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Section 3. Harmonic maps

Let (M, g) and (N, h) be Riemannian manifolds with M
compact, say.

The energy ofamap u : M — N is defined to be

E(u) = %/M IDul?.

Here Du is the derivative of u. At a point x € M:

DUX E T*MX ® TNU(X)7

and the norm |Dul| is the standard one computed using the
metrics on TM and TN.
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An infinitesimal variation in u is given by a section v of the
vector bundle bundle V = u*(TN) over M.

This bundle has a connection, the pull-back of the Levi-Civita
connection of N.
So we have a coupled exterior derivative

dy : QP(V) — QPFL(V),

where QP denotes p-forms on M.
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We have formal adjoints
de c QPTL(V) — QP (V).

We can think of Du as an element of Q*(V).
The “tension” of u is defined to be

The first variation of E is given by the formula

0E = —/M<TU,V>.
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The map u is called harmonic if iy, = 0. This is the
Euler-Lagrange equation associated to the functional E.
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If we take local coordinates x' on M and y* on N the equation is
Awy* + T ylyie' =0,

where I}, are the Cristoffel symbols on N and g is the metric
on T*N.

When dim M = 1 we get the geodesic equations in N and when
dimN = 1 we get the equation for a harmonic function on M.
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How might one try to prove existence theorems for harmonic
maps?

The 7y lie in different spaces, for different maps u, so there is
no obvious continuity path.

We can thing of the assignment u — 7, as defining a section of
an infinite-dimensional vector bundle over the
infinite-dimensional space of maps from M to N. This is the
typical situation for differential geometric questions.

In this case the vector bundle in question is the tangent bundle

of the space of maps and 7 is formally the gradient vector field
of the energy functional E.
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We could try variational methods, in particular trying to
minimise E in a homotopy class of maps.

This works well if dimM = 1 (closed geodesics) and can be
used to give some results when dimM = 2 but fails badly for
dimM > 2.

The reason is that the Sobolev embedding L? ¢ C° holds when
dimM = 1 and just fails when dimM = 2.
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Example. For p > 3 the infimum of the energy in any
homotopy class of maps SP — N is zero.

Regard SP as RP U {oo} and change the metric on the unit ball
B ¢ RP C SP to the Euclidean one. (It will be clear that this
makes no difference.)

Represent a homotopy class of maps SP — N by amap U
which is constant outside B.

Let Uc(x) = U(x/e€). Then

E(U.) = L 2E(U).

We will see more about this later.

Simon Donaldson



A positive result (Eells and Sampson, 1964).

Suppose that M, N are compact and the sectional curvatures of
N are < 0. Then any free homotopy class of maps M — N
contains a harmonic representative.
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The results of Eells and Sampson hinge on a differential
geometric formula. For f : M — N set £ = 1|Df|2.
The we have, schematically:

AE = (dyT, Df) + |VDFf |2 4 Ricciy (Df)? — Riemy (Df)*.
Explicitly, the curvature terms are, writing oo = Df:

M A poikell L gN A p ik
R’ aja)'g%g" + Ry, o of agag™g".
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Here R} is the Ricci curvature of M and R}, , . is the Riemann
curvature of N, with sign conventions such that the sectional
curvature in a bivector £, 7 is

- R’)\\l;u/wéAEVn‘unw .
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The key point is that the Ricci termis > 0 if RiccM > and the
other term is > 0 if the sectional curvatures of N are < 0.

To see this identity, observe first that the Levi-Civita connection
on N being torsion-free implies that dya = 0, where

a = Df € QY(V). Thus we have

Ayva = dyT,
where Ay = dvd% + d%dv

On the other hand, writing V also for the covariant derivative on
QY(V), we have

1
A& = SA{a,a) = (V'Va,a) + |Val?.
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So what we need is a “Weitzenbock formula” comparing V*V
with Ay on QY(V). This is

Ay = V*V + Ricciy + Fy,

where Fy is the curvature tensor of the connection on V. In our
case Fy is the pullback of the RiemN and one gets the formula
stated.

Note The identity map of M is harmonic and in that case the
two curvature terms cancel.
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Assuming the Eells-Sampson result on the existence of
harmonic maps, we get a proof of Preissman’s Theorem:

If N has strictly negative sectional curvature then any abelian
subgroup of w1 (N) is cyclic.

If we have two commuting elements a, b of 71(N) we can
represent them by a map f : T2 — N. Take the flat metric on
T2. By the Eells-Sampson result we can suppose that f is
harmonic. Since the integral of A€ vanishes we see VDf =0
and the curvature term must vanish pointwise, which means
that Df has rank 1. It follows that f factors through S* and a, b
lie in a cyclic subgroup of 71 (N).
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Eells and Sampson introduced the technique of “nonlinear heat
flow” to prove their existence result.

This is the equation for a 1-parameter family of maps

ft :M — N:

% = T(ft) = d%th

The strategy is to produce a harmonic map as the limit as

t — oo of such a family.

(But the heat flow also has independent interest.)
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Digression : a little foundational theory for parabolic PDE.

The ordinary heat equation for functions u; on M is % = AU;.
With initial condition v there is a solution of the form u; = k(v)
for a semigroup of operators k; which can be understood in
various ways.

Spectral description

The operator (1 — A)~1: L? — L? is compact and self-adjoint
and so has an orthonormal basis of eigenfunctions. These give
eigenfunctions for the Laplacian: —Ag¢y) = A¢, where A runs
over a sequence tending to co. Any function u € L? has an
expansion u = > uy¢,. When M is a flat torus this is the usual
Fourier series expansion. The Lﬁ norm is equivalent to

JuliZ, = >3+ /2.
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In this description the operator k; is the multiplication operator
acting as e on ¢,.

The behaviour on Lﬁ norms is transparent.

Simon Donaldson



Kernel description

Fort > 0 k; is an integral operator

ke(V)(x) = / K (X, y )V (y)dy,

where k; is smooth and for small t is well-approximated by the
Euclidean heat kernel

(27t) "2 exp(—r?/4t).

Here n = dim M and r is the distance from x to y.
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Write L = & — A,
We can also study the inhomogeneous equation LU = y where

X is a given function on M x [0, T] for some T, with initial
condition U(x,0) = 0.
The solution is

t
U= 0 = [ kirli) dr,
=0
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Similar to the elliptic case, we can derive various estimates for
the operator L—1,

For example, by integrating (LU)? over M x [0, T] we get

o - 2 2 2
15 IEzmxory T1AM Y T ux o, ry HIVMUT IE20my = IXIIE2 M <07
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We will use another result. Clearly the integral of K;(x,y) with
respecttoy is 1, for all x,t which implies that

lUlleo < Tlhllgo.  (+%%)
Set
106, 0) | Ve (6, y) s =/|vx+<t(x,y)|dy.

Then one can one see that I(x,t) < Ct—%/2 for some C
independent of x. It follows that if LU = x then

IVMUllco < 2CT2||x]|co- (k)
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Now we can study short time existence for a nonlinear equation

of the form 3
u
5= Au+F(u,Vgu) +p
Here F is a smooth function of its arguments which vanishes
when u = 0 and p is fixed function on M, independent of t. To

simplify notation we just write F(u).

We seek a solutionon M x [0, T]withu=0att =0.
We write u = L~1(o) so the equation is

o= F(L_l(a) + p.

Using the estimates (***), (****) we can solve this for
o € C%(M x [0,T]) using the contraction mapping theorem,
provided that T is small compared to C 1.
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This gives a weak solution to our equation, with U in C? in the
“space” variable.

With some work one can derive further estimates and prove
that the solution smooth.

It is clear that the same discussion applies to any similar PDE
for a vector-valued function on M.
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Now go back to our harmonic map flow.

There are various ways of fitting this into the PDE theory.

One goes as follows. Choose an embedding of N in RP for
some p. Let Q be a tubular neighbourhood of N ¢ RP with an
involution: : Q — Q fixing N. Choose a Riemannian metric on
which agrees with the given metric on N and is invariant under
t, SO that N is totally geodesic in 2. This means that the flow for
maps f : M — Q starting with a map with image in N is the
same as the flow for maps M — N.
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Writing f* for the components of our maps in the Euclidean
co-ordinates on RP and T for the Christoffel symbols of the
metric on Q the PDE is

O A+ A g
R A AN I

If our initial map is h and we set f = h + u this fits into the
framework that we discussed.
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Another approach is to first extend the PDE theory to sections
of vector bundles.

Choose an identification of a neighbourhood of the graph of the
initial map h in M x N with a neighbourhood of the zero section
in the bundle V = h*(TN).

Then small deformations of the map h : M — N are identified
with small sections of h*(TN) and we can apply the PDE theory.
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End of digression: we assume known now that the harmonic
map flow has a solution for small time.
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The differential geometric formula gives

g—f = A& — |V(Df)|? — Ricciy (Df )? + Riemy (Df )*.

For general M, N this gives

% < AE + C1E + CRE2.

The term in e2 can allow finite-time blow up (compare with
EM)=(T -1
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But under the hypothesis that N has sectional curvature < 0 we

get
o€
— <A .
o = E+C &
This implies that
C
der'e < Ae®iig.
ot

The maximum principle for the heat equation tells us that the
maximum of e“1'€ is nonincreasing with time so

EL Cgeclt.

Using this it is not hard to show that the solution exists for all
time.
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To go further, we have the gradient flow identity

dE
dt

= —||7'H2. (s s % % k)

By comparison with the solution of the heat equation we get

Eraa(x) < €& / Ka(x, )& (y)dy,

and the right hand side is bounded by a multiple of the integral
of & which is E(t).
So

maxy &1 < C4E(t)

and we see that £ satisfies a fixed bound for all t.

Simon Donaldson



From (******) we can choose a sequence tj — oo such that
[7(t)ll.z — O.

Set f; = f;,. We know that the |Df;||co are bounded so by the
Ascoli-Arzela Theorem there is a subsequence of the f; which
converge in C° to some f...

(Note that this is the first time we use the compactness, as
opposed to completeness, of N.)
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Starting from the fact that the 7(t;) tend to 0 in L?, it is not hard
to show that f., is a smooth harmonic map.
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Flat bundles and Hitchin’s equations

Examples of manifolds with negative sectional curvature are
symmetric spaces G/K where G is a honcompact semisimple
Lie group and K is a maximal compact subgroup. We consider
a slight variant of the theory discussed above.

Let P — M be a principle G-bundle with a flat connection.

We may consider reductions of the structure group of the
bundle P (but not the flat structure) to K C G.

These correspond to sections of a bundle H — M with fibre
G/K (the bundle associated to P via the action of G on G/K.)
The bundle H has a flat structure so sections are locally given
by maps into G/K, well defined up to the action of the isometry
group G.

Thus we have a notion of a harmonic section of H and we can
ask when do these exist
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For simplicity we consider the case G = SL(2,C) when
K =SU(2).

Then G/K is the space of hermitian metrics on C? of
determinant 1.

We have

X1+Xa Xe+iXs \ 2 2 2 2
det( %o — iXs X1 — X4 > =X{ — X5 — X5 —Xj.
The space G/K can be identified with a one sheet of a quadric
in R®! and thence with hyperbolic 3-space H3. (Thisis a
consequence of the local isomorphism SL(2,C) ~ SO(3,1).)

It has a compactification ﬁs, adjoining a 2-sphere at infinity.
SL(2,C) acts on the sphere at infinity by Mobius maps.
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Consider a vector bundle E — M with structure group SL(2,C)
and a flat SL(2, C) connection. This is equivalent to a
representation

p:m(M)— SL(2,C).
Our bundle H with fibre H? is the bundle of determinant 1
hermitian metrics on E. The harmonic equation for a section h
is, in a local flat trivialisation, d*(h~tdh) = 0.
We also have a well-defined heat equation

oh

L _d*(ph1
= = d"(h~"dn).
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Since the local differential geometry is the same the previous
discussion carries over except for the fact that H® is not
compact.

We deduce that if the heat flow h; lies in compact subset of H
then there is a harmonic section.
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We need a very simple observation in hyperbolic geometry. Let

&1, & be distinct points in the sphere at infinity in H° and let R
be any positive number. Then we can find neighbourhoods

Ui, Uy of £,& in H° such that the hyperbolic distance between
Ui NH3, U, N HS3 exceeds R.
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It is elementary to show, using this observation, that if Vh; is
bounded and h; do not lie in a compact set then there is a point
if S? fixed by the monodromy p(my(M).

In other words, the representation is reducible.

So an irreducible flat SL(2, C) bundle E has a harmonic metric.
One can show that this metric is unique and that conversely if E
has a harmonic metric it is either irreducible or decomposes as
a sum of flat line line bundles L ¢ L*.
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Remark

“Irreducibility”, above, is a simple example of a “stability
condition” on a geometric object ( a flat bundle) under which
one can solve a related PDE (for a harmonic metric).
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We can take another point of view on the same equation. Let
now E be rank 2 vector bundle over M with structure group
SU(2) and write acE for the bundle of self-adjoint trace-zero
endomorphisms of E. Consider pairs (A, ¢) consisting of an
SU(2) connection A on E and ¢ € Q*(adcE). Then A+ id is an
SL(2,C) connection with curvature

(F(A) =D AP)+i(da?).

One part lies in acE and the other in iadE so this connection is
flat if and only if F(A) = ® A ® and da® = 0.
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The harmonic condition is d;® = 0. So the moduli space of
(irreducible) solutions of the equations:

O F(A)=dAP;

@ dpd =0;

@ d o =0;
is identified with the space of conjugacy classes of irreducible
representations 71 (M) — SL(2,C).
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Now let M be a compact Riemann surface. Extending what we
discussed for line bundles, any connection on a complex vector
bundle over M defines a holomorphic structure on the bundle.
We can write ¢ = ¢ — ¢* where ¢ € QY0(EnchE) and ¢* is
defined using the Hermitian structure on E. The last two
equations above are equivalent to da¢ = 0, i.e. that ¢ is a
holomorphic 1-form with values in the holomorphic vector
bundle Endcy(E).
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We can think of the data as being:
@ a holomorphic vector bundle E — M with structure group
SL(2,C);
@ a holomorphic section ¢ of Enth(E) ® Ky;

@ a Hermitian metric h on E whose associated connection
has curvature F, satisfying the equation (Hitchin’s
equation)

Fn+ [0, 01 =0 (3 5 s 5 o ok ko).

(Note that ¢}, depends on h.)
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Now we have another PDE problem: given the “holomorphic

data” (E, ¢) can we choose a Hermitian metric h to solve
(*******)?

This PDE is quite similar to the harmonic section equation we

have discussed.
The main result is that the existence of a solution is equivalent

to a stability condition on the pair (E, ¢).
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The upshot is that the same moduli space appears as
@ equivalence classes of irredicuble representations
m1(M) — SL(2,C);
@ equivalence classes of stable “Hitchin pairs” (E, ¢).

Both descriptions are algebro-geometric in nature but the
equivalence depends on solving two PDE.
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Section 4. The Seiberg-Witten equations and symplectic
4-manifolds

Review of spin structures in dimensions 3,4.

Dimension 3.

The Lie algebra su(2) of SU(2) is a 3-dimensional vector space
with a natural orientation and Euclidean structure. The adjoint
representation gives a 2-1 homomorphism SU(2) — SO(3)
with kernel {£1}.

We can define a spin structure on a 3-dimensional oriented
Euclidean space A to be a 2-dimensional complex vector space
S with Hermitian metric and trivialised determinant and an
isomorphism A = su(S), compatible with the given structures.
S is unique “up to sign”.
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For ¢ € S we have ¢¢* € End’S). Define q(¢) to be trace-free
part of p¢*. Then iq(¢) lies in su(S).
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Key observation

(a(6),6) = 501"
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A spin structure on an oriented Riemannian 3-manifold Y is a
complex vector bundle S — Y with structure group SU(2) and
an isomorphism TY = su(S).

Equivalently, it a lift of the frame bundle P of Y to a principal

SU(2) bundle P. Then S is the vector bundle associated to the
fundamental representation of SU(2).
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Dimension 4.

Let ST, S~ be two complex vector spaces as above. They can
be regarded as 1-dimensional quaternionic vector spaces.
Then Hom(S—, S™) is the complexification of a 4-dimensional
real vector space V(S—, S™) of quaternion linear maps.

The action on V(S—,S™) defines a 2-1 homomorphism
SU(2) x SU(2) — SO(4). A spin structure on an oriented
Riemannian 4-manifold M is a pair of bundles S*,S~ — M
each with structure group SU(2) and an isomorphism

T™ =V(S—,S™).
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Equivalently, it is a lift of the frame bundle P of M to a principal
SU(2) x SU(2) bundle P. Then S¥ are the vector bundles
associated to the fundamental representations of the two
SU(2) factors.
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Recall that the two-forms on M decompose as A% & A2 where
the bundles AZ have rank 3. Given a spin structure as above

we have
A% =su(sh),

and for ¢ € S* we have iq(¢) € A3.
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The Dirac operator D : [(S™) — I'(S™) is the composite of the
covariant derivative V : T(S™) — I'(S™ ® T*M) with the map
ST ®T*M — St defined by TM =V (S—,S™).

Note: We will later give another description of this which may
be more familiar.
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Let M be a Riemannian 4-manifold with spin structure and
L — M be a Hermitian complex line bundle.
The Seiberg-Witten equations are for a pair (A, ¢) where A is a
connection on L and ¢ is a section of S~ ® L.
@ Dpgp =0;
® F*(A) = —iq(¢).
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Here
Da:T(S™®L)—T(ST®L)

is the coupled Dirac operator defined by the connection A and
q(¢) is defined using the Hermitian metric on L.
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The Lichnerowicz/Weitzenbock formula for coupled Dirac
operators gives

R .
DZDA:VZVA—I—Z—HFX. (s * % % %)

Here R is the scalar curvature and F,~ € A% acts on ST via the
identification A2 = su(A*).
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So, for a solution of the Seiberg-Witten equations we get

R
0= VAVad + 76 +d(0)¢.

Taking the L?-inner product with ¢ and using the key
observation this gives

1 R
IVadlE: + §”¢Hﬁ4 +/ Z|¢|2 =0.
M

In particular, if R > 0 the only solution could be with ¢ = 0 and
F*(A)=0.
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