7 centralizes v1g, so does Tvig € $25355Q. It follows
that Cp(v16)Q/Q = Za, so Table 5 gives Cp(v16) = Us.2 as required. [ |

Lemma 5.16 If G = Eg then Cg(v;) is as given in Table 7 for i = 17.

Proof Here u is a distinguished unipotent element of G and Cp(u)Q/Q = 1 by
[11, Table 22.1.3]; thus Table 5 gives Cp(vi7) = Cg(vi7) = Us.2 as required. W

Finally we turn to G = Djy.
Lemma 5.17 If G = Dy then Cg(v;) is as given in Table 8 for i =1,2.

Proof This is well known: [7, Proposition 4.9.2] shows that Cg(v1) = G2 and
Ca(v2) is the centralizer of a long root element in Gs. [ |

Lemma 5.18 If G = Dy then Cg(v;) is as given in Table 8 for i = 3,4.

Proof Hereu = Uy U0y 1 has type A;°, and Cp(u)/Cg(u) = A; by [11,

Table 8.5a], where A; = Y5. Table 6 shows that Cy(vs) = Uy and Cy(vg) =
U,.3. Since Ys centralizes vs, we have Cp(v3) = Uz A; as required. Now consider
v4. Since v4Q = TumgQ, we have Cp/q(v4Q) = <h2(—1)>X018Q. We then see

from the precise information on centralizers in the appendix that Cp(vy) =
U,.S3 as required. [ |

Lemma 5.19 If G = Dy then Cg(v;) is as given in Table 8 for i = 5.

Proof Here u is distinguished in G with Cp(u) = Cg(u) by [11, Table 8.5al;
so Table 6 shows that Cp(vs) = Us as required. [ |
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5.4 Completion of proofs

We can now complete the proof of Theorems 1.4 and 1.5. We have shown
that the information in Tables 7 and 8 is correct. Since the entries in the fourth
columns of these tables are all different, it is clear that the elements v; represent
distinct conjugacy classes in G(7). What remains is to show that the v; form a
complete set of conjugacy class representatives for the outer unipotent classes
in G, and to verify that the information provided in Tables 9 and 10 is correct.
An elementary calculation gives an alternative proof of Theorem 1.1 for these
cases. In this subsection we shall continue to assume G is adjoint.

Recall that o is the g-field morphism of G satisfying zg(c)? = zg(c?) for all
B € X and ¢ € K, and 7 is either ¢ or o7. From the expressions for the v;
in Tables 7 and 8 we see that o stabilizes each v; and hence the corresponding
orbit O; = v;¢. As v; = g7 for some g € G, we have O; = O;" = 0;7, and so T
also stabilizes O; for each i. Therefore v stabilizes each O;.

We now apply the usual Lang-Steinberg method to Q = O U---UO,,, where
we set n to be 17 or 5 according as G = Eg or Dy. For each ¢ < n, we find that
~ fixes an element j; in O;, so that j; € G, 7; moreover, O; N G, 7 is a union of
G-orbits, and the number of orbits and their sizes are determined by the action
of v on the component group of Cg(j;) = Ca(v;). We see from Tables 7 and 8
that this component group is either 1, Z3, S3 or Sy; correspondingly, O; N G4T
is a union of 1, 2, 3 or 5 orbits.

The number of G,-orbits in €2, which this yields is 28 or 7 according as
G = Eg or Dy; that is, we have 28 or 7 classes of p-elements in G, 7. Therefore
Lemma 3.3(i) implies that €2, is the complete set of outer unipotent elements
in Gy7. And as this holds for all ¢, we argue as in the proof of Lemma 3.3(ii)
that this forces €2 to be the complete set of outer unipotent elements in Gr.

Finally, we must verify that the information in the third column of Tables 9
and 10 is correct. This procedure is just the usual Lang-Steinberg approach.
Fix ¢ < n and consider C; = Cg(j;). If the unipotent radical of this centralizer
is Uy, then the group of fixed points has order ¢%. Moreover, fixed points of v
on R, = C;/R,(C;) are covered by actual fixed points. We must determine the
possible actions of ¢y on R;, where ¢ € C;/C;° and cv is a representative of a
conjugacy class in (C;/C;°)y.

A glance at Tables 7 and 8 shows that the only ambiguity occurs for G = Fjg
and i = 4, 5, 7 or 14, where R; = D3.2, A1 Ay, A1A1.2 or T71.2 respectively.
Lemmas 5.8, 5.9 and 5.13 show that in the first, third and fourth of these
cases, the extra involution induces the full group of outer automorphisms on
the connected component of R;. Consequently two isomorphism types of fixed
points are as indicated in Table 9. In the remaining case R; is connected and
the issue is whether or not v interchanges the A; factors of R,. However,
if v interchanged these factors, then it would also interchange the classes of 1-
dimensional tori in their preimages. But we see from the argument in Lemma 5.8
that these tori are conjugate to the maximal tori of Y5 and Y35, so this is
impossible.
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6 Tables

This section contains a number of tables illustrating our results. Tables 7-10,
referred to in Theorems 1.4 and 1.5, cover the cases G = FEg and D4. Tables 7
and 8 give precise information on outer unipotent elements in G, while Tables 9
and 10 give corresponding information for the finite groups.

Tables 11-16 cover the cases G = A; for 2 < [ < 7; as elsewhere in this
paper we write n = [ + 1, and take G to be simply connected so that G =
SL,(K). In each of these tables, for each unipotent element v € G the second
column gives the decomposition V' | v as in (1), where V' = V5,(K) is the
corresponding symplectic module, and the first column gives the Jordan form
of u = v? on V,,(K). The third column then gives the dimension of C' = Cg(v),
the fourth gives the reductive part C/R,(C) of C, and the last gives the values
of the e-function of [16] on the sizes of the Jordan blocks (see the preamble to
Lemma 4.2).
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Table 7: Unipotent classes in G7 = Egr

(WQ)G Vi v B Ca(v;)
V1 =T (A13)// F4
Vg = TU 12321 At U15C3
Ay U3 = TU01210 U11111 AsA® | UGy
Ay® U4 = Tu12211 (A3Ay)" | UisD3.2
Us = TU01210 U12211 A3A® | UigArAy
Vg = TU01%00U00%10u01%10u11%11u12%11 AgAy? Ui9 A1
Ay U7 = TS18654U 11111 DyAq UipA1A;.2
A? Us = TU00100 11111 112210 A3AAy | Uis Ay
Ay? U9 = TU11100 U11110 (A5)" UsGo
V10 = TU11100 U 11110 %01210 As Ay Uiz Ay
V11 = TU01110 101100 %0010 U 11100 U 11110 Dg(az) | UnAi.2
Ay V12 = TS4U11100 401100 Dg Uz Aq.2
V13 = TS4U11100 L0110 L0110 Dg Us
D4(a1) V14 = 7513632U00(1)()()U()1(1)10 D5 A, UgT, .2
APAy | v = TU11100 U110 WO1110 U000 E7(as) | Up2.54
Eg(a3) | vie = T5258355u 10000 00001 00100 E7(ag) | Us.2
EG(al) V17 = TS4U 1()8()()u()()(1)()()uo1800 FEr Uy.2

Table 8: Unipotent classes in G = D41
()Y | v vt | Co(vi)
V=T Ag G-
vz = Tupyl AsAy | Ushy
A vy = Tuy 1 Cs UsA;
vy = T“ué“mg Fy(as) | Uy.Ss
Dy(ar) | vs = Tli09 %019 Fy U
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Table 9: Classes of 2-elements in G.,7, G = Ej

Class rep. in G7 | no. of G,-classes ‘ centralizer orders in G,

U1
V2
U3
V4
Us
Vg
U7
Ug
Vg
V10
V11
V12
V13
V14
V15
V16
V17

N0 TN R NN R R RN~ B D~ &

|F4(q)]
q"°|C3(q)|
q**|G2(q)|

2q"°A3(q)], 2¢"°*PAs(q)]

q"% A1 ()AL (q)|

q19|A1(q)|

2¢"° A1 ()l A1(9)], 2¢™°|A1(¢?)]
q15|A1(q)|

QS\GQ(QN

q13|A1(q)|

2¢"A1(q)], 2¢M A1 ()]
2q7|A1(q)], 297 A1(q)]

7

2¢°(q = 1), 2¢°(¢ + 1)

24(]12, 8q12, 4q127 4(]12, 3q12
2q6, 2q6

2q4, 2q4

Table 10: Classes of 3-elements in G,7, G = D,

Class rep. in G7 | no. of G,-classes ‘ centralizer orders in G

U1
U2
U3
V4
Us

I R

|G2(q)
¢°|A1(q)|
q3\A1(q)|
6q*, 3¢%, 2¢*

q2
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Table 11: Unipotent classes in GT = Ay7

u |v dimC | C/R,(C) | e-function
J2 W@ +V(©2) |3 Spo 1—1
Js | V(6) 1 2 31

Table 12: Unipotent classes in GT = As7

u v dimC | C/R,(C) | e-function
Lt wW(2)? 10 Spy 10
W(2)+V(2)?2|6 Spa 11
J2 | W(4) 4 O, 2w
J3, J1 V(6) + V(2) 2 1 3—1, 1—1
Table 13: Unipotent classes in G = Ay7
u v dimC | C/R,(C) | e-function
Ji° W(2)2+V(2) |10 Spy 1—1
I2 0 | W@ +V(2) |6 Spo 2w, 11
Js, 12 | V(6)+W(2) |6 Spyx2 |31, 10
V(6)+V(2)? | 4 1 31,11
Js V(10) 2 2 51
Table 14: Unipotent classes in GT = A57
u v dimC | C/R,(C) | e-function
J,° w(2)? 21 Spe 10
W(2)? +V(2)? 15 Spy 11
T2, 2 | W) +W(2) 11 Spy x Oy | 2w, 10
W(4)+V(2)?2 9 Spo 2w, 11
J3, i® | V(6)+W(2)+V(2) |7 Spo 31, 11
Js? W (6) 7 Spy 30
V(6)? 5 2 31
Js, J1 V(10) +V(2) 3 2 51, 1—1
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Table 15: Unipotent classes in GT = AgT

u v dimC | C/R,(C) | e-function
I W(2)? 4+ V(2) 21 Spe 1—1
A2 | W) +W(©2)+V(2) |13 Spy X Spa | 2w, 11
J3, it | V(6) + W (2)? 15 Spyx2 |31, 10
V(6)+W(2)+V(2)? |11 Spy 31, 11
J3, Jo? | V(6) + W (4) 9 Spax2 [3—=1, 2w
Js2, 0 | W(6) +V(2) 9 Spy 350, 1—1
V(6)2 + V(2) 7 1 31,11
Js, 12| V(10) + W(2) 7 Spyx2 |51, 10
V(10) + V(2)? 5 2 501, 11
J7 V(14) 3 2 71
Table 16: Unipotent classes in GT = A77
u v dimC | C/R,(C) | e-function
Ji8 W(2)* 36 Sps 10
W(2)3 +V(2)2 28 Spe 11
L2 0t | W4) + W(2)? 22 Spax Oy | 2w, 10
W(4)+W(2)+V(2)? |18 Spa X Spa | 2= w, 11
Jo* W(4)2 16 O, 2w
Js, JJ1° V(6)+W(2)2+V(2) |16 Spy 31, 11
T3, o2, 0 | V(6)+W(4)+V(2) |12 Spy 31, 2w, 11
J2, 0% | W(6) +W(2) 14 Spy x Spa [ 30, 10
W(6) + V(2)? 12 Sps 30, 11
V(6)* + W (2) 12 Spax2 |31, 10
V(6)? +V(2)? 10 1 31, 11
J? W (8) 8 O, 4w
Js, JJ12 V(10)+W(2)+V(2) |8 Spyx2 |51, 11
Js, J3 V(10) + V (6) 6 2 51,31
J7, Iy V(14) +V(2) 4 2 71,11
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Appendix: Explicit U-centralizers

We have seen that the determination of the centralizers C¢(v;) in subsection 5.3
frequently uses knowledge of the subgroups Cg(v;) and Cy(v;). The structure
of these groups is given in Tables 5 and 6, but in one or two places more detailed
information is required. We conclude by providing explicit expressions for the
groups Cy (v;); Tables 5 and 6 summarize the results presented here.

We begin with a brief comment on the structure constants in G. Since all
roots in the root system ¥ are long, the only non-trivial Chevalley commutator
relations are of the form [z, (t1),25(t2)] = Ta+s(Na,gtit2), in which the struc-
ture constant N, g is £1. If G = Ej there is no ambiguity, since we are working
in characteristic 2; however if G = D, we must specify the choices made. We
have taken N, g = 1 for the following ordered pairs of positive roots («, 3):

(1087018), (00(1)7018), (00‘1)7018)7 (118’006)7 (0157009), (01‘1), 108)7

(01(1)7108),(01‘1)700(1))7(118,00(1))7(108’01%),(00(1)711(11)’(00‘1)’11(1))7

(01%7118),(11?,01(1))7(116’01?),(018711%).

The structure constants were calculated using [3, Proposition 4.2.2]; as can be
seen, for all o, B € £F we have Nyr gr = Ny 5. Since 24 (t)™ = x4~ (t) for a € 11,
by taking commutators we see that the same is true for all a € 1.

We now describe how we use a computer to obtain the groups Cy (v;). We
begin with the element v; and write it as 7sx, where x € U and s € Ng(Tg)
(so that s corresponds to an element of the Weyl group); usually s = 1, but in
some instances in G = Ejg it is a product of reflections in mutually orthogonal
simple roots. We also take a ‘generic’ element g = H,BGE zg(kg) of U, where
E =3 N(X")* and the various kg are regarded as indeterminates; we order

the roots in = so that the roots outside ) precede those inside Q.

We form the commutator [g,v;] = g~ 1.271.g7%.2, which we treat as a se-

quence of root elements corresponding to positive roots. This sequence is then
passed through a simplifying program which reduces it to a canonical form; in
this form the roots are taken in a fixed order compatible with height. If this
canonical form is not the identity, we choose a root for which the coefficient is
non-zero, and seek to make it zero by writing one of the kg in the expression
for g in terms of the remaining indeterminates. This gives a modified sequence
for the commutator, which we pass through the simplifying program again, and
the resulting canonical form will have fewer non-zero coefficients. We continue
in this way until the canonical form has been reduced to the identity; at this
point, the expression for g gives the form of an arbitrary element of Cy (v;).

The expressions obtained are given in Tables 17 and 18. Our notation in
these tables is as follows. We write ¢; and ¢; for arbitrary elements of K, with the
exception that in two instances in Table 17 a relation of the form tj2 =t + ty,
holds. If it appears, ¢ stands for an element of a finite field F (usually F = F,,
but in one instance in Eg we have F = Fy). If all cj are set to be 0, the resulting
expression gives a typical element of Cg(v;).
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Table 17: Explicit U-centralizers for G = Fjg

CU(’UZ)

{z 00000 (¢1)xoo 100 (co)x 01000 (c3)z 00010 (e3)x 10000 (ca)z 00001 (ca)

2)

C5)I 01100 (06)90 00110 (co)x 11000 (cr)x 00011 (cr)x 01100 (cs)
c8)x 01110 (co)x 11100 (cr0)x 00111 (cr0)x 01110 (c11)x 11100 (c12)
211110 (613)I o111 (c13)x 01210 (c1a)x 11110 (c15)

11111 (c16)x 11210 (c17)x 01211 (c17)x 11111 (c18)

01221 (c19)x 11211 (co0)x 12211 (co1)x 11221 (co1)

1)% 00100 (1) 01000 (co)x 00010 (co)x 11000 (c3)

)
xo1110 (c32)x 01100 (ca)x 00110 (cq)x 1111 (ca?)x 11100 (¢cs)
(

ty)x 11%00 (t5)x 00111 (755)1‘ 01%10 (to)x 11%10 (t7)
t8)3301%11 (c1 +tg)x 1 (te)x 12210 (to)

cica +c3+ 1t T11211 (tio)x 12211 (ti)x 11221 (cre3 +cq + t11)

{3300(1)00( 1) 0000( )X 100 63)9601(1)10 (04)$01110 (65)3601210 (c6)

T 00
X T 10000 ty 2 00go1 t1)$11000 (t2)$00811(t2)$11(1]00 (t3)$00611(t3)
)

0
) (

X 11100 t4)$00111 (ta 9611110 (ts)iﬁouu (ts5 T11110 (tG)l‘Ol%ll (ts)
)z (

1

)
11210 t8)$01211 (ts)x 1111 (to)x 12210 (tlo)iﬂt)l%m (t10)
X T11211 ti)x 12211 (ti2)x 11221 (t12)$ 12221 (tig)z 12321 (t14)

{z 00100 ( €1)% 00000 (02)96 01000 (c3?)z 00010 (e3?)z 00100 (ca)z 01100 (cs)
01100 (ce)x 00110 (c)x 01110 (cr)z 01110 (cs)x 01210 (co)
Z 00011 (€3)x 11100 (t)z 00111 (t1)x 11100 (t2)x 00111 (t2)

)
(
(
(
(
(
(
)
(
(
(
(
(
X T 12921 (t12)x 12321 (ti3)x 12321 (t1a) s cj,t; € K}
)
(
(
(
(
(t15
)
(c5)
(es)rong
X T 11110 (t3)$01(1)11 (t3)x 11110 (ta)z 01111 (ta)x 1 (cs)x 11210 (t5)
(ts)x 11%11 (c3?cy + C)T 12210 (t6)$01%21 (cs +tg)x 11211 (t7)
(1) 11321

11221 (tg)x 12221 (to)x 12321 (t10)x 12321 (ti1) 1 ¢j,t; € K}

o1




Table 17: Explicit U-centralizers for G = Eg (continued)

.

Cu(vi)

{z 00100 (c1D)z 00000 (co)x 01000 (c3)x 00010 (c3)x 00100 (cq)z 01(1)00 (c5)
X 00110 65)3301100 (06)3300110 (06)3301(1)10(61 cs® +es+er )xonm (cs)
X 201210 Co)T 10000 (01)9600801 (c1)x 11000 (67)$00811 (er)z 11100 (t1)
X T o011 t1)x 11100 (t2)9600111 (c1 +t2)x 11(1)10 (t3)$01(1)11 (ts)x 11110 (ts)
x zo11u1 (e7 + t4)33 11111 (61 c3? 4+ 1?3+ er?er? + 52 + o5 11210 (t5)
X zoizi (€1 +t1 +t5)
X AN 2e3%cy + c1%c3 + c12cg + c1er + c3cq + 5 + 6 + ¢o)
X 3311221 432 + c12c7? 4 crer + ¢5? + ety + tg)x 12221 (to)x 12321 (t10)
><0U12321 t11) s ¢j,tj € K}

{3311110( c1)zo1i11 (¢

! )9600000 t1)3300100 (t1)$01100 (t2)l’00110 (t3)
t3

(
(
(
(
(
(
X T 12210 (t)x 01221 (c7 +t3 +tg)x 1211 (t7)x 12211 (ts)
(a1
(
)Z 0 2
X Z01110 (ta)z 11100 ( )9600111 (t2)$ 01210 (t5)56 11110 (t6)$01111 (t7)
X x 11210 (to)z 01211 (t7)z 11 (ts)x 12210 (tg)z 01221 (to)z L1211 (ta)
X x 12211 (to)z 11221 (ts)z 12221 (tio)x 12321 (ti0)
X T 12321 (t11) : ijtj e K, t4 = 15° +to}
{z 00000 (012)96 11000 (c1)z 00011 (c1)x 00100 (t1)x 00100 (to)x 01100 (t3)
X 200110 (t3)x 01100 (ta)z 00110 (ta)x 11100 (ts)x 00111 (ts)x 01110 (c1)
X T 11100 (t6)$00111 (c1 + tﬁ)x 11110 (757)5501511 (tr)z 01210 (C1t1 +t5 + t7?)
X T 11110 (ts)xonn (tg)x i (t2)z 11210 (t9)$01%11 (Clts +t7 +t9)
X 2611111 (ti0)z 12210 (t11)$01%21 (ti)z 1211 (t12)x 12211 (t13)
X T 11221 (ta+ t13)$ 12221 (c1+t4? + to)x 12321 (t14)
X 2512321 (t15) : c1,t; € K}
{$00100 ( 1) 00 0000 (02)9601000 (c )$00010 (co)x 00100 (03)9601(1)00 (c3)
X 200110 (cs 201100 (04)$00110 (ca )£E01110 (04)2001%10 (65)$01%10 (c6)
( 1
(
(

t1)x 11110 t)x 01111 (t1)x 1 (to)x 1 (t3)

(
X :E11211 ty 5012%11 (ts )x11221

¢, t; € K}

(
(

)

X $11100 t1)9€0011
) t1 + t5)$ 12221 (te)x 12321 (t7)
) :

X T 12321 123
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Table 17: Explicit U-centralizers for G = Es (continued)

Cu(v;)

10

11

12

13

14

{$00100 (c1)x 00 000( Zo1 000( 00010 (Cz)xoo%oo (03)1701(1)00 (c3

2) )
(04)56 01110 (ca)x 01110 (c5)z 01210 (c6)

2)
X 5600110 c3 3301100 (ca $0011o
(

)
X 11100 t1)$00111 t1)$11110 (t1)5601111 (t1)$11(1)11(t2)3611210 (t2)
X To1211 to)x 1111 (t3)x 12210 (t3)£601221 (t3)x 11211 (ta)x 12211 (t5)
X 9611221 t1 + t5)33 12221 (t6)$ 12321 (t7)1‘ 12321 (ts) 1ej,ty € K}
{z 00100 ( €1) 01300 (Cz)l‘ 00110 (62)33 01110 (62)93 01110 (c3)x 01210 (cq)
X 210000 C)xooom( )z 11100 (t1)$00111 (C+t)x 11110 (C+ t1)$01(1)11 (t1)
X L1110 to )5601111(t2)$11611(t3)$11210 (t4)$01211(t4)$11111(t2)
><9612210 t1? +t1)$01221 (t12 +t1)$11211(t4)9€12211(t5)
X T 11221 Ct1+t1 + t3 +t5)x 12221 (t6)a: 12321 (t7)
X 212321 tg) : ( € Fa, cj,t; € K}
{9601110 €1)2 00900 (t1)x 10000 (t1)$00801 (t1)9€00100 (t1)x 00011 ©)
X T01100 Cxoouo( )3?11(1)00 (C)xouw (t2)$11(1)10 (t2)$01(1)11(t2)
X L1111 t5 ):C11211( )3612211 t3? + g )$11%21 (t32 +t42)
(

X 3612221 t6)$12321 t6)$12321 t7): C €Fy, c1,t; € K}

{5601110( €1)% 0000 (t1)$10000 (t1 00001 (751)3000100 (t1)$00811(t2)

(
(
)
X 01100 t2)$00110 (tz)xuloo (t2)$01110 (tg)x 11110 (t3)900111o (t3)
X CE01111 i1 +t3)ﬂf01210 (t1 +t3)9€11110 (t4)$01%11 (t5)$11611 (t12 + t5)
X CE11210 ts )2301%11 (t1 +t4)$11%11 (t6)$11%11(t1 +t6)
X CE12211 o3 4+t + t4® + t5 )x11221 (t42 +L‘52)$12%21 (t7)
XSE12321 t +t t3—|—t6+t7)x12321 (tg) c1,tj e K, tl —tg +t2}
{xoomo( 1)Z 00100 (t1)$01%00 (tz)xoono (t3)$01110 (t12 )xn(l)oo (t3)

X T 00111 12 201110 (t12 +t1)$11(1)10 (t3? )$01(1)11(t2 )$01%10 (ta)

X $11110 t32)$01111 (t2?)z 1 (12 +t)z 11210 (t5)$01%11 (to)

X $11111 t12)z 12210 (t7)$01%21 (ts)x 11211 (t,2 + ty)x 12211 (ts)x 11221 (t7)

X x12221 t1 +t22t3 +t4)3312:1),21 (tg)

+t1t4 +t22t3 +t9) . tj S K}

)
(
(
(
(
)
(
(
(
(
(
)
(
X 01210 (t2)x 11110 (t3)$01%11 (ta)z 11%11 (ta)x 11210 (t4)$01%11 (t3)
(
(
)
(
(
(
(
(
)
(
(
(
(
(t1*

X I12321

]




Table 17: Explicit U-centralizers for G = Eg (continued)

Cu(vi)

16

17

{9600100 (t1)z 10000( )9600801 (C)xoo%oo (t2)$01(1)00 (C+ta)x 00110 (C+t2)
X 211000 (¢? )xooou (¢? )$01100 (t3)$00110 (t3)$01(1)10 (€2 +t3)x 11100 (ts)
X Too111 ¢+ t4)9601110 (t1)$ 11100 (t5)£00111 (ts)x 11110 (t5)$01(1)11 (ts)
X T 01210 (to)x 11110 (t7)$01111 (C +t7)x 1111 (Ct1 +C+tr)x 11210 (ts)
X To1211 (¢t + C2t3 +C¢+ t7 +tsg)x 11111 (C%ty + Cta + ty)x 12210 (to)
X To1221 (CPt1 4+ 2+ (o + ta + to)
X T 11211 (%12 4+ Pty + Ctito + Clo + tits +ta + 172 + o)z 12211 (t10)
X T11221 (31 4 CPto + Cta + t5 + t1o)
(CPtats + Cty + CPta® + (totz + Cts + t42 +ts)x 12321 (t11)
(t12) : C € Fy, t; € K}
{z 00100 (tl +t1)x 10000 (t1)z 00901 (t1)z 00100 (t1%)z 01100 (t1% + t1)

+ 1)z 11000 (t1)x 00011 (t1)x 01100 (12 +t)z 00110 (12 +t1)

X x 1222

Xz 12321

X $00110(
X 01110 (t1?)x 11100 (t2)$00(1)11 (12 +t + t2)$01%10 (12 +t)z 11100 (t3)
X T 00111 (t3)z 11110 (t3)$01611 (t3)$01210 (1 + 12 + t3)
X T 11110 (t13 + t1 + t2)$01111 (t13 +t1 + t2)z 1 (t13 + 12 + t3)
X T 11210 (t2? + t3 )CE01211 (tl +t12 + 1% + t3%)z 1 (t3)
X 2312210 (t1® + 13 + t12t2 + tita + ta? + t32)
X 2501221 (t15 + t13 + t1%ta + tita + ta? + t3%)x L1211 (t3H)z 12211 (ts)
X 11221 (ts)x 12221 (15 +t® + 1t + 13 + 1% + tits +t3 )
X £C12321 (te)x 12321 (T + 108+ 115+t M+ M+ 0 3
+ 112807 + 117t + t1ta® + 132 4+ 1) 1 t; € K}
{z 00000 (QF3 01000 Oz 10000 Oz 00001 (Q)x 00100 (QF3 00110 (QF5 11000 (t1)
X 201100 (tl)-fUOO%lO (f1)$01(1)10 (t1)$00(1)11 ¢+ t1)$01%10 (t1?)x 11100 (t1)
X 211110 )101111 (t12 + t1)$01%10 (t12)z 11110 (t2)
X T11111 Ct1 + t1 +to)x 11210 (t12 )5001211 (Cty + 1%+ to)x 11111 (t3)
ty + t3)$o1%21 (t2 + t3)w 1211 (t2 +t3)
2+ttt 3+ 2+t + tg)x11221 (Ct12 +t1%)
X T12221 Ct1® + 12 + ) 12321 (t* + 1%+ tz )
X 12321 ty) : C €Fq, t; € K}

X $12210

X 51712211

(ta
(
(
(
(
(

o4




Table 18: Explicit U-centralizers for G = D,

Cu (i)
1,2 {a:mg (cl)xoo(l) (cl)xoo(l) (cl)xmg (02)1‘118 (e3)Top1 (63)3301(1) (c3)
X 1‘116(04 T (ca xu(l)(04 11 (cs5)xy51(c6) s cj € K}
{%18 (61)3311(1) (t1)zy, 1 (tl)xu(l) (1), 1 (t2)$12% (t3) 1 c1,t; € K}
4| {ogug (e)2,00 (01 (Do (€)1 (1)1 (C 4 11)
X 210 (=C+ 1)y (F2)2g, 1 (¢ + E2)wyy 0 (=CF +B2)zyy 1 (—H)
X :r:u%(tg) :¢C €3, c1,t; € K}
5 {55108 tl)xoo(l) (tl)xoo(l) (tl)xllg (tl)x01(1) (—tl)xu(l) (—t1?)
X g1 (—t:® + t12)$11(1) (=t — 1% — t)ay 1 (t1® — t1?)
X scu%(tg) tje K}
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