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Abstract We consider non-reversible perturbations of reversible diffusions that do not alter
the invariant distribution and we ask whether there exists an optimal perturbation such that
the rate of convergence to equilibrium is maximized. We solve this problem for the case
of linear drift by proving the existence of such optimal perturbations and by providing an
easily implementable algorithm for constructing them. We discuss in particular the role of
the prefactor in the exponential convergence estimate. Our rigorous results are illustrated by
numerical experiments.

Keywords Non-reversible diffusion - Convergence to equilibrium - Wick calculus

This work is supported by the Agence Nationale de la Recherche, under grant ANR-09-BLAN-0216-01
(MEGAS). This work was initiated while the two last authors had a INRIA-sabbatical semester and year
in the INRIA-project team MICMAC. The research of GP is partially supported by the EPSRC under
grants No. EP/H034587 and No. EP/J009636/1.

T. Lelievre (X))

CERMICS, Ecole des ponts, Université Paris-Est, 6-8 avenue Blaise Pascal, 77455 Marne la Vallée
cedex 2, France

e-mail: lelievre @cermics.enpc.fr

T. Lelievre
MicMac project team, INRIA, 78153 Le Chesnay cedex, France

F. Nier
IRMAR, Campus de Beaulieu, Université de Rennes 1, 35042 Rennes, France
e-mail: francis.nier @univ-rennes|.fr

G.A. Pavliotis

Imperial College London, Department of Mathematics, South Kensington Campus, London SW7 2AZ,
England

e-mail: g.pavliotis @imperial.ac.uk

@ Springer


mailto:lelievre@cermics.enpc.fr
mailto:francis.nier@univ-rennes1.fr
mailto:g.pavliotis@imperial.ac.uk

238 T. Lelievre et al.

1 Introduction
1.1 Motivation

The problem of convergence to equilibrium for diffusion processes has attracted consider-
able attention in recent years. In addition to the relevance of this problem for the convergence
to equilibrium of some systems in statistical physics, see for example [30], such questions
are also important in statistics, for example in the analysis of Markov Chain Monte Carlo
(MCMC) algorithms [9]. Roughly speaking, one measure of efficiency of an MCMC algo-
rithm is its rate of convergence to equilibrium, and increasing this rate is thus the aim of
many numerical techniques (see for example [5]).

Let us recall the basic approach for a reversible diffusion. Suppose that we are interested
in sampling from a probability distribution function

e*V

Ve e

ey

where V : R — R is a given smooth potential such that [,y e~V dx < co. A natural dy-
namics to use is the reversible dynamics

dX,=—VV(X,)dt + 24w, 2)

where W, denotes a standard N-dimensional Brownian motion. Let us denote by v, the
probability density function of the process X, at time ¢. It satisfies the Fokker-Planck equa-
tion

O =V - (VVi + V). 3

Under appropriate assumptions on the potential V (e.g. that %lVV(x)|2 — AV(x) > 400
as |x| = +o0, see [42, A.19]), the density ¥ satisfies a Poincaré inequality: there exists
A > 0 such that for all probability density functions ¢,

LG vt LI GE)

The optimal parameter A in (4) is the opposite of the smallest (in absolute value) non-
zero eigenvalue of the Fokker-Planck operator V - (VV - +V.), which is self-adjoint in
L*(RY, wo‘ol dx) (see (7) below). Thus, A is also called the spectral gap of the Fokker-Planck
operator.

It is then standard to show that (4) is equivalent to the following inequality, which
shows exponential convergence to the equilibrium for (2): for all initial conditions ¥ €
L*RY, ! dx), for all times t > 0,

2
VoodX. “

—A
”wt - 1y/foo”LZ(l//O—Ol) <e t||¢0 - WOOHLZ(]//O—CIV (5)

where || - denotes the norm in L*(RM, ¢ '), namely |f|?

(PRI L2y
Jew FHx) ¥ (x) dx. This equivalence is a simple consequence of the following 1dent1ty if

l//l .lS S()lut].()]l to (3), thell
< t )
woo

d
priad llfoollew —Z/RN Voodx. (©)
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Optimal Non-reversible Linear Drift for the Convergence to Equilibrium 239

In view of (5), the algorithm is efficient if A is large, which is typically not the case if X,
is a metastable process (see [26]). A natural question is therefore how to design a Markovian
dynamics which converges to the equilibrium distribution ¥, (much) faster than (2). There
are many approaches (importance sampling methods, constraining techniques, see for exam-
ple [27]), and the focus here is on modifying the dynamics (2) to a non-reversible dynamics,
which has the same invariant measure.

1.2 Non-reversible Diffusions

As noticed in [24, 25], one way to accelerate the convergence to equilibrium is to depart
from reversible dynamics (see also [10] for related discussions for Markov Chains). Let us
recall that the dynamics (2) is reversible in the sense that if X is distributed according to
Yoo (x) dx, then (X, )o< <7 and (X7_;)o<;<r have the same law. This is equivalent to the fact
that the Fokker-Planck operator is self-adjoint in L*(R", v !dx):

/RN V- (VVY + V) ldx = —/RN V() V(evs)vedx

:/RNV-(VVdH-V(}b)\// Y ldx. @)

Now, a natural non-reversible dynamics to sample from the distribution ¥, (x) dx is:
dX! = (—VV(X?) +b(X?))dt +~2aW,, (8)
where b is taken to be divergence-free with respect to the invariant distribution ¥, (x) dx:
V- (be?V)=0, ©)

so that ¥, (x) dx is still the invariant measure of the dynamics (8). A general way to con-
struct such a b is to consider

b=JVV, (10)

where J is a constant antisymmetric matrix.

It is important to note that the dynamics (8) is non-reversible. Indeed, one can check that
(th)OSTST has the same law as (X;Z)ostsT (notice the minus sign in front of b), and thus
not the same law as (X ?7,)0§,§7. Likewise, Eq. (7) now becomes:

/ V- ((VV =Dy + Vy)pydx = / V- ((VV +b)p+ V)Y ¥ dx.
RN RN

Again, notice the change of sign in front of b.

From (10) it is clear that there are many (in fact, infinitely many) different ways to mod-
ify the reversible dynamics without changing the invariant measure. A natural question is
whether the addition of a non-reversible term can improve the rate of convergence to equi-
librium and, if so, whether there exists an optimal choice for the perturbation that maximizes
the rate of convergence to equilibrium. The goal of this paper is to present a complete solu-
tion to this problem when the drift term in (8) is linear.

More precisely, let wtb denote the law of the process X tb, i.e. the solution to the Fokker-
Planck equation

Jyl =V - ((VV = byl + vy?). a1
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240 T. Lelievre et al.

Using the fact that v/, is a stationary solution to (11) (which is equivalent to (9)) and under
the assumption that ¥, satisfies the Poincaré inequality (4), one can check that the upper
bound for the reversible dynamics (2) is still valid:

v = Vel oty < € W5 = Yool 12z (12)

Actually, as in the reversible case, (12) (for all initial conditions w(’)’ ) is equivalent to (4). This
is because (6) also holds for ¥r® solution to (11). In other words, adding a non-reversible part
to the dynamics cannot be worse than the original dynamics (2) (where b = 0) in terms of
exponential rate of convergence.

What we show below (for a linear drift) is that it is possible to choose b in order to obtain
a convergence at exponential rate of the form:

) — oo | 2y SCW, bye™ |lvg = ¥eo ”LZ(%‘C')’ 13)

with A > A and C(V,b) > 1. It is important to note the presence of the constant C(V, b) in
the right-hand side of (13). For a reversible diffusion (b = 0), the spectral theorem forces
the optimal C(V, 0) to be equal to one, and A = A, the Poincaré inequality constant of 1/,
(since (5) implies (4)). The interest in adding a non-reversible perturbation is precisely to
allow for a constant C(V, b) > 1, which permits a rate A > A. The difficulty is thus to design
a b such that A is large and C(V, b) is not too large. In the following, we adopt a two-stage
strategy: we first optimize b in order to get the largest possible A, and then we discuss how
the constant C(V, b) behaves for this optimal rate of convergence.

1.3 Bibliography

This problem was studied in [24] for a linear drift (namely V is quadratic and b is linear)
and in [25] for the general case. It was shown in these works that the addition of a drift func-
tion b satisfying (9) helps to speed up convergence to equilibrium. Furthermore, the optimal
convergence rate was obtained for the linear problem (see also Proposition 1 in the present
paper) and some explicit examples were presented, for ordinary differential equations in two
and three dimensions.

The behavior of the generator of the dynamics (8) under a strong non-reversible drift
has also been studied [4, 6, 14]. It was shown in [14] that the spectral gap attains a finite
value in the limit as the strength of the perturbation becomes infinite if and only if the
operator b - V has no eigenfunctions in an appropriate Sobolev space of index 1. These
works, although relevant to our work, are not directly related to the present paper since our
main focus is in obtaining the optimal perturbation rather than an asymptotic result. The
effect of non-reversible perturbations to the constant in logarithmic Sobolev inequalities
(LSI) for diffusions have also been studied, see [3, 13]. In these papers, examples were
presented where the addition of a non-reversible perturbation can improve the constant in
the LSL.

This work is also related to [16], where the authors use another idea to enhance the
convergence to equilibrium. The principle is to keep a reversible diffusion, but to change the
underlying Riemannian metric by considering

dX) =—-DVV(X)dt +~v2DdW,

for a well chosen matrix D. More precisely, the authors apply this technique to a Hybrid
Monte Carlo scheme. It would be interesting to set up some test cases in order to compare
the two approaches: non-reversible drift versus change of the underlying metric.
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Optimal Non-reversible Linear Drift for the Convergence to Equilibrium 241

Finally, we would like to mention related recent works on spectral properties of non-
selfadjoint operators see for example [7, 15, 41] and references therein.

1.4 Outline of the Paper

In this paper, we study the case of a linear drift. Namely, we consider (2) with a quadratic
potential

Vi) = %szX, (14)

where S is a positive definite N x N symmetric matrix. In the following, we denote Sy (R)
the set of symmetric matrices and S;O (R) the set of positive definite symmetric matrices.
The equilibrium distribution thus has the density

det(S)/? (_xTSx>

‘/’oo(x): (27T)N/2 eXp 2

(15)

It can be checked that if the vector field b(x) is linear, it satisfies (9) if and only if b = —J Sx
with J = —J7 an antisymmetric real matrix, see Lemma 1. For a given S, the question is
thus how to choose J in order to optimize the rate of convergence to equilibrium for the
dynamics (8), which in our case becomes:

dX! = (I + J)SX! dt +v2aw,, (16)

where I denotes the identity matrix in My (R), the set of N x N real valued matrices.
We provide an answer to this question. In particular:

1. We prove that it is possible to build an optimal J (denoted J,,), which yields the best
possible rate A (denoted Aopt) in (13).

2. We provide an algorithm for constructing an optimal matrix J,,;.

3. We obtain estimates on the constant C(V, b) = C(S, J) in (13).

It appears that this procedure becomes particularly relevant in the situation when the con-
dition number of S is large (namely for an original dynamics with multiple timescales, see
Sects. 3.3 and 6). Discussions about the size of C(S, J) with respect to this conditioning
and to the dimension N can be carried out very accurately.

The reason why the case of linear drift is amenable to analysis is because it can be re-
duced to a linear algebraic problem, at least for the calculation of 1, and the construction of
Jop:- One way to understand this is the following remark: the spectrum of an operator of the
form (which is precisely the form of the generator of the dynamics (16)) £L = —(Bx)-V+ A,
can be computed in terms of the eigenvalues of the matrix B. Here, B denotes any real square
matrix whose eigenvalues have strictly positive real part. In [31] (see also [34, 35] and
Proposition 10 below), it was indeed proven that the spectrum of £ in L? spaces weighted
by the invariant measure of the dynamics (p > 1) consists of integer linear combinations of
eigenvalues of B:

a(ﬁ):{—anAj,njCN}, (17)

j=1
where {2;}_, denote the r (distinct) eigenvalues of B. In particular, the spectral gap of the
generator L is determined by the eigenvalues of B, and this yields a simple way to design
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the optimal matrix J,,;. On the other hand, the control of the constant C(S, J) requires a
more elaborate analysis, using Wick (in the sense of Wick ordered) calculus, see Sect. 5.3
below.

Compared to the related previous paper [24], our contributions are threefold: (i) we pro-
pose an algorithm to build the optimal matrix J,,,, (ii) we discuss how to get estimates on
the constant C(S, J) and (iii) we consider the longtime behavior of the partial differential
equation (11) and not only of ordinary differential equations related to (16). In particular,
our analysis covers also non Gaussian initial conditions for the SDE (16). Although the re-
sults that we obtain have a limited practical interest (there exist many efficient techniques
to draw Gaussian random variables), we believe that this study is a first step towards further
analysis, in particular for nonlinear drift terms.

The rest of the paper is organized as follows. In Sect. 1.5 we present the main results
of this paper. In Sect. 2 we perform some preliminary calculations. The linear algebraic
problem and the evolution of the corresponding ordinary differential equation are studied in
Sect. 3. Direct computations of the expectations and the variances are performed in Sect. 4
for Gaussian initial data. The convergence to equilibrium for the non-reversible diffusion
process for general initial data is then studied in Sect. 5. Results of numerical simulations
are presented in Sect. 6.

1.5 Main Results

For a potential given by (14), our first result is a simple lemma which characterizes all non-
reversible perturbations that satisfy the divergence-free condition (9).

Lemma 1 Let V (x) be given by (14) and let b(x) = —Ax where A € My (R). Then (9) is
satisfied if and only if

A=1JS, withJ=-JT. (18)

Proof Equation (9) with b = —Ax and quadratic potential (14) gives V - (Ax e‘xr%) =0
which is equivalent to: Yx € RV, Tr(A) + (Ax)7(Sx) = 0. This is equivalent to the con-
ditions Tr(A) =0 and (A”S) = —(ATS)". Set now J = AS~'. We have Tr(JS) = 0 and
S(J + JT)S =0 which is equivalent to J = —J 7. O

We will denote the set of N x N real antisymmetric matrices by Ay (R) C My (R). The
following result concerns the optimization of the spectrum of the matrix B, = (I + J)S,
which appears in the drift of the dynamics (16) and plays a crucial role in the analysis; see
Eq. (17).

Theorem 1 Define By = (I + J)S. Then

T
max_minRe(o (B)) = s (19)
JeAy(R) N

Furthermore, there is a simple algorithm to construct matrices Jo, € Ay (R) such that the
maximum in (19) is attained. The matrix J,p; can be chosen so that the semi-group associ-
ated to B,,, satisfies the bound

Tr(S
eS| < cPie(S)!/? exp(—%t), (20)
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Optimal Non-reversible Linear Drift for the Convergence to Equilibrium 243

for all t > 0, where the matrix norm is induced by the Euclidean norm on RY and k(§) =
IS IS™Y denotes the condition number.

Theorem 1 is a straightforward consequence of Proposition 4 and Proposition 5 below,
with an explicit expression for the constant C 1(\/1) given by (46). This expression allows to dis-
cuss the dependence of C ,(\,1) on the dimension N (see Remark 7 for details). The algorithm
to construct the matrix J,,, is given in Fig. 1 below, at the end of Sect. 3.2.

The partial differential equation version of this result requires to introduce the generator

L;=—(Byx)-V+ A
of the semigroup (e'£7);>¢ considered in L2(RY | ¥oodx; C), where, we recall (see (15)),

det(S)!/? xTSx
S exp > .

Yoo (X) =

Here L?(RY,y,dx;C) denotes the set of functions f : R¥ — C such that
fRN |f|2(x)l000(x)dx < 0.

Theorem 2 For B; = (I +J)S with J € Ay, the drift-diffusion operator L; = —(B;x).V+
A defined in L>(RN , Yroodx; C) with domain of definition

D(Ly) = {u € L*(R", Yoedx; C), Lyu € L*(RY, Yodx; C)}

generates a contraction semigroup (e'“7),=q and it has a compact resolvent. Optimizing its
spectrum with respect to J gives

. _ Tr(S)
Jenj%)mmRe(o(—L,)\{O})_ N (1)

Furthermore, the maximum in (21) is attained for the matrices J,p; € Ay (R) constructed as
in Theorem 1. The matrix J,,, can be chosen so that

etEJgpt u— (/ ul//oodx>
RY L2 (fro0)

<C{K(8)? exp(—Tr]f]S) t> u— </ m/foodx>
RN

holds for all u € L>(RY, Yroodx; C) and all t > 0, where «(-) again denotes the condition
number.

(22)

L2 (Vo)

Theorem 2 is a straightforward consequence of Proposition 12 below, with an explicit ex-
pression for the constant C ;3) given by (64). The dependence of Cf\?) on the dimension N is
discussed in Remark 9. A simple corollary of this result is the following:

Corollary 1 Let us consider the Fokker Planck equation associated to the dynamics (16)
on X/

o] =V - (Byxy] +Vy]), (23)
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244 T. Lelievre et al.

where By = (I + J)S. Let us assume that WOJ e L*(RV, 1//0_01 dx). Then, by considering
J = —Jopi, where J,,, € Ay (R) refers to the matrix considered in Theorem 2 to get (22),
the inequality

Tr(S)

. 2

[ = Vool oy, = CPR(S)7 exp(_Tt) R —
holds for all t > 0, when o, is defined by (15).

Proof This result is based on the following simple remark: ¥/ is a solution to (23) in
L*(RN, ¢ ' dx) if and only if ¥/ v ! = '“~7 (¥ ¥!) in L*(RY, ¥ dx). Notice the mi-
nus sign in £_,. Then the exponential convergence is obtained from (22) using the equality:

”1//11 - WOO ”LZ(,{,;CI) = Hllftjl//o_cl - (/]RLN 1//6] 1t[fo_ol '(//de>

L2 (Vo)

O

Remark I A more general result (in terms of the assumption on woj ) but with a less accurate
upper bound is given in Proposition 8.

Remark 2 The partial differential equation
f=Lyf=—Byx)-Vf+Af

which we consider in Theorem 2 is the backward Kolmogorov equation associated with the
dynamics (16). It is related to this stochastic differential equation through the Feynman-Kac
formula f(,x) = E*(f(X;)) where X/ is the solution to (16) and E* indicates that we
consider a solution starting from x € R": X({ = x. The partial differential equation

Wy =V (Byxy] +Vy))

which we consider in the Corollary 1 is the Fokker Planck (or forward Kolmogorov) equa-
tion associated with (16): if X({ ~ 1//0] (x) dx, then for all times 7 > 0, W is the probability
density function of X/ .

As explained in the proof of Corollary 1 above, these two partial differential equations
are related through a conjugation. See also, e.g. [33, 42].

Remark 3 It would be interesting to explore extensions of this approach to the Langevin
dynamics:

! dq; = p; dt,
dp,=—-VV(q,)dt —yp,dt + /2y dW,,

which is ergodic with respect to the measure Z~! exp(—V (q) — | p|*/2) dpdq. For example
the following modification

{dq, — (I = J)p,di,
dp,=—U+J)VV(q,)dt —yp,dt +/2y dW,,
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where J is an antisymmetric matrix leaves the measure Z~'exp(—V(q) — |p|*/2)dpdq
stationary. In the linear case V (x) = "TZS", this leads to a Kramers-Fokker-Planck operator
which is a differential operator (at most) quadratic in (g, p, d,, d,,). Then the exponential
decay rate can be reduced to some (more involved) linear algebra problem following [21].
About the constant prefactor in front of the decaying in time exponential, the argument based
on the sectorial property used in Lemma 3 does not apply anymore. It has to be replaced by
hypoelliptic estimates in the spirit of [11, 20, 21]. The reference [21] provides accurate
results for differential operators with at most quadratic symbols.

2 A Useful Rescaling

The analysis will be carried out in a suitable system of coordinates which simplifies the cal-
culations and the presentation of the intermediate results. We will perform one conjugation
and a change of variables.

First, from the partial differential equation point of view, it appears to be useful to work
in L>(R", dx; C) instead of L*(R", Yoodx; C), since this allows to use standard techniques
from the spectral analysis of partial differential equations. In the following, the norm in
L*(RY, dx; C) is simply denoted || - || ;2. For a general potential V', the mapping u lpo_ol/ u
maps unitarily L*(RY,dx; C) into L>(R", Yoodx; C) with the associated transformation
rules for the differential operators:

e

<

\4
2

| 1
Ver =V 4oV, e IvTes =vT 4 —vyT,

2

where V and V7 denote the gradient and the divergence operators, respectively. Thus, the
operator L= —VVTV + bTV + A is transformed into

14 A4
2 2

_ 1 1 1
L=e¢7Le :A—Z|VV|2+EAV+bTV+§bTVV. (24)

In the linear case we consider in this paper, V(x) = %xTSx (where S = ST is positive
definite), b(x) = —Ax and A = JS, J € Ay(R), (see Lemma 1), so that the operator
L=L;=—(B;x)TV + A with B; = (I + J)S becomes

_ 1 1 1
L;=A~— foszx +3Tr(S) + E(xTSJV — V" JSx).
In the above calculation we have used J” = —J, x7 SJ7Sx =0 and
VI'Bx=7 0,Byx;=) x;Bjd,+y Bi=x"B'V+Tr(B)
0, ij ;
with B=SJ7, BT = —JS and Tr(SJ) = Tr(S'/2J §'/?) = 0. According to Lemma 1, we

—_. v I sx - . . . .
know that the kernel of £; is Ce™2 = Ce™ "4 . The operator £, is unitarily equivalent to

the operator L.

The aim of the second change of variables is to modify the kernel of the operator £; to
a centered Gaussian with identity covariance matrix. Let us introduce the new coordinates
y = 8'2x, so that V, = §'/2V,. Then the operator £; becomes:

] 1 1 1, - -
£ =VISVy = 2y Sy+ S Th(S) + 5 (7 79, = V' Jy) (25)
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246 T. Lelievre et al.

where
J=S8"278"2 c Ay®).

The corresponding stochastic process is, in the new coordinate system (¥, = S'/2X,):
dY, = —(S + D)Y,dt +~28"*aw,.

The L>-normalized element of ker £; is now simply the standard Gaussian distribution

me_#. Notice that £ is still acting in L2(RY, dx; C).

As a summary, u(t,x) satisfies du = Lyu if and only if v(t,y) =
VU (STV2y) u(t, S~1/2y) satisfies 9,v = £,v. We have u(t, x) = '/ ug(x) and v(t, y) =
e's vo(y) where uy = u(0,-) and vy = v(0,-) are related through vy(y) =
VYoo (S7V2y) ug(S~1/2y). In particular, it is easy to check that for all > 0,

ey — </ um/foodx>
]RN

(Mo(v)) (y) = 2)~"/? </ vo(y)e ¥4 dy)e—lylz/‘*
RN

= (det )| e"Cr (I — Mo)wo 2, (26)

L2 (Yec)

where

y2 ~
is the L2-orthogonal projection of vy on the kernel (Ce_% of £,. Thus, proving (22) is
equivalent to proving

: Tr(S)
e Cert (1 = o) | 1 2y < CRK ()2 exp(—TI), (27)

where here and in the following we use the standard operator norm

[ Aull2

lAll 22y = sup
wer2@yy lullz2

for an arbitrary operator A.
In the following, we will mostly work with £; and Y; rather than with £, and X,.

3 The Linear Algebra Problem

The stochastic differential equation (8) for the linear case (quadratic potential) that we con-
sider becomes

dX,=— 4 J)SX,dt +2dW,, (28)
and is associated with the drift matrix

B, =+ J)S. (29)

With the change of variables given in Sect. 2 (¥, = S'/2X,), the stochastic differential equa-
tion (28) becomes

dY, = —(S+ )Y, dt + 25" dw,.
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Optimal Non-reversible Linear Drift for the Convergence to Equilibrium 247

The drift matrix is now
B, =SB, STV =(S+ ), (30)

where, we recall, J = /27812 € Ay (R). We first collect basic spectral properties of B,
(or equivalently of B;) when J € Ay (R)) and then show how this spectrum can be con-
structively optimized.

3.1 Spectrum of B, for a General J € Ay (R)

Proposition 1 For j € Ay(R) (or equivalently J = §712J8-12 ¢ Ay(R)) and S €
S;O(R), the matrix By = S + J has the following properties:

(i) o(B;) C {z € C,Re(z) > 0}.
(i) Tr(B,) =Tr(S).

(iii) minRe[o (B,)] < &,

N0ti~ce that the properties stated above on B 7 also hold on Bj; since U(E 7) =0 (By) and
Tr(B;) =Tr(By).

Proof Let A € C be an eigenvalue of B, with corresponding (non-zero) eigenvector x, €
CN: (S84 J)x, = Byx; = Ax;. §ince S is a real matrix, the complex scalar product with x;
gives A|x; |2 = |S2x; |> + (x;., Jx;)c. Here and in the following, the complex scalar product

is taken to be right-linear and left-antilinear: for any X and Y in CN,(X,Y)c = X'y. Using
the fact that J € Ay (R), we get:

|Sl/2X)L|2
Re(A) = ——— > 0.
A

This ends the proof of (i). The proof of (ii) follows immediately from the fact that the trace
of the antisymmetric matrix J is 0.
To prove (iii), let

o(By) ={M, A2, M)

denote the spectrum of B;, and let m; denote the algebraic multiplicity of A;. Part (ii) says
Y iy mxAax =Tr(S) € R, and consequently:

> " miRe(hi) = Tr(S).
k=1
Now, using the fact that 22:1 m; = N, we conclude

Tr(S)
N 0

minRe[o (B;)] = min{Re(h). k € {1,...,r}} <

3.2 Optimization of minRe [0 (B))]

Our goal now is to maximize minRe[o (B;)] over J € Ay (R), or equivalently, to maximize
min Re[a(f?,)] over J = S/2J 812 ¢ Ay (R). Indeed, this is the quantity which will deter-
mine the exponential rate of convergence to equilibrium of the non-reversible dynamics (16)
as it will become clear below.

@ Springer



248 T. Lelievre et al.

From Proposition 1(iii), the maximum is obviously achieved if there exists a matrix J €
Ay (R) such that:

Tr(S)

Vieo(B;), Re(h)= (31)

In the following proposition we obtain a characterization of the antisymmetric matrices J
(related to J through J = §'/2J§'/2) for which (31) is satisfied and B, is diagonalizable
(see (33) below). This characterization requires to introduce a compamon real symmetric
positive definite matrix Q € S >0(R) The case of non-diagonalizable By is then discussed,
using an asymptotic argument. We finally show how this characterization can be used to
develop an algorithm for constructing a matrix Je Ay (R) such that (31) is satisfied.

Proposition 2 Assume that Je Ay (R) and that S € S;,O (R). Then the following conditions
are equivalent:

(1) The matrix B J=S+ Jis diagonalizable (in C) and the spectrum of B 7 satisfies

S
U(BJ)C%"F i R. (32)

(i) B, — %I is similar to an anti-adjoint matrix.

(iii) There exists a hermitian positive definite matrix Q = Q  such that

2Tr(S)

JO—0J=—05S—-S0+ 0. (33)

(iv) There exists a real symmetric positive definite matrix Q = Q7 such that (33) holds.

Proof First we prove the equivalence between (i) and (ii). Equation (32) is equivalent to the
statement that there exists a matrix P € GL, (C) (where GL, (C) denotes the set of complex
valued invertible matrices) such that

- TS
p! (BJ - r}; )I)P =diag(ity, ..., ity)

for some #; in R, which is equivalent to statement (ii), since any anti-adjoint matrix can be
diagonalized in C.

To prove that (ii) implies (iii), we write statement (ii) as: there exists a matrix P € GL,(C)
such that

(P B, p) — Ty _pig,py ) (34)
Since B; =S+ J € My(R) and J € Ay (R), we obtain
PP —P i) =P s(F ) - pisp+ ZT;V(S)
‘We multiply this equation left and right by P and P respectively, to obtain
JPP — PP = —pP s—spP 4+ 20 ppT (35)
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Statement (iii) follows now by taking Q = PP . Conversely, (iii) = (ii) follows from the
writing Q = PFT, with P € GL,(C) (take P = /Q) for any hermitian positive definite
matrix Q. Then, one obtains (ii) by going back from (35) to (34). Finally, (iii) implies (iv)
by taking the real part of (33) and using the fact that J and S are real matrices. The converse
(iv) = (iii) is obvious. This ends the proof. O

Remark 4 Notice that if J is such that (32) is satisfied, so is —J (and thus J7). Indeed, if
(J, Q) satisfies (33), then (—J, Q') also satisfies (33).

Let us give another equivalent formulation of Proposition 2(iv).

Lemma 2 With the notation of Proposition 2, let us consider matrices Je Ayv@R), S €
S;O(R) and Q € S;,O(R). Let us denote {)»k};1<v=1 the positive real eigenvalues of Q (counted
with multiplicity), and {y }i._, the associated eigenvectors, which form an orthonormal ba-

sis of RN . Equation (33) is equivalent to the two conditions: for all k in {1, ..., N},
Tr(S)
Wk, SYr = (36)
N
and, forall j #kin{l,..., N},
(= M)W, TYR = O+ 1) (Y. SYR. (37)

Proof Since {wk},f’zl form an orthonormal basis of R", Eq. (33) is equivalent to this same
equation tested against 1//jT on the left, and v on the right. This yields:

- - 2Tr(S
M T T =T T = =TS9 — TS+ )

8jkAks

where §; is the Kronecker symbol. When j = k, we obtain (36) by using the antisymme-
try of J, together with the fact that all eigenvalues of Q are non-zero. When j # k, we
obtain (37). O

Notice that when the eigenvalues of Q are all with multiplicity one, J is completely
determined by (37): forall j #kin {1,..., N},

}»k-{—)»j

= W, SYr. (38)

(W Ve =~
Indeed, by the antisymmetry of J, the remaining entries are zero:

(W, JYj)r=0 forall je{l,...,N}.

This motivates the following definition.

Definition 1 We will denote by P, (S) the set of pairs J, Q), where Q is areal symmetric
positive definite matrix with N eigenvalues of multiplicity one and associated eigenvectors
satisfying (36), and J is the associated antisymmetric matrix defined by (38).

@ Springer



250 T. Lelievre et al.

Notice that for any (f , Q) € Popi(S), Jis completely defined (by (38)) as soon as Q is
chosen, so that the set P,,,(S) can be indexed by the set of matrices Q € S;O(R) with N
eigenvalues of multiplicity one, and with eigenvectors ;. satisfying (36). As it will become
clear below, the matrix Q of a pair (i , Q) € P,,:(S) appears in the quantitative estimates
of Theorem 1 and Theorem 2 through the constants C](Vl) and C ,(3). The construction of the
pair J, Q) is also better understood by splitting the two steps: (1) construction of Q and
(2) when Q is fixed, construction of J.

Remark 5 We would like to stress that the set P, (S) does not provide all the matrices
J € Ay(R) such that o(B;) C I8 + iR Indeed, first, we have assumed that By is diago-
nalizable and, second, in this case we have assumed moreover that Q has N eigenvalues of
multiplicity one.

Actually the spectrum of B, depends continuously on J. Hence any limit J=1lim,_ s J,
in Ay(R) with (J,, Q) € Pop(S) will lead to o(B;) € I 4 iR. A particular case is

interesting: Fix the real orthonormal basis {lﬁj};\' , and consider Q, with the eigenval-

ues (o, ..., a™) with @ > 0. The unique associated antisymmetric matrix Jy is given by
(V). Juj)r =0 and
- af +al
W), Ju¥idr = ———— (¥, SYi)r.
ot — ot

Taking the limit as « — +00 or & — 0% leads to
W Joc¥ir = —sign(k — D). SYIR,  Jor = —Jc.

Actually, for such a choice f,,P, = foo or f,,p, = f0+, the matrix S + f,,p, is triangular in the
basis () 1<j<n and a(éjup,) = {%S)}. In general (see for example Sect. 3.3), the matrix
B J,p: May not be diagonalizable over C and may have Jordan blocks.

We end this section by providing a practical way to construct a couple (J, Q) satisfy-
ing (33) (or equivalently (f , Q) €Pypi(S)), fora given S € S;O(]R). The strategy is simple.
We first build an orthonormal basis {1//;{},1:’: L of RY such that (36) is satisfied, then we choose
the eigenvalues {A;}!_, distinct and positive, and define J by (38). The only non-trivial task
is thus to build the orthonormal basis {wk},’(\;l.

Proposition 3 For every S € S;,O (R), there exists an orthonormal basis {I//k},iv:l of RN such
that (36) is satisfied.

Proof We proceed by induction on N, using some Gram-Schmidt orthonormalization pro-
cess. The result is obvious for N = 1. For a positive integer N, let us assume it is true for

N — 1 and let us consider § € Sy°(R). Let us set T = z75;. The matrix T is in Sy°(R) with

Tr(T) = 1. Consequently (Y;, Tyi)r >0,i=1,..., N and Zfil(t/f,», Ty;)r =1 for any
orthonormal basis { w,«}lN , of RY. Assume that not all (y;, Tv;)r are equal to 1/N. Then

there exist iy, i1 € {1, ..., N} such that

1 1
(17[/1'07 TI//I'())R < ﬁs (lpiw Tlpil)]R > N

Set ¥, = cos(t) ¥, +sin(?)y;, and consider the function f (¢) = (Y, T ¥, )r. This function is
continuous with f(0) < 1/N and f(7r/2) > 1/N. Consequently, there exists a t, € (0, 7 /2)
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such that
1
Wy, T )R = N (39)

Let now IT = I — 4, ()7 denote the orthogonal projection to Span(y,,)* and define

N
T =——0M0TII.
N -1

This operator is symmetric positive definite on Span(;,)* with

N
Te(T") = 5 (Te(T) = (Vi T )z) = 1.

It can thus be associated with a symmetric positive definite matrix in My_;(R). By the

induction hypothesis there exists an orthonormal basis (lﬂz, cee, \DN) of Span(t/f,*)l such
that (Y;, T'¥;)r = 5. i =2, ..., N. Let us consider the orthonormal basis of R":

T wt*v i = 17

vi= {1/}5, i>2.

We obtain (1, TY)r = (Y1, TV, )r = + and, fori > 2, (;, TY)r = Y2 (Wi, TH)r =
%. This ends the induction argument. a

Remark 6 Finding 7, such that (39) is satisfied yields a simple algebraic problem in
two dimensions. Let (ip,i;) be the two indices introduced in the proof. The matrix

(i, TY IR jetiiyy € M2(R) is

1 1
|:O;30 51i| with a0<ﬁ,a1>ﬁ,ﬁeR.

Then, ¢, € (0, 7/2) is given by

—p+ B — @ — Do — 1)

1
al_ﬁ

tant, =

and the vector v, by

1
Yy, = ————=(;, +tant ;).
V1 +tan?z,

The above proof and Remark 6 yield a practical algorithm, in the spirit of the Gram-
Schmidt procedure, to build an orthonormal basis satisfying (36), see Fig. 1. This algorithm
is used for the numerical experiments of Sect. 6. Notice that in the third step of the algorithm,
only the vector ¥, is concerned by the Gram-Schmidt procedure. The chosen vector ¥,
belongs to Ry, & Ry,,; and all the normalized vectors (¥,,42, ..., ¥y) are already orthog-
onal to this plan.

A simple corollary of Proposition 3 is the following:
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Algorithm for constructing an optimal nonreversible perturbation
Start from an arbitrary orthonormal basis (Y, ..., ¥n).
forn=1:N—1do

1. Make a permutation of (i, ..., ¥y) so that
W, S¥u)r = max (Y, SY)r > Tr(S)/N

and

W1, YR =, min (Y, S < Tr(S)/N.

=n,...,

2. Compute t, such that ¥, = cos(t,) ¥, + sin(#,) ¥, 4+ satisfies (Y, , Sy, )r = Tr(S)/N
(see Remark 6 above).

3. Use a Gram-Schmidt procedure to change the set of vectors (Y, , Yut1, ..., Yn) to an
orthonormal basis (Y, , Y11, ..., ¥n).
end

Fig. 1 Algorithm for constructing an optimal nonreversible perturbation

Proposition 4 For every S € S,T,O (R), it is possible to build a matrix J € Ay (R) such that

Tr(S)

= minRe[a(E,)] > min Re[a (S)]

where B; = S + J. Moreover, this holds with a strict inequality as soon as S admits two
different eigenvalues.

In conclusion, the exponential rate of convergence may be improved by using a non-
reversible perturbation, if and only if S is not proportional to the identity. We also refer
to [24, Theorem 3.3] for another characterization of the strict inequality case.

3.3 Explicit Computations in the Two Dimensional Case

In the two dimensional case (N = 2), all the matrices J such that o (B;) C Tr(S)/N + iR
can be characterized. Accordingly, explicit accurate estimate of the exponential decay are
available for the two-dimensional ordinary differential equation:

dx

d—t’ =—(I+J)Sx, with xg giveninR?. (40)
After making the connection with our general construction of the optimal matrices J (see
Definition 1), we investigate, for a given matrix S € S;O(R), the minimization, with respect
to J, of the prefactor in the exponential decay law. We would like in particular to discuss
the optimization of the constant factor in front of exp(— Tr(S)¢/2).

Without loss of generality, we may assume that § = [ (1) g] and J = [_Oa g], where A > 0

is fixed. The eigenvalues of B, belong to Tr(S)/2 = (1 + A)/2 + iR if and only if

(1—2)?
4)

@ = (41)
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A+1i14/4/\a2 Ali/4ha® —(1-1)2 x)2

and then, the eigenvalues of By = (I + J) S are ;4
ity (41) is strict, the associated eigenvectors are

1 ui—l A—1%i/4ra?— (1 —1)?2
Uy = o with o4 .

ar 2al

. When the inequal-

We have that B,=P[“+ 0 ]P with P = [ +oi]and pl=_1 [a_ ] The case

a——at L—ay 1
1 :tﬁ(;*)»)
By=|_1. A
o

which has a Jordan block when A # 1. This ends the characterization of all the possible
optimal J’s in terms of the exponential rate.

— A= s
a==+ S7 gives the matrix

Let us compare with the general construction of the pair (Q, J = S2JS? ), see Defini-
tion 1. The matrix Q is diagonal in an orthonormal basis (v, ¥») which satisfies the relation
(36). This yields Wl |> = |1/f1 | = |¢2 |2 = |1//2 |2 = l. Up to trivial symmetries one can fix

e L
() ()
V2 V2

Then, from (37), the eigenvalues A, A, of QO must satisfy
(A2 = 1) (=2av2) = Qo + A (1 = 1)

and the limiting cases a = 1=~ f are achieved after taking the 11m1t — 400 or — 4o00.

Assume now a’ > (1;&

solution equals x; = P[CXP(_O“ + exp(—ou_ 5 ]P‘lxo, which leads to

and consider the two-dimensional Cauchy problem (40). Its

1+ A
lx | < 1Pl P~ exp(—Tt)nxon,

when || - || denotes either the Euclidean norm on vectors or the associated matrix norm,
[|A]| = /max (o (A*A)). This yields the exponential convergence with rate Tr(S)/2 = (1 +

. IS, o2
1)/2, as soon as a satisfies a? > U MA) , while the degenerate case a®> = (14%

144 . . . . .
upper bound C(1 + t)e’%’ . A more convenient matrix norm is the Frobenius norm given
by A2 = 21'2,,':1 |Aij 1> = Y geo(ara) @ With the equivalence in dimension 2, % lAllF <
[JAll < ||A]lF- By recalling o =a—, we get

would give an

I1+A
x|l < 1 Ple| P~ ||F6Xp(—Tt> llxoll

1 2 1+A
< ZM exp<_it>”x0”

o — oy 2

la| 1+A
<200+ ) —————=exp| ———1 ] [ x0l.
Vara? — (1 —21)2 2
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Now, it is clear that the infimum of || P| z||P~"| r is obtained asymptotically as |a| — oo
and equals A—jx' It corresponds to an antisymmetric matrix J with infinite norm.

To end this section, we would like to discuss the situation when the original dynamics
(when J = 0) has two separated time scales, namely A is very large or very small. In the
case A < 1, we observe that the optimal || P||¢||P~"| ¢ (and thus the optimal || P|/||P~"|))

(1=1)2
2h

scales like -, and that this scaling in A is already achieved by taking a* = (twice

ﬁ B
the minimum value in (41)), since in this case, | P|| | P~ || r = ﬁ% In terms of rate of
convergence to equilibrium, it means that, to get ||x,|| of the order of | xy||/2, say, it takes
a time of order In(1/1). This should be compared to the original dynamics (for a = 0), for
which this time is of order 1/A. Of course, a similar reasoning holds for A >> 1. Using an
antisymmetric perturbation of the original dynamics, we are able to dramatically accelerate
convergence to equilibrium.

4 Convergence to Equilibrium for Gaussian Laws and Applications

In this section, we use the results of the previous section in order to understand the longtime
behavior of the mean and the covariance of X, solution to (28):

dX,=—( + 1)SX,dt +~2dW,.

In particular, if X, is a Gaussian random variable (including the case where X is deter-
ministic), then X, remains a Gaussian random variable for all times, and understanding the
longtime behavior of the mean E(X,) and the covariance matrix Var(X,) = E(X, ® X;) —
E(X;) ® E(X,) is equivalent to understanding the longtime behavior of the density of the
process X,, which is exactly Corollary 1 in a very specific case. Here and in the following,
® denotes the tensor product: for two vectors x and y in RY, x ® y = xy” isa N x N matrix
with (i, j)-component x;y;.

4.1 The Mean

Let us denote x; = [E(X,), which is the solution to the ordinary differential equation

dx;
E:—(I—i—J)Sx,, Xo=2X. 42)

The longtime behavior of x, amounts to getting appropriate bounds on the semigroup
e~U+DSt or equivalently on e~ 5+,

When J = 0, namely for the ordinary differential equation

we immediately deduce from the spectral representation of the positive symmetric matrix S
that ||x;|| < e~*'|xo|l where p :=min{o (S)}. The above bound implies that ||e=5'|| < e™**,
where || M|l = sup,cgn 2o % Notice that p < w

We now derive a similar estimate for the semigroup generated by the perturbed matrix
B;=S+J (or equivalently B; = (I + J)S), when (J,0) e Popi» and show that a better
exponential rate of convergence is obtained. As explained in the introduction, the price to
pay for the improvement in the rate of convergence is the worsening of the constant (which
is simply 1 in the reversible case) in front of the exponential.
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Proposition 5 For (J, Q) € P, and J = S~'2J S~V the estimates

eS| < ()2 exp<_$,), (3)
”e—(IJrJ)St“ <K(Q S)I/z p(—Tr]E]S)f>: (44)

hold for every t > 0.

Proof Consider the ordinary differential equation

dy ~
==+ Dy, yo=y. (45)
t
We introduce the scalar product (-, -) p-1 := (-, 0~ ')r on R" with the corresponding norm
I - Il o-1- We calculate:
Lyt = —2 S+ T
S il =— (v, 07" S+ Dy)y

=—(.(Q7'S+Q'T+S07"' =T0 "),

2Tr(S) 2Tr(S)
:_(ytv N Ql)’t>R:— N ”yt”zQ—l'

In the above, we have used the identity
Q' J-JQ '=-507"-07's+ 2T]rv(S) o
which follows from (33) after multiplication on the left and on the right by Q~'. From the
above we conclude that
Iy l3 = e 2y

We now use the definition of the norm || - || 51 to deduce that

Iyl @@~y =] Q" Iyl o1
< ® Q2| lylgr e ® [ QY2 yl
= F (@) 2yl

For the second estimate, we set x, = S~!/2y, and obtain

Il < |72 Q2| @~

< s 0|

Tr(S)

<e Ve (Q7'8) x)l. O

Proposition 5 shows that, for a well chosen matrix J, the mean x, = E(X,) converges to
zero exponentially fast with a rate % Equation (20) in Theorem 1 is a simple corollary
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of (44) and the inequality k (Q~'$)"/? <k (Q)"/k(S)"/2, so that C\)’ in (20) can be chosen
as

cyP =)' (46)
Remark 7 Using the upper bound (46), it can be shown that C,(vl) may be chosen indepen-
dently of N, while keeping the norm of the perturbation J under control. More precisely, for
a given orthonormal basis (1) satisfying (36), let us consider the eigenvalues A, = N + k.
On the one hand, C,(Vl) remains small since x (Q) = 2. On the other hand, using (38), we have

. M+ 2\’
JIF=2 - L SYR
1717 ;(kk_%)(w] ok

<2(4N)* > (¥, SY)i < 16N?S]5..

<k

Thus, the norm of J (compared to the one of S) remains linear in N.

4.2 The Covariance

Let us again consider X, solution to (28), and let us introduce the covariance
2 =EX, ®X,) - E(X,) @ E(X)),

which satisfies the ordinary differential equation:

ax,
dt

=—U+)SX, —-%X,SU—-J)+2I. (47)
The equilibrium variance is Yo, = S~'.

Proposition 6 For (J, Q) € P, and J = S~'/2J S/, the estimate

|Z =S| <k(Q7'S) exp<—2Tr1£]S) z) [Zo—571 (48)

holds for all t > 0, when the matrix norm is induced by the Euclidean norm on RV .
Proof The solution to (47) (see e.g. [29, 40]), X, is
S=85"4e B ()-S5 )e B (49)

The result then follows from the estimate on [|e~'27 || in Proposition 5 above and [le~"57 || =

(e BT = lle="B7]. 0
4.3 Gaussian Densities

As a corollary of Proposition 5 and Proposition 6, we get the following convergence to the
Gaussian density (see (15))

det(Zo)~1/? xT ¥ lx
Yoo(X) = ———— <—4

. _1 _
)V > ), with ¥ " =S.
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Proposition 7 Assume that X, solves (28) while X, is a Gaussian random variable, so that
X, is a Gaussian random variable for all t > 0, with density ;. Assume moreover that
J=S"12]8"'2 and that (J, Q) is chosen in P,,,. Then, the inequality

H th _ woo H 12(]//0*01) < N2Ne,2Tr1£IS) (1—1g) [1 + ”xO ”2 exp(ze,ZTr]E]S) (1—1g) ”xO “2)]’

holds for all times t larger than

N —
=50 In[4(1 + IS« (Q7"S) (1 + IS Zoll)]- (50)

This result is related to the result stated in Corollary 1, that will be proven in Sect. 5. Corol-
lary 1 provides a better and uniform in time quantitative information (which has also a better
behavior with respect to the dimension N according to (64) and Remark 9). On the contrary,
it requires more regularity than Proposition 7 which does not assume y; € L*(RY, ' dx).
Of course, with initial data outside L*(R", w;)‘ dx), the convergence estimate makes sense
only for sufficiently large times (hence the introduction of the positive time #; in Proposi-
tion 7).

Proof The Gaussian random vector X, has the mean x,, which solves (42), and the covari-
ance X, solution to (47), so that

vl (x) = det(x) 12 exp<— (=22 G = xt)).

Q2m)N/2 2

_1 1
When ¢ > 1y, Proposition 6 gives || X, — Y| < %HEOOH and thus, || Xo> X, X0 — I <

1
1> which yields %200 <X < %Ew and %2;01 <y l< %Z‘gol. In particular Z‘T <37
allows to compute

I+ H 1ptj ~ Voo ”il(zp;o‘)

Jy\2
=1 +/ (W] — Vo) 3 = Wi
RN RN wOO
_ det(X,)~! _ xTx lx
= (27'[) N/zm AN exp(—(x —xt)TZ‘f l(x —.X[) + T)

‘We then use the relation, for A and B in S;,O (R),

x —x)TA(x —x,) —x"Bx
—(x—(1-4a"B) %) A-B)(x-(1-4"'B) 'x)

+x/[A—AA - B) 'Alx,,
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with A = X! and B = == in order to get

L+ [y = ¥ ||izw;‘)

— —1\ —1/2
:(27.[)*1\//2% *d t( > 1 E_OO
det(Xy)~1/2 2
oot gt Zx - —1 -1
xexplx, | X7 | X} - X0 =X X
1
= : : exp(x,T[2(2I - ZJ, - I]E x,
det(T2! )z det(2] — T 2))2
After setting R, = I — X! %, we deduce
7 2
H ¥ — Ve ||L2(1/;g01)
1
det(I — R?)2
1
x [exp(x/ [20 + R = 1)) = "'x) — 1]. (51)

+ N
det(I — R?)?

Let us start with the determinant det(/ — R,z). The condition ¢ > #y and Proposition 6 give

TS —4TS) ;)
B e N 0 e N 0
IR =1 -2 5] < ———— and R} = —
With || R?|| < 1., we know

[indet(7 — R7)| = [Tr(in(7 — R7))| = N|In(7 - B?) | = =N 'In(1 — | R7]).

We deduce
1 _N 16 N
———— <(1- |’ 25(—) =2z.
det(I—R,z)% ( || t“) ]5

Concerning the exponential term in (51), Proposition 5 implies that the absolute value
IxI[2(1 + R,)~' — 11X 'x,| is smaller than

(S
(1+2la+R7))) =" XK(Q_IS)eXp< 2Lz>|| xoll.

The inequality |[(1+R)~'|<1 —|R|D"' < £ and the condition ¢ > fy imply || X~ N <
== 51|l and

_ _ Ts)
/(201 + R =112 | < e W T g

|_9><4
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We have proved

Tr(S)

—4 (t=10) \ —
I 2 ¢
1! — ¥ HLZ(%E]) = [(1 N T) B 1]
27 [exp(%le’znfﬁlﬁ (’7’°)||X0||2> - 1]~

By using (1 —x)™V/2 < 1 4+ N2V/2x when x € (0, 1/2) for the first term, and ¢ — 1 < ye”
when y > 0 for the second term we finally obtain

N
2

v/ — v ”i%x/x;‘) < N2¥ W -0

11 _»~ Tr(S) 11 TH(S)
+ 527 T x| Pexp( e N T o),
9 9

which yields the result. O
4.4 General Initial Densities

As a corollary of Proposition 7, a convergence result for a general initial probability law can
be proven by using an argument based on the conditioning by the initial data.

Proposition 8 Let v satisfy the Fokker-Planck equation (23), with an initial probability
law with density yj and such that [5y e"‘”x”zwoj (x)dx < 400 for some positive a. Assume
moreover that J = S™V2JS™/2 that (j, Q) are chosen in P,p; and that ty is given by (50).
Then the inequality

Tr(S)
-2 N

197 = ool gy, < N2V e 00 / Iy (), (52)
o RN

holds for all t > t, =ty + %(s)un(%ﬂ

Proof In all the proof, J = §~1/2J§~1/2 is fixed, with (J, Q) chosen in Pop:- For x € RY
and ¢ > 0, let us denote ¢; the density of the Gaussian process X; solution to:

dX} = —(I + J)SXFdt +~2dW, with X§ = x.

Proposition 7 can be applied with v/ = ¢} and Xy = 0, so that the time 7o = 53 In[4(1 +
ISk (Q~'8)] is fixed. With the decomposition

o= [ eowimar
R
coming from ¢ = §,, we can write:

(llftj)z(y)a,
— . ay
YV Yoo(y)

1 ; 2
= * d dy —1
v Vo)) (/RN"” ¥ () x) Y

2
”‘/’rj 2 H L2wxh =
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A
——d dx —1
E/RN o Uy O

(¢ ()2 ) )
= —=dy—1 dx.
/RN /R< Iy D) Yo dx

With Proposition 7, we deduce

”wtj ¥ Hiz(x//;o‘) = NZNe_zTrl(vS) (t=to)

x [1+/ ||x||2exp(Ze_zw(’_’O)||x||2)1/foj(x)dx]
RN

Ti(S)

< N2Ne 27w (1) 1+l/ eallxl\zwol(x)dx
- o JrN

Tr

<N2Ve? &S)<f*fo><1+ l) / Py d (x) dx,
o RN

. Tr(S)
for t > t, = to + =-2—|In(2)|. To get the second line, we used (for t > t,) e 2-N (~10) <
2Tr(S) 1 g
5 and (for u > 0) ues" < %e"”‘ < ée"‘”. Writing e 20 = o 2T ) - I § 1 g
discussing the two cases « > 4 and o < 4 yield the result. ]

The aim of the analysis using Wick calculus in Sect. 5 is to obtain more accurate and
uniform in time estimates.

5 Convergence to Equilibrium for Initial Data in LRV, Veodx)

We shall study the spectral properties, and the norm estimates of the corresponding semi-
group, for the generator £; defined by (25) (with the dummy variable y replaced by x in the
following):

. 1 1 1, ;- -
L;=V"SV - ZxTSx + 3 Tr($) + E(xTJv -V Jx).

The operator £, acts in L2(R", dx; C) and is unitarily equivalent (when J = §'/2J§'/2,
and after a change of variables, see Sect. 2) to

L;=—(B;x)'V4+A with B,=U+J)S,J e Ay,
acting on L>(RV, ¥oodx; C). Since for J # 0, the operator £ (or L) is not self-adjoint,
it is known (see [8, 15, 18-20, 41]) that the information about the spectrum is a first step
in estimating the exponential decay of the semigroup, but that it has to be completed by

estimates on the norm of the resolvent. This will be carried out by using a weighted L2-
norm associated with the construction of the matrices Q and J introduced in Sect. 3.

5.1 Additional Notation and Basic Properties of the Semigroup e’ £
Let us introduce some additional notation.
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— We choose the right-linear and left-antilinear convention for L2-scalar products (or S —
S’-duality products):

(f. &)= /RN F(x)g(x)dx.

— For a multi-index n = (ny, ...,ny) € NV, we will denote n! = ]_[;V:l n;l, |n| = Z?’:l nj

and when X1, ..., Xy belong to a commutative algebra X" = 1_[?]:1 X;l’ .
— The space of rapidly decaying complex valued C* functions is

S(RY) = {f € C*(RY), Yo, B €N¥,3C,5 € Ry,
sup [x*0f f(x)| < Caﬂ}
xeRN

and its dual is denoted S’ (RV).
— The Weyl-quantization ¢" (x, D,) of a symbol g (x, &) € S/(]Rﬁf\g) is an operator defined

by its Schwartz-kernel
i(—y +y d&
W (x. DY) ](x. =/ i-yg [ * , .
[¢" (x, DO]Cx, y) e a\— ¢ "

RN

For example, for ¢ (x, &) = f(x), ¢" (x, D,) is the multiplication by f(x), for g(x, ) =
f&), q%(x, D,) is the convolution operator f(—iV), and for g(x,&) =x7£,¢" (x, D,)
is - (xTV 4+ V7).

— The Wick-quantization of a polynomial symbols of the variables (z,Z), where z € CV is
an operator defined by replacing z; with the so-called annihilation operator a; = 9, + %’

and z; with the so-called creation operator aj = —ij + %’ Wick’s rule implies that
for monomials involving both z and Z, the annihilation operators are gathered on the
right-hand side and the creation operators on the left-hand side: For given multi-indices
o, B € NV, the monomial z%z# becomes (a*)*a?. A general presentation of the Wick
calculus may be found in [1, 2]. In the following, we will use direct calculation based on
the canonical commutation relation [g;, a;’-‘] = §;j. We shall also use the vectorial notation
a=(ay,...,ay)" and a* = (af, ...,a}t,)T.
X2
— The orthogonal projection from L2(RY, dx; C) onto Ce~"F will be denoted by Ij.
Let us now recall a few basic properties of the semigroup e’ £ The Weyl symbol of

LTS 1 1 ~
AL )=—VTSV+ZxTSx—E(xTJV—VTJx)

is (using the fact that J is antisymmetric)

xTSx i

i E(xTig —&TJx)=¢"S¢ +

xT Sx

—ix"Jg, (53)

qs(x, &) =€"SE+

which is a complex quadratic form on Ri’g Besides, the operator —£; is the Wick quanti-
zation of a quadratic polynomial since

. 1 1 1, ;- .
—L;=-VTSV+ ZxTSx — 5T - E(xTJv - v'Jx)

=a*T(S = Da. (54)
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Proposition 9 The differential operator —L; is continuous from S(RY) into itself and
from S'(RY) into ltself Its formal adjoint is —L_ J. With the domain D(— E,) ={ue
LY RY dx; C), —Lyu € LARY, dx; C)}, the operator —L; is a maximal accretive andsec—

torial operator in L*(RY, dx; C). Its resolvent is compact and its kernel equals Ce™ X .The
associated semigroup (e’L/ )i>0 has the following properties:

— For any u € SRY) (resp. any u € S'(RV)), the map [0, +00) 3t — e'“/u is a S(RV)-
valued (resp. S'(RN)-valued) C® function.

— Forany t > 0, the operator e'~7 maps continuously S'(RV) into S(RV).

— In the orthogonal decomposition L*(RY,dx; C) = @kLGN Dy into the finite dimensional
vector spaces spanned by Hermite functions with degree k:

Dy = Span{(a*)nefﬁ, neN", |n| :k},

the semigroup has a block diagonal decomposition

1
etﬁj :@etﬁj

keN Dy

Proof As a differential operator with a polynomial Weyl symbol, —£; is continuous from
S(RY) (resp. S'(RM)) into itself. Its formal adjoints has the Weyl symbols ¢, (x, &) =
q-j(x,&) and equals —L_;. For k € N, set

HE = {u c LZ(RN, dx; (C), x"‘Dfu c LZ(RN, dx; (C),
forallo, € NY s.1. || + |B] < k}
and let H~* be its dual space. They satisfy (., H* = S(RY) and |J,, H' = S'(RY).

Since S is a real symmetric positive definite matrix, the inequality

rs
000 §)] = 675 + == = Cs(161 + IxP%)

implies that the operator —£ is globally elliptic (see [17, 36, 37, 39]). Therefore, it is a
bijection from H* onto H*~2 for any k € Z. This provides the compactness of the resolvent
and the maximality property. The sectorial property (see [38, Chap. VIII]) comes from

(u, —[',Ju)Lz = <u,a*’TSau>L2 - (u,a*’Tfau>L2, with
T 7 M .
|<u, a TJau)L2| < m(u,a TSau)L2

This yields~ (using the fact that Re((u, —[IJu)Lz) = (u,a*T Sau);>» and Im((u, —[lju)Lz) =
—(u,a*" Jau);>)

VueS(RN), |arg(u,—£~]u)Lz| <90, (55)

_

with 0 < tan(9) < o)

a complex number z.
Then the usual contour integration technique for sectorial operators (see for example [38,

Theorem X.52] and its two corollaries) implies that (=L ))ke! £7 is bounded for any k e N

< 4-00. Here and in the following, arg(z) denotes the argument of
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and any ¢ > 0. Combined with the global ellipticity of —Z, this provides all our regularity
results.

The orthogonal decomposition L2(RY, dx; C) = @,;N Dy is actually the spectral de-
composition for the harmonic oscillator Hamiltonian a*”a. From the Wick calculus (use
either [a;, a;f] = §;; or the general formula in [1, Proposition 2.7]), we deduce

[a*"a, a*" (S — Jya] =a*"[I, (S — J)]a=0.

This implies that the spectral subspaces Dy, k € N, are indeed invariant by the semigroup
e, O

Note that with the last property, the question of estimating the convergence to equilibrium
stated in Theorem 2 is equivalent to estimating the decay of the semigroup e'~/ (I — I1y) or

x|

'L |’D(J; where 1 is the orthogonal projection onto (Ce_l'T =Dy (see also (27)).

5.2 Spectrum of [ZJ

The result of this section is a direct application of the general results of [21, 36, 37] de-
veloped after [22, 39]. See also [34, 35] where these general results are used in order to
compute the spectrum of the generator of a linear SDE with, possibly degenerate diffusion
matrix. This result was first obtained in [31] using different techniques.

Proposition 10 The spectrum of the operator —L; equals

O'(—EJ): Z kA, k; EN},
rea(By)

x|

and its kernel is Ce™ 4.

Proof The spectrum of the operator ¢ (x, D,) = —L;+ @ associated with the elliptic
quadratic Weyl symbol ¢, (x, &) defined by (53) equals, according to [21, Theorem 1.2.2],

U(CI}V(X» Dx)) = { Z —iA(r 4 2ky), ks € N},
rea (F)
Imi>0
where F is the so-called Hamilton map associated with ¢, and r; is the algebraic multi-
plicity of A € o (F), i.e. the dimension of the characteristic space. The Hamilton map is the
C-linear map F : C*¥ — C?V associated with the matrix

N

0 I $-LJ
F=[_I O]Mq,, WherquJ=|:i~ s i|€./\/lzzv((c)

2

is the matrix of the C-bilinear form associated with ¢ ;. The matrix F is similar to F defined

by
- |5% o V2 0| 1[iJ s
F:[g ﬁ}F[O %:|_§|:—S if]'
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Thus, the characteristic polynomial of F' can be computed by

det(F — Al) =det(F — A1) =22V

iJ —2A1 N
—-S iJ —2A1

iJ —2A1 N

=N - .
—S—J—=02x i(J+S+i2AI)

i(J —S+i2xI) N

=2 2N -
0 i(J+S+i20I)

=27V det(S — J —i2xI)det(S + J +i211)
=2"2Ndet(S + J —i2xl)det(S + J +i211),
where we used det(M) = det(MT) for M = S — J —i2).1 in the last line. Using the fact that

Re(a(é,)) > 0, we thus obtain that o (F) N {A, Im XA > 0} equals %O‘(S + f) = %G(B]). In
particular one gets,

Z —i)»ZkA: Z k,ﬂ/zﬂ

ﬁj\g neo(By)
and

Z o 1 T (é ) Tr(S)

—iAr, = =Tr = .
T R 2

Ao (F)

ImA>0
This concludes the proof. O

The Gearhart-Priiss theorem (see [12, 19, 41]) provides the following corollary.

Corollary 2 When the pair J,0) belongs to P, the spectrum of —L is contained in

Tr(S
{O}U{ze(C,RezZ ( )}
N
and
. 1 tL —Tr(S)
[1_1)[‘20?11'1”6 J(I_HO)”L(LZ):_ N ’
where, we recall ||e’£’ I — )| =su Ll
, , oMlzw?) = SUPuend Tt

The above logarithmic convergence is weaker than an estimate ||e’£’ | <C e’w with a
good control of the constant C. Obtaining such a control is not an easy task for general
semigroups with non self-adjoint generators (see [15, 18-20]). This is the subject of the
next section.
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5.3 Convergence to Equilibrium for ¢'£/

Consider a pair (f , Q) € Pyp; according to Definition 1. We recall that (j , Q) € Pyp; satis-
fies (33). We associate to the matrix Q the operator

Co=a""Qa (56)

which will be used to define a natural functional space to study the norm of e’ £J in Proposi-
tion 11 below. The operator C is the Wick-quantization of the polynomial z' Qz and it has
the following properties:

— Itis continuous from S(RY) into itself and from S’(R") into itself.

— Itis globally elliptic (see [17, 36]) and it has a compact resolvent.

— It is a non negative self-adjoint operator in L?(R", dx; C) with the domain D(Cyp) =
{u e L>(RY,dx; C), Cou € L*(R", dx; C)}.

. x|
— Its kernel is Ce™ 4.

— Itis block diagonal in the decomposition L?(RY, dx; C) = @,;N Dy:

L
VieR, €'C0= @e”CQ Iy - (57)
keN

Let us introduce the two Hilbert spaces:

- HY, ={ue L*RY,dx; C), {u, Cqu);» < +00}, naturally endowed with the scalar prod-
uct

(u, U>H1Q = (u, v)2 + {u, Cov)2;

. 2
- Hy =Hy N Dy (where, we recall, Dy = (Ce’%) endowed with the scalar product
(u, v)ng =(u, Couv);2.
Proposition 11 Assume that the pair J,0) belongs to P,p,. Then the semigroup (e"zf )i=0

is a contraction semigroup on HIQ satisfying the following estimate:

Te(S)

Vi >0, ”efff(z—nwuﬁ%) <e v, (58)

lle™ = ull 1

e
where ||e"=7 (I — ITo) || £z, ) = SUP, ;! T
19 [ HIQ

Proof The operator e'“/ is block diagonal (see Proposition 9) in the decomposition
Dyt Dy = @kleN Dy which is an orthogonal decomposition in L2(RY, dx; C) and also

. <2 "
in HIQ owing to (57). With '~/ e = e“TI, the semigroup property on ' is thus a

consequence of the estimate (58) in H'Q
Using the relation (33) together with the inequality (65) of Lemma 4 proved at the end

. . x|
of this section, we have: forall u € D=C[x,...,xy]le” 4 N DOL,

2Tr(S)

(u.(—L3Co— CoLy)u),, > (u, Cott) 2.
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Since the semigroup (¢'£7),~g is a strongly C! semigroup on S(RY) and leaves D C S(RV)
invariant, we can compute for any u € D,

i<e’£~/u, CQetﬁ./u)L2 = (e’iju, (L3Co + CQZ‘])eté',M)L2

dt
2 TI'(S) Z Z
-~ (€ u, Coe™u),,.
The proof is then completed using the density of D in 7-'[;2. g

We are now in position to state the main result of this section.

Proposition 12 Assume that the pair J, Q) belongs to P,p;. Then the semigroup (e’L./ )i=0
satisfies:

Vit >0, ”etéj (I = Io) ”L(Lz)

525N/<(Q)1/2< max o (Q) |>2K(S)7/2eTr1(VS)’.

miny /e (@), azn’ |4 — A

Proof From the inequalities on real symmetric matrices mino (Q) I < Q <maxo (Q) I and
mino (S) I < S <maxo(S) I and from

N
N L+ L + LY
Co=) a;Qiaj, Z“ Sijaj
i,j=1 i,j=1
we deduce the following inequalities on self-adjoint operators:

mino (Q)a*"a < Cy <maxo(Q)a*"a

<maxo(S)a*Ta, and

L, + L
mino (S)a*Ta < —%

_mina(Q) £~]+£~’} - - _maxa(Q) Z;—i—f"}
maxo(S) 2~ 2~ ‘mino(S) 2

Here, we have used the fact that — er 1 is the Wick quantization of (z, Sz)c. Hence, using
Proposition 11, the following inequalities hold: for any u € Hl and any ¢ > 15 > 0,

<et£~‘lu 'C-I+£J LCJ >
s ) o

maxo (S) , 7z, 2
—— e ul5

~ mino (Q) 0
Daro D) R oot
~ mino (Q) H
s, TS, 5 ﬁ] + C*
<k(Q)k(S)e 2V ter N <e’°£/u Tj €Ly
L2
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< K(Q)K(S)e_zTrfﬁfS)’ezTrfﬁfS) fo ||e’°é’u 2 ”Z,e’oéfu [ ,2-
Using the inequalities

Lty

Yv e Dy, mino(S)||v||izs<v, 5

v> < lvliz2li£vll 2,
L2

with v = ¢'“’u and v = €0~/ u, we deduce

T(S)
)
Tr(S) e” N
2Nt

~ ; 2
Fmina ey 1oLl

|erul?, < (@ (S)e

By taking 7y = m > m, we obtain, for all u € H1,
2T,  E 2
|e“u ||L2 <k (Q)K(S) e 2 Ve sup[t'Lye" = |, ) lull72 (59)
t'>0
The Lemma 3 below provides the bound
supll#'Ere B2, < — L (60)
/=0 LI = p26in* o

with « € (0, r/4) defined by

<ﬂ > [m(u, £yu) 2| _ I
tan| — — 2« sup < )
2 ueD(Zy) | Re(u, Lyu);2] ~ mino(S)

The last inequality was proven in (55) above. We thus obtain

1 - 2cosa ||J ]|
sina ~ cos(2a) mino (S)

In view of (60), one can assume that « € (0, 7 /8) (up to changing o by min(e, 7/8)) so that

J
— < 2«67,” I (61)
sina mino (§)

When (J, Q) € Pop: (see Definition 1), the relation (38) provides an expression of the linear
mapping associated with J in the orthonormal basis (Y¥r)1<k<n- In this basis, the Frobenius
norm can be computed and we get

2
maxo (Q) |> ||S||2F

||i||zs||f||%sz< . /
ming, /e Q) a1 [A — A

§2< maxo (Q)

min,, ;req ()0 |A — A/

2
|> N max (o (S))". (62)

By gathering (59)-(60)—(61)—(62), we finally obtain the expected upper bound when ¢ > #;:

) 4
”em,u”iz SZIONZK(Q)< maxo (Q) , > K(S)7 -2 ()[||u||L2’

minA,A’ea(Q),A;éA/ |A — A
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N

for all u € H}, and by density for all u € Dy. When 1 < fo = 7,

simply use

. 25N | max o (Q) 2y
‘Lo (1 — I <l<=—«(Q) 5)*.
¢ O)HL(LZ)_ e K@) (mink#k’ea(Q) A — 2] )

Remark 8 A lower bound can be given for || J|| with

- 1 - 2 mino 2
||J||zz—||1||%_—( @ ) NE
N N \ max; yeo(0)ar/ [A — A

5 ) 2
- _( mino(@) ) Tr(S?).
N \ max; yes(0)r21/ A — |

Thus, we have

17 > 2 —mno(@mino (5)
N maxj yeq(0)r£i |A — A/| ’

(63)

In view of (27), Proposition 12 yields the estimate (22) in Theorem 2 with a constant

max o (Q) )2 64)
)

ey = 25NK(Q>”2( :
N miny, yreq (), 22/ 1A — A/

Let us comment on the way C[(f) behaves.

Remark 9 In view of the upper bound (64), using the same construction as in Remark 7,
we again notice that it is possible to have C,(\?) = O(N?) while keeping a reasonable per-
turbation J (with a Frobenius norm estimated by ||J~ lr <4N]| S||F). Contrary to the case
of the ordinary differential equation discussed in Remark 7 our estimate does not provide a
uniform in N constant.

We conclude this section with two technical lemma which were respectively used in the
proof of Proposition 12 and of Proposition 11.

Lemma 3 Let (L, D(L)) be a maximal accretive and sectorial operator in a Hilbert space
H with

Vu e D(L), |arg(u,Lu)H|§9:%—2(x with a > 0,

where, we recall, arg(z) denotes the argument of a complex number z. Then, the associated
semigroup satisfies

1

2

Vt>0, |tLe —
JT S1In

—tL H < .
L(H) = o

Proof The case t = 0 is obvious. For t > 0, e’ maps H into D(L) so that ¢ Le~'L belongs

to L(H). Consider first the case when 0 ¢ o (L). Our assumptions with « > 0, ensure that

the operator t Le 'L is given by the convergent contour integral

1
tLe™'t = ﬁ/ tze *(z — L) dz,
l r
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where I” is the union of the two half lines with arguments 7 —« and —7% +«. For z =x &
i =% e I' with x > 0 the resolvent (z — L)™' satisfies (see for example [38, Chap. VIIL.17])

tan o

lz= L) ea < % Moreover, |dz| =,/1+ mnlzadx = Sﬁfa and |e~"?| = ¢~"*. From these

estimates, we deduce

2 [T rx 1 dx 1 ®© 1
”tLe_’LHH < — — e = 5 te N dx = — -
2w Jo  sina xsina  wsin“a Jo 7 sin” o

When 0 € o (L) it suffices to replace L by ¢ + L which satisfies the same assumptions as L
with the same « with 0 ¢ o (¢ + L). The identity

t(e+ L)e "D — Lo —tge~te 'L 4 (e_” — l)tLe_'L

with ¢ > 0 fixed and e™'%, tLe™'t € L(H) implies lim,_q [|# (e + L)e ™" FD) —tLe™ || i3
= 0, which yields the result in the general case. |

Lemmad4 Let S, Q, J be real matrices such that S € S;,O(R), Qe S;,O(R) and J € Ay (R).
Let us consider the operator L = .y 7 (see Eq. (25) for the definition) and C = Cy (see
Eq. (56)). The operator L (respectively C) is the Wick quantization of the polynomial
0(2) = (z, 82)¢c — (z, J2)¢ (respectively p(z) = (z, Qz)c). Moreover, we have the follow-

ing estimate: Vo € D =Clxy, ..., xN]e_# N DOL,
(0. (L*C+CL)9),» = (9, (2. [SQ+ 0SS+ T Q0 — 0J12)) o). (65

Proof The fact that L = (£(z))"®* and C = (p(z))"** is easy to check. Both opera-
tor are block diagonal in the orthogonal decomposition Dy @t Dy = @f(‘eN Dy valid in

L>’(R",dx; C) and in HIQ. Hence the composed operator L*C + CL is well defined on

D which is the algebraic direct sum D = EBZI:’N* Dy. Notice that the polynomials £ and p

satisfy

1 . _
Rel(z) = (z, S2)c, Iml(z) = —lf(z, J2)c, P(2) = p(2).

We are looking for a lower bound for L*C + CL. Using the general formula of [1, Propo-
sition 2.7] or by direct calculation using the relation [a;, a}f] = §;;, the Wick symbol of
L*C+CLis

R p(2) + p(R)L(E) + 0:£(2).0:p(2) + 0. p(2).0:£(2)
= (S®0+0®9%) .+ (z.(SQ+ QS+ TQ - 0J)z),.

Since S and Q are non negative matrices, we deduce that S ® Q and Q ® S are non negative
and sois the sum S® Q + QO ® S. When B = (By; j) (,¢))1<i.j.k.c<n 1S @ non negative matrix

2 . .
on (CN with the symmetries B(i.j)A,(k,Z) = B(i,j).(Lk) = B(j,i),(k,[)a the operator

Wick __ * %
bYi* = 3" atal B jy.woarac
i,jk,t

associated with the symbol b(z) = (z%%, Bz®?)¢ is non negative. This can be checked by
direct calculation of

(p.p" %)= >~ D) () B j).k.0)Pu.0) (x) dx
1<i jdt<n ' BY
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Fig. 2 Norms of the matrix 10'
exponentials for the 2 x 2
diagonal matrix (66) and optimal
nonreversible perturbations

Perit

o
-
N
)
S

- ol
o
~
[
©
>

where ¢ j) = a;a;p. We refer the reader to [2], precisely relation (8) after Proposition 2.2,
for a general statement. O

Notice that the inequality (65) cannot be obtained neither by using the non negative
anti-Wick quantization (see [28]) nor the sharp Garding or Feffermann-Phong inequalities
(see [23]).

6 Numerical Experiments

In this section we present some numerical experiments, based on the algorithm presented as
a pseudo-code in Fig. 1. The numerical computations presented in this section are based on
the following steps:

. Calculate the orthonormal basis {1///(}]](\]:1 using the algorithm presented in Fig. 1.

. Choose the eigenvalues of the matrix Q, {A;})_,, e.g. according to Remark 7.

. Calculate the optimal perturbation J using (38) and the formula J = S~1/2J§~1/2,
. Calculate the optimally perturbed matrix B; = (I + J)S.

. Calculate the matrix exponentials e 2 and e~'8/ and their norms.

N AW N =

In Fig. 2 we present the results for a two dimensional problem, for which all results can
be performed analytically, see Sect. 3.3. We consider the case where the matrix B has a
spectral gap,

S =diag(1,0.1). (66)

In the figure we plot the norms of the matrix exponentials for the symmetric case, an optimal
perturbation and the critical value, see Eq. (41).
In Fig. 3 we present results for a three dimensional problem with the symmetric matrix

S =diag(1,0.1,0.01). (67)

The spectral gap of the optimally perturbed nonreversible matrix (and of the generator of
the semigroup) is given by % = 0.37, which is a substantial improvement over that of S,
namely 0.01.

In Fig. 4 we consider a 100 x 100 diagonal matrix with random entries, uniformly dis-
tributed on [0, 1]. For our example the minimum diagonal element (spectral gap) is 0.0012.
On the contrary, the spectral gap of B; with J = J,,, is 0.4762.
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Fig. 3 Norms of the matrix
exponentials for the 3 x 3
diagonal matrix (67) and its
optimal nonreversible
perturbation

Fig. 4 Norms of the matrix
exponentials for a diagonal
matrix with random uniformly
distributed entries and its optimal
nonreversible perturbation for

N =100

Finally, in Fig. 5 we consider a drift that is a (high dimensional) finite difference approx-
imation of the Laplacian with periodic boundary conditions. More precisely, consider the
drift matrix

By =2, Biiv1=Bi—1:=-1,

with N = 100. In this case the improvement on the convergence rate is over three orders of
magnitude, since

TrS

—=2.
100

min(o (B)) =9.67 x 107*, whereas Re(o(B,)) =
We can think of this example in connection of sampling from a Gaussian random field
using a finite difference approximation of the stochastic heat equation ,u = d?u + £ in
[0, 1] with periodic boundary conditions, and where £ denotes space-time white noise. Since
the computational cost of calculating the optimal nonreversible perturbation is very low,
we believe that the algorithm developed in this paper can be used for sampling Gaussian
distributions in infinite dimensions.
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Fig. 5 Norms of the matrix

exponentials for the discrete
Laplacian and its optimal
nonreversible perturbation for
N =100
E:
°
Fig. 6 Second moment as a 2
function of time for (68) with the 18-
potential (69). We take 0 as an 16k i
initial condition and 8~! = 0.1 1al |
~’+>‘ 1.2r 1
e i PR
wost [ \/ e i
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The algorithm developed in this paper provides us with the optimal nonreversible per-
turbation only in the case of linear drift. However, even for nonlinear problems it is always
the case that the addition of a nonreversible perturbation can accelerate the convergence
to equilibrium, as mentioned in the introduction. This is particularly the case for systems
with metastable states and/or multiscale structure [26]; for such systems, a “clever” choice
of the nonreversible perturbation can lead to a very significant increase in the rate of con-
vergence to equilibrium. A systematic methodology for obtaining the optimal nonreversible
perturbation for general reversible diffusions (i.e. not necessarily with a linear drift) will be
developed elsewhere.

We illustrate the advantage of adding a nonreversible perturbation to the dynamics by
considering a simple two-dimensional example. In particular, we consider the nonreversible
dynamics

dX, = (—1+8)VV(X,)dt ++/2B71dW,, (68)
with § € R and J the standard 2 x 2 antisymmetric matrix, i.e. Jj; =1, J,; = —1. For this

class of nonreversible perturbations the parameter that we wish to choose in an optimal way
is §. Based on our numerical experiments we can conclude that even a non-optimal choice
of § significantly accelerates convergence to equilibrium. To illustrate the effect of adding
a nonreversible perturbation, we solve numerically (68) using the Euler-Maruyama method
with a sufficiently small time step and for a sufficiently large number of realizations of the
noise. We then compute the expectation value of observables of the solution, in particular,
the second moment by averaging over all the trajectories that we have generated.
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Is

We use one of the potentials that were considered in [32], namely

1 1
Viy) =g - 1)’ + 5% (69)

In Fig. 6 we present the convergence of the second moment to its equilibrium value for
I'=0.1. Even in this very simple example, the addition of a nonreversible perturbation,

with § = 10, speeds up convergence to equilibrium. Notice also that, as expected, the non-
reversible perturbation leads to an oscillatory transient behavior.
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