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A detailed study of various distinguished limits of the Green–Kubo formula for the self-diffusion co-
efficient is presented in this paper. First, an alternative representation of the Green–Kubo formula in
terms of the solution of a Poisson equation is derived when the microscopic dynamics is Markovian.
Then the techniques developed inGolden & Papanicolaou(1983, Bounds for effective parameters of
heterogeneous media by analytic continuation.Commun. Math. Phys., 90, 473–491) andAvellaneda &
Majda(1991, An integral representation and bounds on the effective diffusivity in passive advection by
laminar and turbulent flows.Commun. Math. Phys., 138, 339–391) are used to obtain a Stieltjes inte-
gral representation formula for the symmetric and antisymmetric parts of the diffusion tensor. The effect
of irreversible microscopic dynamics on the diffusion coefficient is analysed and various asymptotic
limits of physical interest are studied. Several examples are presented that confirm the findings of our
theory.

Keywords: Green-Kubo formula; self-diffusion; homogenization theory; Markov processes; Stieltjes
integral representation formula.

1. Introduction

The two main goals of non-equilibrium statistical mechanics are the derivation of macroscopic equa-
tions from microscopic dynamics and the calculation of transport coefficients (Balescu,1975,1997;
Resibois & De Leener, 1977). The starting point is a kinetic equation that governs the evolution of
the distribution function, such as the Boltzmann, the Vlasov, the Lenard–Balescu or the Fokker–Planck
equation. Although most kinetic equations involve a (quadratically) non-linear collision operator, it is
quite often the case that for the calculation of transport coefficients it is sufficient to consider a lin-
earized collision operator and, consequently, a linearized kinetic equation. In this case, it is well known
that the transport coefficients are related to the eigenvalues of the linearized collision operator (Balescu,
1975, Chapter 13,1997, Chapter 10). The goal of this article is to present some results on the analysis
of transport coefficients for a particularly simple class of kinetic equations describing the problem of
self-diffusion.

The distribution functionf (q, p, t) of a tagged particle satisfies the kinetic equation

∂ f

∂t
+ p ∙ ∇q f = Qf, (1.1)

whereq and p are the position and momentum of the tagged particle andQ is a linear collision oper-
ator. Q is a dissipative operator that acts only on the momenta and with only one collision invariant,
corresponding to the conservation of the particle density.

c© TheAuthor 2010. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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952 G. A. PAVLIOTIS

Themacroscopic equation for this problem is simply the diffusion equation for the particle density
ρ(p, t) =

∫
f (p,q, t)dp (Schr̈oter,1977):

∂ρ

∂t
=

d∑

i, j =1

Di j
∂2ρ

∂xi ∂xj
, (1.2)

wherethe components of the diffusion tensorD are the transport coefficients that have to be calculated
from the microscopic dynamics.

At least two different techniques have been developed for the calculation of transport coefficients.
The first technique is based on the analysis of the kinetic equation (1.1) and, in particular, on the ex-
pansion of the distribution function in an appropriate orthonormal basis, the basis consisting of the
eigenfunctions of the linear collision operatorQ (Balescu,1975, Chapter 13,1997, Chapter 10). Trans-
port coefficients are then related to the eigenvalues of the collision operator. The second technique
is based on the Green–Kubo formalism (Kuboet al., 1991). This formalism enables us to express
transport coefficients in terms of time integrals of appropriate autocorrelation functions. In particu-
lar, the diffusion coefficient is expressed in terms of the time integral of the velocity autocorrelation
function

D =
∫ +∞

0
〈p(t)⊗ p(0)〉dt. (1.3)

Theequivalence between the two approaches for the calculation of transport coefficients, the one based
on the analysis of the kinetic equation and the other based on the Green–Kubo formalism, has been
studied (Ŕesibois,1964). The Green–Kubo formalism has been compared with other techniques based
on the perturbative analysis of the kinetic equations (e.g.Petrosky,1999a,b;Brilliantov & Pöschel,
2005, and the references therein). Many works also exist on the rigorous justification of the validity of
the Green–Kubo formula for the self-diffusion coefficient (Jiang & Zhang, 2003;Dürr et al., 1990;Chen
et al.,2006;Spohn,1991).

Usually the linearized collision operator is taken to be a symmetric operator in some appropriate
Hilbert space. When the collision operator is the (adjoint of the) generator of a Markov process (which
is the case that we will consider in this paper), the assumption of the symmetry ofQ is equivalent to the
reversibility of the microscopic dynamics (Qianet al.,2002). There are various cases, however, where
the linearized collision operator is not symmetric. As examples we mention the linearized Vlassov–
Landau operator in plasma physics (Balescu,1975, Equation 13.6.2) or the motion of a charged particle
in a constant magnetic field undergoing collisions with the surrounding medium (Balescu,1997, Section
11.3). It is one of the main objectives of this paper to study the effect of the antisymmetric part of the
collision operator on the diffusion tensor.

In most cases (i.e. for most choices of the collision kernel), it is impossible to obtain explicit for-
mulas for transport coefficients. The best one can hope for is the derivation of estimates on transport
coefficients as functions of the parameters of the microscopic dynamics. The derivation of such esti-
mates is quite hard when using formulas of the form (1.3). In this paper, we show that the Green–Kubo
formalism is equivalent to a formulation based on the solution of a Poisson equation associated to the
collision operatorQ. Furthermore, we show that this formalism is a much more convenient starting point
for rigorous and perturbative analysis of the diffusion tensor. The Poisson equation (cell problem) is the
standard tool for calculating homogenized coefficients in the theory of homogenization for stochastic
differential equations and partial differential equations (Pavliotis & Stuart, 2008).
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Theproblem of obtaining estimates on the diffusion coefficient has been studied quite extensively
in the theory of turbulent diffusion—the motion of a particle in a random, divergence-free velocity
field (Majda & Kramer, 1999). In particular, the dependence of the diffusion coefficient (eddy diffu-
sivity) on the Peclet number has been investigated. For this purpose, a very interesting theory has been
developed byAvellaneda & Majda(1990,1991) (see alsoGolden & Papanicolaou,1983;Bhattacharya
et al.,1989). This theory is based on the introduction of an appropriate bounded (and sometimes com-
pact) antisymmetric operator and it leads to a very systematic and rigorous perturbative analysis of
the eddy diffusivity. This theory has been extended to time-dependent flows (Avellaneda & Vergassola,
1995).

In this paper, we apply the Majda–Avellaneda theory to the problem of the derivation of rigorous
estimates for the diffusion tensor of a tagged particle whose distribution function satisfies a kinetic
equation of the form (1.1). We study this problem when the collision operator is the Fokker–Planck
operator (i.e. theL2-adjoint)of an ergodic Markov process. This assumption is not very restrictive when
studying the problem of self-diffusion of a tagged particle since many dissipative integrodifferential
operators are generators of Markov processes (Kikuchi & Negoro, 1997). We obtain formulas for both
the symmetric and the antisymmetric parts of the diffusion tensor and we use these formulas in order to
study various asymptotic limits of physical interest.

The rest of the paper is organized as follows. In Section2, we obtain an alternative representation
for the diffusion tensor based on the solution of a Poisson equation and we present two elementary
examples. In Section3, we apply the Majda–Avellaneda theory to the problem of self-diffusion and we
study rigorously the weak and strong coupling limits for the diffusion tensor. Examples are presented in
Section4. Conclusions and open problems are discussed in Section5.

2. The Green–Kubo formula

In this section, we show that we can rewrite the Green–Kubo formula for the diffusion coefficient
in terms of the solution of an appropriate Poisson equation. We will consider a slight generalization
of (1.1), namely we will consider the long-time dynamics of the dynamical system

dx

dt
= V(z), (2.1)

wherez is an ergodic Markov process with state spaceZ, generatorL and invariant measureπ(dz).1

Thekinetic equation for the distribution function is

∂ f

∂t
+ V(z) ∙ ∇x f = L∗ f, (2.2)

whereL∗ denotesthe L2(Z)-adjointof the generatorL. The kinetic equation (1.1) is of the form (2.2)
for V(p) = p, and where we assume that the collision operator (which acts only on the velocities) is
the Fokker–Planck operator of an ergodic Markov process, which can be a diffusion process (e.g. the
Ornstein–Uhlenbeck process in which case (2.2) becomes the Fokker–Planck equation), a jump process
(as in the model studied inEllis, 1973) or a Ĺevy process.

1We remark that the processz can bex itself or the restriction ofx on the unit torus. This is precisely the case in turbulent
diffusion and in the Langevin equation in a periodic potential.
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PROPOSITION2.1 Let x(t) be the solution of (2.1), letz(t) be an ergodic Markov process with state
spaceZ, generatorL and invariant measureπ(dz) and assume thatV(z) is centred with respect to
μ(dz),

∫

Z
V(z)μ(dz) = 0.

Then the diffusion tensor (1.3) is given by

D =
∫

Z
V(z)⊗ φ(z)μ(dz), (2.3)

whereφ is the solution of the Poisson equation

−Lφ = V(z). (2.4)

Proof. Let e be an arbitrary unit vector. We will use the notationDe = De ∙ e andxe = x ∙ e. The
Green–Kubo formula for the diffusion coefficient along the directione is

De =
∫ +∞

0
〈ẋe(t)ẋe(0)〉dt

=
∫ +∞

0
〈Ve(z(t))Ve(z(0))〉dt. (2.5)

We now calculate the correlation function in (2.5). We will use the notationz = z(t; p) with
z(0; p) = p. We have

〈Ve(z(t; p))Ve(z(0; p))〉 =
∫

Z

∫

Z
Ve(z)Ve(p)ρ(z, t; p)μ(dp)dz, (2.6)

whereρ(z, t; p) is the transition probability density of the Markov processz which is the solution of
the Fokker–Planck equation

∂ρ

∂t
= L∗ρ, ρ(z, 0; p) = δ(z − p). (2.7)

We introduce thefunction

V
e
(t, p) := EVe(z) =

∫

Z
Ve(z)ρ(z, t; p)dz,

which is the solution of the backward Kolmogorov equation

∂V

∂t
= LV

e
, V

e
(0, p) = Ve(p). (2.8)

We can write formally the solution of this equation in theform

V
e

= eLt Ve(p).
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We substitute this into (2.6) to obtain

〈Ve(z(t; p))Ve(z(0; p))〉 =
∫

Z
(eLt Ve(p))Ve(p)μ(dp).

We now use this in the Green–Kubo formula (2.5) and, assuming that we can interchange the order of
integration, we calculate

De =
∫ +∞

0
(eLt Ve(p))Ve(p)μ(dp)dt

=
∫

Z

(∫ +∞

0
eLt Ve(p)dt

)
Ve(p)μ(dp)

=
∫

Z
((−L)−1Ve(p))Ve(p)μ(dp)

=
∫

Z
φeVeμ(dp),

whereφe is the solution of the Poisson equation−Lφe = Ve. In the above calculation, we used the
identity (−L)−1∙ =

∫ +∞
0 eLt ∙ dt (Pavliotis & Stuart, 2008, Chapter 11;Evans, 1998, Chapter 7). �

From (2.3), it immediately follows that the diffusion tensor is non-negative definite:

De := e ∙ De =
∫

Z
Veφ ∙ eμ(dz) =

∫

Z
(−L)φeφeμ(dz) > 0

since, by definition, the collision operator is dissipative.
When the generatorL is a symmetric operator inL2(Z;μ(dz)), i.e. the Markov processz is re-

versible (Qianet al.,2002), the diffusion tensor is symmetric:

Di j =
∫

Z
Vi (z)φ j (z)μ(dz) =

∫

Z
(−L)φi (z)φ j (z)μ(dz)

=
∫

Z
φi (z)(−L)φ j (z)μ(dz) = D j i .

Green–Kubo formulas for reversible Markov processes have already been studied since in this case
the symmetry of the generator of the Markov process implies that the spectral theorem for self-adjoint
operators can be used (Kipnis & Varadhan, 1986;Jiang & Zhang, 2003). Much less is known about
Green–Kubo formulas for non-reversible Markov process. One of the consequences of non-reversibility,
i.e. when the generator of the Markov processz is not symmetric inL2(Z;μ(dz)), is that the diffusion
tensor is not symmetric, unless additional symmetries are present. The symmetry properties of the dif-
fusion tensor in anisotropic porous media have been studied inKoch & Brady(1988) (see alsoPavliotis,
2002). A general representation formula for the antisymmetric part of the diffusion tensor will be given
in the next section.
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2.1 Elementaryexamples

The Ornstein–Uhlenbeck process. The equations of motion are

q̇ = p, (2.9)

ṗ = −γ p +
√

2γβ−1Ẇ. (2.10)

Theequilibrium distribution of the velocity process is

μ(dp) =

√
β

2π
e− β

2 p2
dp.

ThePoisson equation is

−Lφ = p, L = −γ p∂p + γβ−1∂2
p.

Themean zero solution is

φ =
1

γ
p.

Thediffusion coefficient is

D =
∫
φpμ(dp) =

1

γβ
,

which is, of course, Einstein’s formula.

A charged particle in a constant magnetic field. We consider the motion of a charged particle in the
presence of a constant magnetic field in thez direction,B = Be3, while the collisions are modelled as
white noise (Balescu,1997, Chapter 11). The equations of motion are

dq
dt

= p, (2.11)

dp
dt

= Ωp × e3 − νp +
√

2β−1νẆ, (2.12)

whereW denotesstandard Brownian motion inR3, ν is the collision frequency and

Ω =
eB

mc

is the Larmor frequency of the test particle.
The velocity is a Markov process with generator

L = Ω(p2∂p1 − p1∂p2)+ ν(−p ∙ ∇p + β−1Δp). (2.13)

Theinvariant distribution of the velocity process is the Maxwellian

μ(dp)=
(
β

2π

) 3
2

e− β
2 |p|2 dp.
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Thevector-valued Poisson equation is

−Lφφφ = p.

The solution is

φφφ =
(

ν

ν2 +Ω2
p1 +

Ω

ν2 +Ω2
p2, −

Ω

ν2 +Ω2
p1 +

ν

ν2 +Ω2
p2,

1

ν
p3

)
.

Thediffusion tensor is

D =
∫

p ⊗ φφφμ(dp)= β−1







ν
ν2+Ω2

Ω
ν2+Ω2 0

− Ω
ν2+Ω2

ν
ν2+Ω2 0

0 0 1
ν





 . (2.14)

Notethat the diffusion tensor is not symmetric. This is to be expected since the generator of the Markov
process (2.13) is not symmetric.

3. Stieltjes integral representation and bounds on the diffusion tensor

When the Markov processz is reversible, it is straightforward to obtain an integral representation
formula for the diffusion tensor using the spectral theorem for the self-adjoint operators (Kipnis &
Varadhan,1986). It is not possible, in general, to do the same whenz is a non-reversible ergodic Markov
process. This problem was solved byAvellaneda & Majda(1991) in the context of the theory of turbu-
lent diffusion by introducing an appropriate bounded, antisymmetric operator. In this section, we apply
the Avellaneda–Majda theory in order to study the diffusion tensor (2.3) whenz is an ergodic Markov
process inZ.

We will use the notationL2
μ := L2(Z;μ(dz)). We decompose the collision operatorL into its

symmetric and antisymmetric parts with respect to theL2
μ innerproduct:

L = A+ γS,

whereA = −A∗ andS = S∗. The parameterγ measures the strength of the symmetric part, relative to
the antisymmetric part. The Poisson equation (2.4), along the directione, can be written as

−(A+ γS)φe = Ve. (3.1)

Ourgoal is to study the dependence of the diffusion tensor onγ , in particular in the physically interesting
regimeγ � 1.

Let (∙, ∙)μ denotethe inner product inL2
μ. We introduce the family of seminorms

‖ f ‖2
k := ( f, (−S)k f )μ.

Definethe function spacesHk := { f ∈ L2
μ: ‖ f ‖k < +∞} andsetk = 1. Then‖ ∙ ‖1 satisfiesthe

parallelogram identity and, consequently, the completion ofH1 with respect to the norm‖ ∙ ‖1, which
is denoted byH, is a Hilbert space. The inner product〈∙, ∙〉 in H is defined through polarization and it
is easy to check that, forf, h ∈ H,

〈 f, h〉 = ( f, (−S)h)μ.

A careful analysis of the function spaceH and of its dual is presented inLandim & Olla (2005).
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Motivated byAvellaneda & Majda(1991) (see alsoBhattacharyaet al.,1989;Golden & Papanicolaou,
1983), we apply the operator(−S)−1 to the Poisson equation (3.1) to obtain

(−G + γ I )φe = V̂e, (3.2)

wherewe have defined the operatorG := (−S)−1A andwe have set̂Ve := (−S)−1Ve. This operator
is antisymmetric inH.

LEMMA 3.1 The operatorG:H→ H is antisymmetric.

Proof. We calculate

〈G f, h〉 =
∫
(−S)−1A f (−S)hμ(dz) =

∫
A f hμ(dz)

= −
∫
(−S)−1(−S) fAhμ(dz) = −

∫
f (−S)Ghμ(dz)

= −〈 f,Gh〉.

�
We remark that, unlike the problem of turbulent diffusion (Avellaneda & Majda, 1991;Bhattacharya

et al., 1989;Majda & McLaughlin,1993), the operatorG is not necessarily bounded or, even more,
compact. Under the assumption thatG is bounded as an operator fromH toH, we can develop a theory
similar to the one developed inAvellaneda & Majda(1991). The boundedness of the operatorG needs
to be checked for each specific example.

Using the definitions of the spaceH, the operatorG and the vector̂V , we obtain

Di j = 〈φi , V̂j 〉. (3.3)

We will use the notation‖ ∙ ‖H for the norm inH. It is straightforward to analyse the overdamped
limit γ → +∞.

PROPOSITION3.2 Assume thatG:H→ H is a bounded operator. Then, forγ, α such that‖G‖H→H 6
γ , the diffusion coefficient along the directione admits the following asymptotic expansion:

De =
1

γ
‖V̂e‖2

H +
∞∑

k=1

1

γ 2k+1
‖GkV̂e‖2

H. (3.4)

In particular,

lim
γ→+∞

γ De = ‖V̂e‖2
H. (3.5)

Proof. We use (3.2), the definition of the spaceH and the boundedness and antisymmetry of the operator
G to calculate

De =
1

γ

〈(
I −

1

γ
G
)−1

V̂e, V̂e

〉

=
1

γ

+∞∑

k=0

1

γ k
〈GkV̂e, V̂e〉
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=
1

γ
‖V̂e‖2

H +
+∞∑

k=1

1

γ 2k+1
〈G2kV̂e, V̂e〉

=
1

γ
‖V̂‖2

H +
+∞∑

k=1

1

γ 2k+1
‖GkV̂e‖2

H. �

From (3.5) we conclude that the largeγ asymptotics of the diffusion coefficient is universal: the
scalingDe ∼ 1

γ is independent of the specific properties ofA, S or V̂e. This is also the case in problems
where the operatorG is not bounded, such as the Langevin equation in a periodic potential (Hairer &
Pavliotis, 2008).

Of course, the expansion (3.4) is of limited applicability since it has a very small radius of conver-
gence. This expansion cannot be used to study the smallγ asymptotics of the diffusion coefficient. The
analysis of this limit requires the study of a weakly dissipative system since the antisymmetric part of
the generatorA represents the deterministic part of the dynamics, whereas the symmetric partS the
noisy, dissipative dynamics. It is well known that the dynamics of such a system in the limitγ → 0
depends crucially on the properties of the unperturbed deterministic system (Freidlin & Weber, 2001;
Freidlin & Wentzell, 1984;Constantinet al., 2008). The properties of this system can be analysed by
studying the operatorA. For the asymptotics of the diffusion coefficient, the null space of this operator
has to be characterized. This fact has been recognized in the theory of turbulent diffusion (Avellaneda &
Majda,1991;Majda & McLaughlin,1993;Majda & Kramer,1999). We will show that a similar theory
to the one developed in these papers can be developed in the abstract framework adopted in this paper.

Assume thatG: H → H is bounded. LetN = { f ∈ H: G f = 0} denote the null space ofG. We
haveH = N ⊕N⊥. We take the projections onN andN⊥ to rewrite (3.2) as

γφN = V̂N, (−G + γ I )φN⊥ = V̂N⊥ . (3.6)

We can now write

De =
1

γ
‖V̂e

N‖2
H + 〈φN⊥ , V̂e

N⊥〉.

PROPOSITION3.3 Assume that there exists a functionp ∈ H such that

−G p = V̂e
N⊥ .

Then

lim
γ→0

γ De = ‖V̂e
N‖2
H. (3.7)

In particular,De = o(1/γ) whenV̂e
N = 0.

Proof. We writeφN⊥ = p + ψ , whereψ solves the equation

(−G + γ I )ψ = −γ p.

We useψ as a test function and use the antisymmetry ofG inH to obtain the estimate

‖ψ‖H 6 C

from which we deduce that‖φN⊥‖H 6 C and(3.7) follows. �
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Let G be a bounded operator. Since it is also skew-symmetric, we can writeG = iΓ , whereΓ
is a self-adjoint operator inH. From the spectral theorem of bounded self-adjoint operators, we know
that there exists a one-parameter family of projection operatorsP(λ) which is right-continuous and
P(λ) 6 P(μ) whenλ 6 μ andP(−∞) = 0,P(+∞) = I so that

f (Γ ) =
∫

R
f (λ)dP(λ)

for all bounded continuous functions. Using the spectral resolution ofΓ we can obtain an integral
representation formula for the diffusion coefficient (Avellaneda & Majda, 1991):

De =
1

γ
‖V̂e

N‖2
H + 2γ

∫ +∞

0

dμe

γ 2 + λ2
, (3.8)

wheredμe = 〈dP(λ)V̂e
N⊥ , V̂e

N⊥〉. We can obtain a similar formula for the antisymmetric part of the
diffusion tensor

A =
1

2
(D − D>).

In particular, we have the following.

PROPOSITION3.4 Assume that the operatorG:H→ H is bounded. Then the antisymmetric part of the
diffusion tensor admits the representation

Ai j =
∫

R

λ dμi j (λ)

λ2 + γ 2
, (3.9)

where

dμi j = 〈dP(λ)V̂ i
N⊥ , V̂ j

N⊥〉.

Proof. We calculate, using (3.6),

Ai j =
1

2
(Di j − D j i )

=
1

2
(〈φi , V̂ j 〉 − 〈φ j , V̂ i 〉)

=
1

2
(〈(φi )N⊥ , V̂ j

N⊥〉 − 〈(φ j )N⊥ , V̂ i
N⊥〉)

=
1

2
(〈Rγ V̂ i

N⊥ , V̂ j
N⊥〉 − 〈Rγ V̂ j

N⊥ , V̂ i
N⊥〉)

=
1

2
〈(Rγ −R∗

γ )V̂
i
N⊥ , V̂ j

N⊥〉,

wherewe have used the notationRγ = (−G + γ I )−1. We have also used the fact that, sinceΓ is
symmetric, we have thatR∗

γ = (G + γ I )−1. Now we use the representation formula

Rγ =
∫ +∞

0
e−γ t eGt dt,
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togetherwith the definitionG = iΓ , to obtain

Ai j = Im(〈Rγ V̂ i
N⊥ , V̂ j

N⊥〉)

=
〈(
Rγ −R∗

γ

2i

)
V̂ i

⊥, V̂ j
⊥

〉

=
1

2i

〈∫ +∞

0
e−γ t (eiΓ t − e−iΓ t )dtV̂ i

⊥, V̂ j
⊥

〉

=
〈∫ +∞

0
e−γ t sin(Γ t)dtV̂ i

⊥, V̂ j
⊥

〉

=
∫

R

∫ +∞

0
e−γ t sin(tλ)dt dμi j (λ)

=
∫

R

λ dμi j (λ)

γ 2 + λ2
. �

REMARK 3.5 The antisymmetric part of the diffusion tensor is independent of the projection ofV̂ onto
the null space ofG.

When the operatorG: H → H is compact, we can use the spectral theorem for the compact, self-
adjoint operatorΓ = iG to obtain an orthonormal basis for the spaceN⊥. In this case, the integrals
in (3.8) and (3.9) reduce to sums. The analysis of the weak noise limitγ → 0 in this case is based
on a careful analysis of the spectrum of the compact operatorΓ (Majda & McLaughlin, 1993). The
weak noise (large Peclet number) asymptotics for the symmetric part of the diffusion tensor for the
advection–diffusion problem with periodic coefficients were studied inBhattacharyaet al. (1989) and
Majda & McLaughlin(1993). The asymptotics of the antisymmetric part of the diffusion tensor for the
advection–diffusion problem were studied inPavliotis(2002).

4. Examples

4.1 The generalized Langevin equation

The generalized Langevin equation (gLE) in the absence of external forces reads as

q̈ = −
∫ t

0
γ (t − s)q̇(s)ds+ F(t), (4.1)

where the memory kernelγ (t) and noiseF(t) (which is a mean zero stationary Gaussian process) are
related through the fluctuation–dissipation theorem

〈F(t)F(s)〉 = β−1γ (t − s). (4.2)

We approximate the memory kernel by a sum of exponentials (Kupferman,2004):

γ (t) =
N∑

j =1

λ2
j e−α j |t |. (4.3)
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Underthis assumption, the non-Markovian gLE (4.1) can be rewritten as a Markovian system of equa-
tions in an extended state space:

q̇ = p, (4.4a)

ṗ =
N∑

j =1

λ j u j , (4.4b)

u̇ j = −α j u j − λ j p +
√

2β−1α j Ẇj , j = 1, . . . , N. (4.4c)

This example is of the form (2.1) with the driving Markov process being{p, u1, . . . , uN}. The generator
of this process is

L =




N∑

j =1

λ j u j



 ∂

∂p
+

N∑

j =1

(

−α j u j
∂

∂u j
− λ j p

∂

∂u j
+ β−1α j

∂2

∂u2
j

)

.

This is an ergodic Markov process with an invariant measure

ρ(p, u) =
1

Z
e−β

(
p2

2 +
∑N

j =1

u2
j

2

)
, (4.5)

whereZ =
(
2πβ−1

)(N+1)/2. The symmetric and antisymmetric parts of the generatorL in L2(RN+1;
ρ(p, u)dp du) are, respectively,

S =
N∑

j =1

(

−α j u j
∂

∂u j
+ β−1α j

∂2

∂u2
j

)

and

A =




N∑

j =1

λ j u j



 ∂

∂p
+

N∑

j =1

(
−λ j p

∂

∂u j

)
.

It is possible to study the spectral properties of(−S)−1A. However, it is easier to solve the Poisson
equation

−Lφ = p

and to calculate the diffusion coefficient. The solution of this equation is

φ =
N∑

k=1

λk

αk

1
∑N

k=1
λ2

k
αk

uk + p
1

∑N
k=1

λ2
k
αk

.

Thediffusion coefficient is

D =
∫

RN+1
pφρ(p, u)dp du = β−1 1

∑N
k=1

λ2
k
αk

.
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We remark that in the limit asN → +∞, the diffusion coefficient can become 0. Indeed,

lim
N→+∞

D =






β−1C,
∑+∞

k=1
λ2

k
αk

= C−1,

0,
∑+∞

k=1
λ2

k
αk

= +∞,

Thus, phenomena of anomalous diffusion, in particular of subdiffusion, can appear in this simple model.
The rigorous analysis of this problem, in the presence of interactions, will be presented elsewhere (Ot-
tobre & Pavliotis, 2009).

4.2 The generalized Ornstein–Uhlenbeck process

We consider the following stochastic differential equation:

q̇ = p, (4.6a)

ṗ = (αJ − γ I )p +
√

2γβ−1Ẇ, (4.6b)

whereq, p ∈ Rd, J = −J>, α, γ > 0 andW is a standard Brownian motion onRd.
The presence of the antisymmetric termJp in the equation forp implies that the velocity is an

‘irreversible’ Markov process. The generator of the Markov processp is

L = (αJ − γ I )p ∙ ∇p + γβ−1Δp. (4.7)

It is easy to check that∇p ∙
(
Jp e− β

2 |p|2) = 0.Hence,the equilibrium distribution of the velocity process
is the same as in the reversible case:

μβ(dp) =
(
β

2π

) d
2

e− β
2 |p|2 dp.

We can decompose the generatorL into its L2(Rd;μβ(dp))-symmetricand -antisymmetric parts:

L = αA+ γS,

whereA = J p∙∇p andS = −p∙∇p +β−1Δp. Usingthe results fromLunardi(1997) (or, equivalently,
the fact that the eigenfunctions and eigenvalues ofS are known), it is possible to show that the operator
G = (−S)−1A is bounded fromH := H1(Rd;μβ(dp)) andthe results obtained in Section3 apply.2

For this problem, we can also obtain an explicit formula for the diffusion tensor.

PROPOSITION4.1 The diffusion tensor is given by the formula

D = β−1(−αJ> + γ I )−1. (4.8)

Proof. The Poisson equation is

−Lφφφ = p,

2Note,however, that this operator is not compact fromH toH.
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wherethe boundary condition is thatφφφ ∈ (L2(Rd;μβ(dp)))d andwe take the vector fieldφφφ to be mean
zero. The solution to this equation is linear inp:

φφφ = Cp

for some matrixC ∈ Rd×d to be calculated. Substituting this formula in the Poisson equation, we obtain
(componentwise)

∑

k,`

Qk`p`Ci k = pi ,

wherethe notationQ = −αJ +γ I was introduced. Note that sinceQ is positive definite, it is invertible.
We now take the(L2(Rd;μβ(dp)))d inner product with pm (denotedby 〈∙, ∙〉β ) and use the fact that
〈p`, pm〉β = β−1δ`m to deduce

∑

k

QkmCi k = δi m, i,m = 1, . . . , d.

Or

Q>C = I ,

and,consequently,C = (Q>)−1 = (−αJ> + γ I )−1. Furthermore,

Di j = 〈φi , pj 〉β =
∑

k

〈Ci k pk, pj 〉β

= β−1
∑

k

Ci kδ j k = β−1Ci j ,

from which (4.8) follows. �
The smallγ asymptotics ofD depends on the properties of the null space ofG := (−S)−1A or,

equivalently,A. For the problem at hand, it is sufficient to consider the restriction of (N (G)) (orN (A))
onto linear functions inp. Consequently, in order to calculateN (A) we need to calculate the null space
of J,N (J) = {b ∈ Rd: Jb = 0}.

As an example, consider the cased = 3 and set

J =







0 1 1

−1 0 1

−1 −1 0





 . (4.9)

In this case, it is straightforward to calculate the diffusion tensor:

D =
1

γ (3α2 + γ 2)










γ 2 + α2 −α (γ + α) −α (γ − α)

α (γ − α) γ 2 + α2 −α (γ + α)

α (γ + α) (γ − α) γ 2 + α2









.
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FIG. 1. Diffusion coefficient (4.10).

The null space ofJ is 1D and consists of vectors parallel toξξξ = (1,−1,1). From the analysis
presented in the previous section, it is expected that the diffusion tensor vanishes in the limit asγ → 0
along the directionse⊥ξξξ . Indeed, from the above formula for the diffusion coefficient, we get that (with
|e| = 1)

De =
1

γ (3α2 + γ 2)
(γ 2 + |e ∙ ξξξ |2α2). (4.10)

Clearly, whene ∙ ξξξ = 0 we have

lim
γ→0

De = 0,

whereas whene ∙ ξξξ 6= 0 we obtain

lim
γ→0

γ De =
|e ∙ ξξξ |2

3
.

The diffusion coefficient as a function ofγ and forα = 1 is plotted in Figure1.

5. Conclusions

The Green–Kubo formula for the self-diffusion coefficient was studied in this paper. It was shown that
the Green–Kubo formula can be rewritten in terms of the solution of a Poisson equation when the col-
lision operator is linear and it is the generator of an ergodic Markov process. Furthermore, the effect of
irreversibility in the microscopic dynamics on the diffusion coefficient was investigated and the Majda–
Avellaneda theory was used in order to study various asymptotic limits of the diffusion tensor. Several
examples were also presented.

There are several directions in which the work reported in this paper can be extended. First, a similar
analysis can be applied to the linear Boltzmann equation (i.e. for a collision operator that has five colli-
sion invariants) in order to obtain alternative representation formulas for other transport coefficients, in
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additionto the self-diffusion coefficient. In this way, it should be possible to obtain rigorous estimates
on other transport coefficients.

Second, the effect of external forces on the scaling of transport coefficients with respect to the
various parameters of the problem can be studied: the techniques presented in this paper are applicable
to a kinetic equation of the form

∂ f

∂t
+ F(q) ∙ ∇p f + p ∙ ∇q f = Qf, (5.1)

whereF(q) is an external force.
Finally, phenomena of subdiffusion (i.e. the limitD → 0) and superdiffusion (i.e.D → ∞) can also

be analysed within the framework developed in this paper. A simple example was given in Section4.
All these problems are currently under investigation.
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